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[TPEIVCIOBUE

Iectuamnaras Kpbimckast Ocennsis Maremarudeckast mkoja-Cuvmosuym KPOMIII-2005 mpoxo-
nmta ¢ 18 o 29 cenrsiopst 2005 1. B tocesike Jlactu, B ojHoM u3 styumux Mect HOxuoro Bepera Kpeiva
— 3ajmmBe Barunuman, Ha TeppuTopuu 6a3bl oTiabxa "Haiika".

Kak u B npenpiaymme rogsi, Oprrkomurer KPOMII Bosriasmsi 3aBemyromnuit kadeapoii ma-
TeMaTu4iecKoro anaamsa laBpudeckoro Harmonaspnoro Yuusepcurera uMm. B.U.Bepnasckoro, mpo-
deccop H./.Komauepckuit. OpranunzoBasm u nposesiu Illkony wiensr Oprkomurera B.J[.MapsHuH,
M.A .Myparos, 1.B.Opnos, FO.C.ITamkosa, C.U.Cmupnosa, I1.A.Crapkos.

Kpsivmckne Ocennme Maremarnaeckue kot (KPOMII) npoxonsr B Kpbimy, B Jlacnn-
Barumumane, exxeronno, naunaasi ¢ 1990 r., B TedeHue JBEHAIIATH JIHEH BO BTOPOIl IOJIOBUHE CEH-
Ts16psi. [Ipunnun mkos — coueranue aKTUBHOIO HAYYHOTO ODIIEHUs] B BHICOKOKBAJU(MDUIIMPOBAHHON U
[PEJICTABUTE/ILHON HAYTHOMN CPeJie ¢ TPEKPACHBIM OT/IBIXOM B YHUKAJIBHOM 3amoBegHoM Mecte FOxxHOTO
6epera Kpoima.

Kaxknast u3 cocTaB/siionux 3Toro "BBICIIErO IPUHIUIA" JOCTHUT/IA, BO3SMOXKHO, CBOETO IIMKA Ha HbI-
wemueit [[Ixose. B pabore cummosnyma mputsiin ygactue okoJio 250 MaTeMaTuKOB U3 Y KpanHbl, Poc-
cun, Beytopyccun, Apmennn, Ysbekucrana, [loabimm, l'epmannn, @pannun, Uspawmis, Typroun u CITA.
B pamkax IlIkosbl mpoxoaniia Takxke kongepennus Uacruryra maremaruku HAH Ykpaunusr "Methods
of Functional Analysis in Mathematical Physics"(MFAMP), nocsmiennast 80-seTHeMy 1061I€I0 aKaJ.
FO.M.Bepeszanckoro u 70-yteraemy obunero npod. JI.IT. Hmkauka. Cpean yuacraukos IIkossr — oko-
J10 90 TOKTOPOB HAayK, 9 YJIEHOB U 4IEHOB-KOPPeCHoHIeHTOB HannonaabHbIX akaJleMuii HayK, 3aMeTHO
OBLIN TPECTABIeHBl U MOJIOAbIe yuaenble. ['paduk HaydHONU PabOTHI CHMITO3UYyMa OBLI IPE3BLIYANHO
HAIIPsIPKEHHBIM, HO Terioe Mope (+23° kpyruocyrouno Bce 12 jaueit — eme oaun pekopy [kosbr) u
[IpEeKpaCcHasl ITOTo/a MO3BOJISIIN CHTH HAIPsI?KEHNE.

Oprkomurer ITIKOIBI TPAIUIIMOHHO BO3IJIABJISET 3aC/Iy»KEHHBIN JlesiTe/lb HAYKU W TEXHUKU YKpa-
WHBI, 3aBeJIyIOIuii Kadeapoii MareMaTHIecKoro aHajm3a TaBpUIECKOIO HAIMOHAJIBHOIO YHUBEPCHU-
Tera uMm. B. U. Bepuanckoro, npodeccop H. JI. Komadesckuii. B cocras Ilporpammuoro Komwurera
KPOMIII-2005 somwm: Arpanosud M.C. (Mocksa), Anronesna A.B. (Muuck), Bepesanckuii FOM.
(Kueg), Bracos B.B. (Mocksa), Bonesuu JI.P. (Mocksa), Topbaayk M.JI. (Kues), Kameraxa Wonmmo-
pu (Ocaka), Konauesckuit H./I. (npencenaresns, Cumdeponois), Magamys M.M. (Jouerk), Menbuuk
B.C. (Kues), Huwxuuk JL.II. (Kues), Osunnnankos B.1. (Boponex), Opsios I1.B. (yuenstii cekperaps,
Cumdeponois), Cambopekuii C.H. (Kan), Camoitienko A.M. (Kues), Camoiinenko F0.C. (Kues), Cky-
6auesckuit A.JI. (Mocksa), Hepubimos K.J1. (Boponex).

B cocras [Tporpammuoro Komurera koudepennun MFAMP sonum: Camoiiienko A.M. (ITpeacena-
resib), Topbauyk M.JI., Topbauyk B.1., Kamoxusrit A.A., Kouy6eit A.H., Kouaparses F0.I'., Komma-
venko B.J1., Muxaiirent B.A., Ocrposckuit B.J1., [Ipansosurseit M.B., Camoitienko FO.C.

Ha Illkose pabora/n caeayionme CeKIIum:

Cexkmnust 1. OOImiasi Teopusi OIEPATOPOB.

Pykosoguresm: Auronesud A.B. (Munck), T'opbauyk M.JI. (Kues), Opununukos B.1. (Boponex),
Cawmoiinenko 10.C. (Kues), Kongparses 10.I". (Boun).

Cexkmnus 2. CrekTpaJjibHast TEOPUs OIEePATOPOB.

Pykosoguresm: Arpanosua M.C. (Mocksa), Backakos A.I. (Boponex), Bracos B.B. (Mocksa),
Xpomos A.Il. (Caparos).

Ceknus 3. uddepeninaibHo-onepaTopHble yPABHEHUS.

Pykosoguremm: Bosesna JI.P. (Mocksa), Jlesenmram B.B. (Pocros-na-Zlony), Mensunkosa I1.B.
(Exarepuntbypr), Ilpurenko A.M. (Mocksa).

Cexkrus 4. Kpaepbie 3a1a49m.

Pykosogurenn: Iltamank B.1. (/Ibos), Cxybauenckuit A.JI. (Mocksa).

Ceknus 5. HenmneitHbIit anams.

Pykosoguresn: Ananbesckuii I.M. (Mocksa), Mesuksa A.A. (Mocksa), Xanaes M.M. (Mocksa).

Cexkrust 6. YmpaBieHne, TeOpusi UTP U SKOHOMUTIECKOE TTOBEJICHIE.

Pykosoguresn: Koryr IL.U. (Tuenponerposck), Kypuna I.A. (Bopomex), 2Kykoeckuii B.I1.
(Mockea), 3eauxkun M.J. (Mocksa).

Ceknust 7. /luckperHast MaTeMaTKa 1 HHGOPMATHKA.

Pykosoguremn: I'ypos C.J1. (Mocksa), Canoxenko A.A. (Mocksa).



[To mpurrarmenuro Oprromurera Ha KPOMIII-2005 66111 ipounTanbt 63 ISATHIECATUMAHY THBIE JIEK-
Uu:

1. Arpanosua M.C. (Mocksa, Poccust)

CrekrpasbHaas 3aga4da [Tyankape-Crekiiosa.

2. Ananbesckuit .M. (Mocksa, Poccust)

Yucso spamenus [lyankape u ero o60061eHus.

3. Auronesuu A.B. (Munck, Benopyccust)

06 ycpenaennn kKo3p UIUEHTOB (DYyHKITHOHAIBHBIX OIEPATOPOB.

4. Adbenmukos A.JI. (Mocksa, Poccust)

O jokanmM3anuyu HEMPEPBIBHOTO U JUCKPETHOIO CIIEKTPOB B 3a7a4ax 00 yCTONYMBOCTU (DPOHTOB U
MyJTHCOB.

5. Baiipamoraer M., [laxuarypk X. (Crambys, Typrus)

O BrIcmieM ciiefie ofHOTO UM dEPEHITNATBLHO-0TIEPATOPHOTO YPABHEHUS C COOCTBEHHBIM 3HAYEHUEM
B KPAEBOM YCJIOBHH.

6. Bapabanos A.E. (Mocksa, Poccus)

Cunre3 *°-oNTUMAIBHBIX CUCTEM.

7. Backakos A.I'. (Boponex, Poccnst)

JIuHeifHble OTHOTEHIST — TEeHEPATOPHI OTYTPYIII.

8. Bospckuii B. (ITosbra)

Toueunsie Hepasencrsa CoboJiesa.

9. Beknapsin JI.A. (Mocksa, Poccust)

O "npaBuyibHOM " pacIIupeHUN MOHSITUsT OErYIIeil BOIHBI.

10. Bepesanckuit F0.M. (Kues, Ykpaunna)

KowmmnekcHast mpobyiema MOMEHTOB.

11. Bpuraguos N.A. (Caunxr-Ilerep6ypr, Poccust)

Meros npesie/IbHOTO aHAIM3a B MEXAHUKE CILIONIHBIX CPEJI.

12. Bypckuit B.I1. (Vkpauna)

Bamada dupuxie s ypaBHeHus cTpyHbI, pobiiema Iloncene u ypapaenue Abes.

13. Beegenckas H./I. (Mocksa, Poccust)

Junamudeckast MapIipyTU3aIUsl U CBA3AHHBIE C HEHl ypaBHEHUS.

14. Bunorpagos M.M. (Mocksa, Poccust)

Yro Takoe nuddepeHInaIbHOE UCIUCTICHUE.

15. Biracos B.B. (Mocksa, Poccnst)

CrekTpaJbHble 33/1a41, BOSHUKAIOIINE B TeOPUN (DYHKIUOHAIBHO- UM MDEPEHITUATBHBIX YPABHEH.

16. Biracos B.1. (Mocksa, Poccust)

Teopusi KOHPOPMHOTO OTOOPAYKEHUST CHHTYJISIPHO 1e(POPMUPYEMBIX 0DJIACTEN.

17. Bosesuu JI.P. (Mocksa, Poccust)

Hemzorponubie nmpocrpancTBa BecoBa n muHeapu3oBaHHasl 33/1a9a KPUCTAITH3AIINN.

18. Tommuckuit JI.B. (Xappkos, Ykpanna)

[Toroku Ilypa n opToroHaJbHBIE TIOJTMHOMBI HA €IMHUIHON OKPYZKHOCTH.

19. Topb6auayk M.JI. (Kues, Ykpauna)

O pasBuTHU CIIEKTPAIBLHOM Teopun AudGepeHnnaIbHBIX OTIepaTOPOB Ha Y KpanuHe.

20. Honckoit B.1. (Cumdepononb, Ykpanna)

O cToKHOCTH KJIACCOB YACTUIHO PEKYPCUBHBIX (DYHKITHIA.

21. Hynos C.M. (Mocksa, Poccus)

BszanmMmocBsi3b HEKOTOPBIX 3a/1a4 IO OT[EHKE MHOYKECTB.

22. Eroposa I.E. (XapbkoB, YKpaunna)

Ba1ada paccesHust JiIsi MATPUIbl IKOOKM Ha KBa3UIIEPUOAUYECKOM (DOHE.

23. ZKykoeckuit B.1. (Mocksa, Poccust)

Wcexonpl n pucku B KOHQMIINKTHBIX CATYAIUSAX IIPUA HEOIIPEICACHHOCTH.

24. 3emukun M.J. (Mocksa, Poccust)

OmneparopHoe JIBOITHOE OTHOIIIEHHE U I'PACCMaHOBO MHOroobpasue Caro.

25. Bonorapes B.A. (IToaraBa, Ykpanna)

Hunaranuu n byHKIMOHAIBHBIE MOJIEIN KOMMYTHDYOIIUX CUCTEM OIEePaTOPOB.



26. Koryr I1.U. (/Inenpornerposck, YKpanHa)

AcuMmnrorraecKnii aHAIM3 OJIHOTO KJIacca 3a/1a49 OMTUMAJIBLHOTO YIIPABJICHUS B I'yCTBIX CHHTYJISPHBIX
COEJINHEHUSIX.

27. Koznakosa I'A. (Kues, Ykpanua)

Bostonckuii miporecc: mpobieMbl HHTETPAIUU €BPOIEHCKOr0 BICIIEr0 0O0pa30BaHUsI.

28. Kongparwes HO.I'. (Boun, I'epmanust)

[TocTpoerre MapKOBCKUX TIOJIYTPYIIIL JIJIsi HEKOTOPBIX HEIIPEPBIBHBIX OECKOHEYHOIACTHYHBIX CHCTEM.

29. Kocriouenko A.I., Mupsoes K.A. (Mocksa, Poccust)

HekoTopbie BOIIPOCHI CIIEKTPAILHOIO aHAJN3a, OIIEPATOPOB, CBA3AHHBIE ¢ OOODIIEHHBIMU IKOOUEBbI-
MU MaTpPUIAMU.

30. Kommanenko B. /1. (Kues, Ykpanta)

[TocTpoeHre CUHTYJISIPHBIX BO3MYIIEHUI METOOM OCHAINEHHBIX MUIHLOEPTOBBIX IIPOCTPAHCTB.

31. Kypuna I""A. (Boponex, Poccust)

Acumnroruyeckoe perieHre mepuoiueckK CUHIYIIPHO BO3MYIIIEHHON JINCKPETHOMN TTePUOINIECKOi
381091 YIIPABJICHMUS.

32. Jleseumram B.B. (Pocros-na-lony, Poccnst)

Acumnroruyeckoe uHTerpupoBanue udGepeHuaabHbIX yPaBHEHUNH ¢ OOJIBIIMMU BBICOKOYACTOT-
HBIMU CJIAraeMbIMHU.

33. Jlebenes A.B. (Munck, Bemopyccust)

Ob6paienne HEOOPATUMBIX IUHAMUYECKUX CHUCTEM.

34. Masamyx M.M. (donenk, Ykpauna)

O cBsi3u MaTpuIsl paccessHust ¢ pyHKIueil Beilas u xapakTepucTuiecKoil (pyHKITIeid.

35. Mapuenko B.M. (Munck, Besopyccust)

['JTP-cucrembr.

36. Memmksin A.A. (Mocksa, Poccust)

Hernajikue periieHust BApUAIMOHHOI 38,191 B KPATHBIX WHTErPAJIax.

37. Menbuukosa 11.B. (Exarepunbypr, Poccust)

HekoppekTHable nuddepenimaibHO-0epaTopHble 3a1a49u. TOUHBIEe 1 TPUOJINKEHHbBIE PEITeHUs.

38. Mupsoes K.A. (Mocksa, Poccust)

Munekcer gedexkTa u CreKTp CaMOCOIPSI2KEHHBIX PACIITUPEHUI HEKOTOPBIX KJIacCOB quddepeHnaib-
HBIX OIIEPATOPOB.

39. Muxasnesua M.B. (Kues, Ykpanna)

[uK/IMIHOCTD SKOHOMUIECKUX MTPOIECCOB.

40. Mbrmkuc A.J1. (Mocksa, Poccust)

[Tpocreiimue cucTeMbl ¢ peakcamueii.

41. Humxuuk JLII. (Kues, Ykpanua)

Ouneparopsl ITIpénunrepa ¢ ToYeIHBIMEU B3aUMOJIeHCTBUsIME B 1ipocTpancTsax Cobosesa.

42. Osceenu A.J. (Mocksa, Poccnst)

QOuierp Kanmvana n kBanTOBaHUE.

43. Opunnuukos B.J. (Boponex, Poccnst)

VHTepro/IsiuoHHbIe CBORCTBA IKaJI OHAHAXOBBIX IIPOCTPAHCTB.

44. Ocrposcknit B.JI. (Kues, Ykpanma)

OyHKIUY Ha rpadax U *-IpeacTaBjeHus aareop.

45. TlewentoB A.C., Kosko A.U. (Mocksa, Poccust)

Craenpl nuddepeHnuaIbHBIX OIIEPATOPOB.

46. IIpunenko A.U1. (Mocksa, Poccust)

O6parHble U HeJIOKAJIbHBIE 33/1a49H, IIPOIHO3 YIIPABJIEHNUs, IPOIHO3 HAOJIIOMEHNUST JIJIsST SBOJIIOIHOHHBIX
YPaBHCHUN.

47. Hrammuk B.J. (JIbsos, Ykpauna)

Kpaesbie 3a/1a4u JJIsi HEJUTUIITUIECKUX YPABHEHUIA.

48. Podpe-Bekeros @.C. (XapbkoB, YKpanna)

Teopembr Tuna [lIrypma 1 TeopeTHKO-OIEpATOPHOE J0KA3aTeIbCTBO TeopeMbl APHOJIbIIA O TiepeMe-
JKAEMOCTH.

49. Cambopcekuii C.H. (Mocksa-Kaun, Poccusi-@pannust)



MOHOTOHHOCTH U HENPEPBIBHOCTb.

50. Cawmoiterko FO.C. (Kues, Ykpauna)

N-Ku 1m0IIpOCTPAHCTB, CIEKTPHI rpados, ...

51. Canoxenko A.A. (Mocksa, Poccus)

CucreMbl KOHTETHEPOB U HEPEYUCIUTE/IbHBIE 3a/IatM.

52. Ckybauesckuii A.JI. (Mocksa, Poccust)

[Tapabosmueckue JuddepeHuaibHO-Pa3HOCTHBIE YPABHEHUS.

53. Cobosnesckuit I1.E. (M3panisb)

Some improvement of Holder result.

54. Cononnnkos B.A. (Caukr-Ilerep6ypr)

[ITayepoBbl OLEHKH JIjisi perienuii 0600IeHHol HecTaruonapHoii 3aga4n Crokca.

55. Xamaes M.M., Teprnosckuit B.B. (Mocksa, Poccust)

Moudukarus ypasuenuii Jlanpay-JIudmmura.

56. Xankesud B. (M3panin)

OneparopHble JIPOOHO-TUHERHBIE OTHONIEHUsI, TPUJIOYKEHUS K MHBAPUAHTHBIM JIya bHBIM [TapaM JId-
HEWHBIX ONEPaTOPOB.

57. Xpomos A.Il. (Caparos, Poccust)

MHTerpajibHble ONEepaTophbl ¢ s/IpaMU, PA3PbIBHBIME HA JIOMAHbBIX.

58. Xpyciaos E.f1. (Xapbkos, Ykpanna)

VepeIHeHHbIE MOJIET JTUHAMUKHI CyCIIeH3HIA.

59. Hekanosckuit 9.P. (CIIA)

[Tepuoguaeckue dbyuknun Beitisg-Turamapiina u mepuoguiecKne ornepaTophl.

60. Yepubrmos K.U. (Boporex, Poccust)

[TpUBOAMMOCTD CUHTY/ISIPHBIX JIMHEHHBIX OTHOIIEHUH.

61. [Tamaes A.C. (Mocksa, Poccust)

Hekoropbie crieKTpaJibHbIE 33141, BOSHUKAIONINE B AKYCTHKE IIOPUCTHIX CPE/I.

62. [lyaeman B.C. (Bosoraa, Poccust)

Auire6pbt JIn KOMIAKTHBIX OIEPATOPOB M TOMOJOTUIECKUE PaJINKAJIbIL.

63. [redan Xourep. (I'epmannst)

ObparHas 3aj1a4a paccesiHusi I HEKOTOPBIX Iapabosimyeckux ypashenuit tuna Kosmoroposa-
Yenmena u obriee onucanue GU3MIECKUX SIBJICHUNA STUME YPABHEHUSMHU.

Ha ommaHaamaTi CEKIMOHHBIX 3acedaHUsIX ObLIO caenano Ooiee 70 mokmamos. /ImeBHO# rpaduk
pa6orsl 1Kol cocrosii u3 Tpex yrpernux Jjeknuii (9.10 — 10.00, 10.10 — 11.00, 11.10 — 12.00), ayx
nocsreobeennbix eknuit (16.10 — 17.00, 17.10 — 18.00) u BeuepHUX CEKIMOHHBIX ceMuHapos (¢ 19.15).
Psin nHelt, B CBsI3U € BBICOKOW IJIOTHOCTBIO HAYYHOH IIPOIPAMMBI, JIEKIIUH U CEeMUHAPBI MTPOXOIUIN
napaJuIesIbHO B JIEKTOPUSIX BepxHell u HizkHell 6a3bl (Bor yxke 11 jter [lkony npunnmaer 6a3a oTabIxa
"Yaiixa").

KymprypHast mporpamma BKJIFOUYa/a MHOIOUNCIEHHBIE 9KCKYPCUH, JIeKIH 0 KpbiMe, 3aMedaTeibHbII
KOHIIEpT Ha TpajaurmoHHoM OankeTe I1Ikosbr. Yuactauku [IIkosbr orMeTnn meblit psi oduiees: 80-
snerue akax. FO.M. Bepesanckoro, 70-yterue npod. JI.II. Hmxuuka, 85-imerue npod. A.Jl. Meimkuca,
70-nerne npod. A.Il. Xpomosa, 70-sterue npod. JI.P. Bosesuua, 65-1erne npod. H.JI. Komnauescko-
ro, ¥ TeILIO Ho3ApaBuian 0buiapos. JdumioMbr nogernoro gokropa KPOMIL mosxyuwin MmaTeMaTHKH,
aKTUBHO yuacTBOBaBIme B pabore gecsitu Kpeimckux Ocennux [lkos: Arroresnu A.B., 2Kykosckuit
B.U., 3emukun M.U., @emtep M.H., Yepubix H.II. [I1g MaTeMaTuKOB, aKTUBHO YYaCTBOBABIINX B Pa-
6ore nsiraasaTn KpoeiMekux Ocennnx [kos, OprkoMuTeT yupe s TaKxKe JUIJIOM TOYEeTHOI'O aKaie-
vuka KPOMIII. JTumiom mosyawnm: jot. 1. A. Kosmakosa, 4i.-kopp. FO.C. Camoiinenko, mpoc. M. M.
Mastamy;1 (B panre upesBbryaitaoro u noaaoMounoro npopexkropa KPOMIID), npod. A.JI. Ckybaues-
ckuit. K nagany padorsr KPOMIII-2005 6611 u3gnan cbopuuk TpynoB mnpemsiayiieit [komsr "Spectral
and Evolution Problems. V.15. — Simferopol, 2005", comepxkaruit 28 crareii obum oobemom 200 c1p.
Wsznana nporpamMmma mpoxoauBIieii KOHMEPEHITHH.



AHHOTAIUMM JIEKIINIT 1 JOKJIAIOB,
nmpountanubix Ha KPOMIII-2005







M. C. Aeparosuw CnekrpasibHble 3aga4u Jist ypaBHeHuii tTumna I[llpemauurepa.

PaccMoTpenbl caMocompsizKeHHbIE 33JIa9¥ B OrpaHuYeHHON 00acTu (G €O CIeKTPAJbHBIM apaMer-
pPOM B ypaBHEeHHHU (UJIM CUJIBHO SJITMIITUIECKON cucTeme 2-10 1opsijka). OJMH U3 OCHOBHBIX Pe3yJibTa-
TOB: OPTOHOPMUPOBAHHBIH 6a3uc u3 cobcrBeHnbIx hyHKIuit B Lo(G) ocraercs: 6€3yCcI0BHBIM 6a3UCOM B
cobosiepckux mpocrpanctsax HY(G) npu 0 < t < 3/2. 970 BepHO He TOJLKO JIsl 0bacTell ¢ TIaIKuMK
CPAHUIIAMU, HO U JIJIS JIUIIITUIEBBIX 00J1acTeil.

Ananvescrkuti M.C. (Cankm-Ilemepbype, Poccus) MeTon cKOPOCTHOrO rpaJiieHTa B 3a-
Jade yIpaBJIeHUs SHeprueii KBAHTOBOMEXAHMYECKON /IBYXaTOMHOII MOJIeKyJabl. duciieH-
HBIN 3KcriepuMeHT ¢ moJieKyJsoii HCI

B niocsieiame rojipl nHTEPEC K 3a/1a1MaM YIPABICHUS KBAHTOBOMEXaAHUIECKIMU IIPOIECCAMU BO3PacTa-
et. [lo mannbiM kypuasia Science Citation Index, B nagase XXI B. 110 3T0i1 TemaTuke mybJIMKOBAJIOCH
6osee 500 craTeil B roj B pelEH3UPYEMBIX KypHAajax. BarKHbIM IIPUIOKEHUEM TEOPHUHU YIIPABJIECHUS
KBaHTOBOMEXaHUYECKIMU CHCTEMAaMU SABJIAIOTCS 3aja49u dpemMroxumun 1], B yacTHOCTH, 331898 yipaB-
JICHUST 9HEeprueil MOJIEKYJISPHBIX CBsi3eil, mocpecTBOM BosneiicTus dbemrocekynaabivu (1 dbemroce-
kyuaa = 10715 cexyH/bI) a3epHBIMI IMITYTHCAMI.

B pabote paccmarpuBaeTcsd 3ajada yIpaBIeHUsT SHEPrUei JBYXATOMHON MOJIEKYJIbI OIMMCHIBAEMO
yupasJjsiembiM ypapHerueMm [lpenunrepa ¢ morennmaaom Mopse. Ha ocHOBe MeTO1a CKOPOCTHOIO Ipa-
JIMEHTa TTOJIyYeH HOBBIM aJITOPUTM yIpaBieHus. J[jisi KOHETHOMEPHOIO HMPUOJIMAKEHUsT TOKA3aHO, ITO
[IPU BBITTOJTHEHUY Psijia OIPAHUYIEHUN HAKJIAbIBAEMbBIX HA OOBEKT yIIPaBJIEHUS, TPEJJIOKEHHBII aJIro-
puTM 0beCTIeInBAET BBITIOJHEHUE 1)1 YIIpaBjieHust. [IpeicTaBIeHHbII aJIrOPUTM yIIPABJIEHUST SIBJISIETCSI
MouduKalpeii ajaropurma, Moy deHHoro B pabore |2, mo3Bosisiioreii CHsITh HEKOTOPbIe OPAHIYEHUS
HaKJIaJ[bIBaeMble HA OObEKT YIIPABJICHUS.

Db PEKTUBHOCTD MPEJJIOKEHHOTO AJITOPUTMA, YIIPABJIEHUsI ITPOJEMOHCTPUPOBAHA PE3YIBTATAMU TUC-
JIEHHOTO MOJIEJTUPOBaHUs Ha mpuMepe Mojesn Mojekysasr HCL.

JInreparypa

1. E. Brown, H. Rabitz /Some mathematical and algorithmic challenges in the control of quantum
dynamics phenomena. J. of Math. Chem. V. 31, N 1, pp. 17-63 (2002).

2. M.C. Ananbenckuii, A.JI. @pajakos /Yupasjenue HAOIIOIAEMBIMI B KOHEIHOYPOBHEBBIX KBAHTO-
BBIX cucremax. Asromaruka u Tesemexannka, Nob, cc. 63-75 (2005).

Anmonesuyw A.B. (Munck, Beaopyccus) O6 ycpennenun Ko3hdunueHToB yHKIHO-
HAJILHBIX OTIEPATOPOB

OyHKIMOHAJIBHBIMIA OITEPATOPAMHU HA3BIBAIOT OMEPATOPHI, MEHCTBYIOMNE B PA3THIHBIX MMPOCTPaH-
crBax F'(X) dyukuii na MmaOKecTBe X, M UMEIOITIE BH/T

Au(z) = Zak(:c) u(ag(z)), ue F(X), (1.1)
k=1

rae o : X — X ecTb 3aJaHHbIe OTOOPAarKeHUs, & af €CTh 3aJaHHble (DyHKIUU.

[Ipu uccieroBanmy pa3anIHbIX KOHKPETHBIX KJIACCOB YPABHEHUN €CTECTBEHHBIM TPUEMOM SIBJISIETCS
CBeJIEHNE WX UCCJEI0BAHUS K CJIyYalo YpaBHEHUI ¢ Oojiee MpOCThIMU MoBeeHneM Koadduinnentos. B
Teopun guddepeHnnaabHbIX YPAaBHEHUI NMeeTcs 110 KpaiiHeil Mepe JBa BapHaHTa TAKOI'O CBEICHUS —
[pUBe/IeHNE YPAaBHEHUS] K KAHOHUYIECKOMY BUIY U TEOPHSI yCPEIHEHUS.

B moxkname obcyKmaercs CAeAyIOMMA BOIPOC —— KaK MOXKET BBIVISIETb aHAJIOI TEOPUU YCpPeIHe-
HUsI WM TEOPUU IPHUBEIEHUsS K KAHOHMYECKOMY BHIY s (DYHKIMOHAJILHBIX omeparopos? B obomx
caydast 3a/a49a 3aKJII0YaeTCd B TOM, 9TO0bI 3aMeHUTh KO3 hunumeHTs! (PyHKINOHAILHOIO OIIepaTopa
Ha K03DdUIUEHTHI ¢ 60JIee MPOCTHIM MOBEIeHNEM (HAIPUMED, Ha IIOCTOSHHBIE) TAKUM 006pa30M, ITOOLI
COXPaHUTH OCHOBHBIE CBOMCTBA UCXOIHOTO ollepaTropa. B chopMmyaupoBaHHOM BHIE 3aa1a HE SIBJISIETCSI
TOYHO IIOCTABJIEHHOI: TpeOyeT yTOYHEHHSI, YTO MOXKHO B KOHKPETHOW CUTyaIldud CIUTATH KO3(DEUIm-
eHTaMu ¢ 6oJjiee IPOCTHIM MTOBEJIEHUEM, M COXPAHEHUsT KAKUX CBOMCTB MOXKHO IOTPeOOBaTh.

B nokiajse paccMOTpeHBI BApHAHTHI TOYHON IMOCTAHOBKH 3aa4d Ha IIPUMEpEe MOIEIbHBIX (OYHKIIN-
OHAJIBHBIX OIIEPATOPOB — OIEPATOPOB B3BENIEHHOI'O CJBHUTa, ITOPOXKJIECHHBIX WPPAIMOHABHBIM ITOBO-
POTOM OKPY2KHOCTU. B 9acTHOCTH, MIPEJIOKEHO TPABUJIO yCpeaHeHusT KO3 PUIneHTa, IPUBOIIIEe K
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OIIEPATOPY, UMEIOIIEMY TOT K€ CIEKTDP, ITO U UcXOnubiii. IIlpu 3TOM B ciydyae JOCTATOYHO TIVIAIKUX
K03 DUITNEHTOB OMEPATOP C YCPEIHEHHBIM KO3(DDUIIMEHTOM OKA3BIBACTCH MOTOOHBIM UCXOTHOMY.

OCHOBHBIM PE3YJIBTATOM SIBJISIETCS BBISIBJIEHHE JIOCTATOYHO TOHKUX BOIIPOCOB, BOBHUKAIOIIUX B CBSI3U
C ITOCTABJIEHHON 3aJiadeil, HAIIpUMED, B KA9eCTBE YCPEIHEHHBIX KOY(D(MUITUEHTOB IIPUXOUTCS PACCMAT-
PUBATH HE TOJBKO IOCTOSIHHBIE, HO M HEKOTOPBIE ApYyTHe (DYHKIINK CIIENUaJIbHOIO BUIA.

Bacxaxos A. I. (Boponeosic, Poccus) JInneiinbie OTHOIIIEHUSI - T€HEPATOPHI HOJIYTPY IIIHI
oepaTopoB

JLj1st TOTyrpyIIIl OIEepaTOPOB B KOMILIEKCHOM OAHAXOBOM IIPOCTPAHCTBE BBOJIMTCS IIOHSITAE TeHepa-
TOpa MOJIYIPYIIIIEI OIIEPATOPOB, KaK JIMHEIHOe OTHOIIEeHNe Ha OaHaxoBoM IpocTpaHcTie. [lepecmoTpen
PSIT KJIACCHIECKUX PE3y/IbTaTOB [JIsl MOJYTPYII OIIePaTOPOB, UMEIOIIINX OCOOEHHOCTD B HYJIE.

Bep A. @. (Tawxenm, Ysbexucmar) O HauboIbIIEM OJHO3HAYHOM IIPOJAOJIKEeHUN -
(depeHiupoBaHus B KOMMYTAaTUBHOM peryJisipHoil ajrebpe

[Tycrs A - kommyTaTuBHast ajnrebpa c eaunuieii Haj nostem K Hyseoit xapakrepuctuku; V = V(A)
- bynesa asrebpa uiaemnorentoB B A. Kpowme toro, mycrs A - perymsipuoe kosbiio [2]. Uepes s(a) u
i(a) 0bO3HAYNM HOCHTEIb @ W WHBEPCHBINH JIEMEHT K @, COOTBETCTBEHHO, st joboro a € A. Mer
mpejmoaraeM, 9To Ha V 3ajlaHa BEPOSITHOCTHAST CTPOTO MOJIOKUTEIbHAST 0-a I INTUBHAST Mepa [t MBI
paccmarpuBaeM MeTpuKy p(a,b) = p(s(a — b)) u upeamosaraem, aro (A, p) - moaHOE MeTpHUECKOE
MPOCTPAHCTBO.

[Tycts B - momanrebpa B A. Paccmorpum coemytonte nommuoxkectsa B A: L(B) - momanrebpa,
nopoxkyentas B u V; J(B) = {ai(b) : a,b € B}; C(B) - 3ambikanue B B Mmerpuke p; Z(B) - neioe
sambikaune B; E(B) = (CoZoCoJoL)(B).

Teopema 1. Ilycrs B - noganrebpa B A, 6 : B — A - nuddepennuposanue, takoe, aro (*)
s(6(a)) < s(a). Torga E(B) 6ymer HanbOIbIIMM 3JEMEHTOM B DellleTKe BCeX TaKUX paciimpeHuit B
B A, uro § upogosmkaercs 10 auddepeHnupoBans Ha JTaHHoi mojgaaredpe, 00/1a1aioero cBoicTBoM
(*), equHCTBEHHBIM 06PA30M.

Teopema 2. Ilycrs S|0, 1] - anrebpa knacco mamepumbix dyukiumit zHa [0, 1]; D[0, 1] - nogasnrebpa
B S[0, 1] xiaccoB Bcex nourn Berojy guddepeniupyembix dyukimii. Torma E(DI0,1]) coBuamaer ¢
1o/arebpoil Becex MmoYTH BCIOJY amipokcumaTuBHO auddepennupyembix dbyukmuit u E(D[0,1]) #
S10,1].

Caedecmeue. Ha S|0, 1] cymecryer 6oiiee opHoro nndbepeHnnpoBatsi, IPOIOJIKAIONIEr0 B3sITHE
npoussouoit Ha D[0, 1].

JIureparypa

1. A. ®. Bep, ®. A. Cykaues, B. . Yunun / JIuddpennuposanns B KOMMYTATUBHBIX PErYJISIPHBIX
anrebpax. Marem.zamerku 1.75, Bbin.3 (2004). 2. A. A. CkopusikoB / JIeJleKUHIOBBI CTPYKTYPBI C
JIONOJTHEHUSIMU 1 PeryJisiphbie Kojibiia. M.; @usmarrus (1961).

—_ =

Amumpyx A.B., Kysvkuwa H.B. (Mocksa, Poccus) Teopema cyiiecTBoBaHUs B 3a4a4e
ONTUMAJILHOTO yHpaBjieHUs Ha OECKOHEYHOM MHTEepBaJie BpeMeHH
Ha nosyunrepsase [0,00) paccMoTpuM 3ajady

J = s(x(0)) + /f(t,x,u) dt — min,
0

T = f(t,x,u), z(0) € My, x(t) € A(t), u(t) € U(t,z(t)).

Baeck x(t) ects n—Mepnas HyHKIHNST, aOCOTIOTHO HEPEPLIBHASA Ha JI0O00M OTpe3ke, u(t) — m3me-
pumasi r-mMepHas (QYHKIINs, CYIECTBEHHO OrpaHWYeHHasi Ha JiioboM orpeske. Pyuxmumonasn J MuHU-
MH3MPYETCsl Ha BCEX JOIYCTUMBIX mapax (Z,u), Ha KOTOPBIX MHTErpajl CXOAUTCs K KOHEUHOMY WM
6GeCKOHEYHOMY 3HAYEHUIO.

IIpednonoorcerus: 1) muokectBo A(t) 3amkuyTO; 2) MHOXKecTBO U(t, ) — BBIIyKJIBIH KOMIAKT,
OJIyHENIPEPBIBHO CBEPXy 3aBucsinuii or (t,x); 3) MHOXKecTBO M)y — KOMIIAKT;
4) dyuknus f addunna 10 u u HenpepbiBHa 10 (¢,2); 5) Tpoiika f, A, U ymoBieTBOpsieT yCJIOBUIO
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pocra @uunnosa; 6) dyuknus s(-) HenpepbiBHa; 7) dyHKuus f HenpepbiBHA 110 (t, T, U) U BBILYKJA
10 .

Kpome Toro, mpumemM eIme ogHO MPEIIOI0KEeHne OTHOCUTEILHO HOBEAeHNS (DyHKINOHAA, Ha Oec-
KoHeuHOCTH. OOBITHO MpeIoIaraeTcst, 9To ero "XBocThl" abCOIOTHO CXONATCS K HYJII0 PABHOMEDPHO
1o BeeM JionrycruMbiM TpaekropusaMm (Marur, Kapsicon, Opu, u ap.). OjHako 5TO IpeIoioKeHne
CJIMIIIKOM OI'PaHUYINUTEJILHO. MeHee 2KeCTKOe IIPEeAIIOJIO?KEeHHne COCTOUT B TOM, YTO ceMelCcTBO (byHK—
mmit {f~(¢,z(t),u(t))}, tme f~ = max (0, —f) cuibHO paBHOMepHO uHTerpupyemo (Basuep), HO oHO
BLIIVIAAUT HEe O4Y€Hb €CTEeCTBCHHLIM U pr,ZLHO IIpOBEPAEMO. M]:)I npejJjiaraeM HOBO€ JOBOJIBHO IIPOCTOE
yCJIOBHUE, KOTOPBIE Clabee yKa3aHHbIX:

8) OrpurnaresbHble YacTH KYcko6 (DYHKIIMOHATA CXOAATCS K HYJIIO:

(] flt,z(t),u(t)dt|] —0 mpu T/, T" — o0,

PaBHOMEDHO 110 BCEM JOMYCTUMBIM TpaekTopusiM (z(t), u(t)). (3mecs a~ = max (0, —a).)

Teopema. Tlpu BIIOIHEHNN TIpe/TIOIOXKeHNi 18, Ha 11060 Jorycrumoit nape J(x,u) cxomurcs (B
yKa3aHHOM PACIIIPEHHOM CMBICJIE), IpudeM Beerja J(x, u) > —00, 1 MUHIUMYM B [IOCTABJIEHHON 3a/1a4e
JIOCTUTAETCSI.

JIuteparypa

A.B. Jmurpyk, H.B. Kysbkuna Teopema cylnecTBoBaHUsI B 3ajiade ONTUMAJILHOIO YIIPABICHUS Ha
HeckoneunoM uHTepBaJsie Bpemenu // Mar. 3amerku, 2005, . 78, Ne 4, ¢. 503-518.

Upine M. M., /Ipine .M. 300pakeHHst PO3B’3KiB HEJIOKAJbHIUX KPAWMOBUX 3aaad IJIsI
napaboJIidHOro rnceBaoaudepeHiaJbHOT0 PiBHAHHS 31 3MiHHUM I10 { CHMBOJIOM

B mrapi IT = (0,7") X E,, po3ryisiHeMo KpailoBy 3a/1ady Jist TapaboJiTHOro neeBAoandepenIiaabHoro
PIBHSIHHS

du+Au=f, (t,x) €Il, puli=o = ult=r + ¢,z € Ey,pu € Ex, (1)

A — nceBnomudepen iiaibHa orepariist, mobyI0BaHa 3a OJHOPIAHUM 10 o cTeneHs ¥ > 1 cumpojsiom A:
Il — F4, BusHauena B |1] i TpakTyerbes sIK rinepcuHrysisipHa iHTerpajbHa omeparis. Tna A = A(o)
1 3aj1a4a BUBUEHA B [3].

Hexait Bukomytorecst ymosm: 1) ¢: E, — Ei, ¢ € CE)Li(En); 2) f: I — Ei, f €
C(0,7) N COURM) LR, a > (n— 1)/, n > 1 [2]

Posp’s30k 3aa4i (1) MOXKHA 3alMcaT B BUJISIII CyMU 3TOPTOK

t
ult, z) = / G(t,T,x — & w)p(€)de + / dr / Gt —7.Tox — & j) f(r, )de +
E, 0 E,

t

4 0/ dr E/ G(T+t—7.T.x — &) f(r.€)de, (ta) €I, @)

e

G(t,T,z,u) = (277)_”/ exp{=A(t, o)t + i(x’a)}do‘, (t,z) eIl u € Ey. (3)

p—exp{—A(t,o)T}

Inrerpas (3) 36iraerbest piBHOMIpHO 1 abcostorro B IT mpu > 11 p < 0. ko g = 1, To BiH
piBHOMIpHO 30iKHMiT JTuIie ipu 1 > v > 1.

Teopema. Hexali suxonyromves ymosu 1), 2), i |lp| > 1 npun > 1, u =1 npun >~y > 1. Todi
pose’asox sadavi Jipizae (1) eusnavaemoca (2).

Amnajioriuna Teopema € BipHOIO s 3a1a4i (1) 3 ymosamu Heiltmana.

1. Kouybeti A.H. Ilapabonuueckue mceaoandpepeHuajibHble ypaBHEHNs, THIIEPCUHTYJISPHBIE WH-
rerpasibl 1 MapkoBckue tporeccel // U3s. AH CCCP. Cep. mar. — 1988. — 51, Ne 5. — C. 909 — 934.
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2. Kopoym JI.I., Mamitivyx M.1. TIpo 300pazkeHHst PO3B s3KiB HEJIOKAJTBHUX 332t JJIsl TTapadoJIitd-
HUX DiBH#AHBL // YKp. Mar. xKypH. — 1994. — 46, Ne 7. — C. 947 — 951.

3. M. /Jlpine, A JIpine. 1lpo 300parkeHHsT PO3B‘SI3KIB HEJOKAJIBHUX KPAMOBUX 3ajad JJIsi Iapa-
OostivHUX TIceBHOAUdEpPEHIIAIBPHUX PiBHSIHB. — MikHapoaHa HaykoBa KoHpepentiis "Hosi migxomau 10
posB‘sisyBanHsi audepeniiaibanx piBasanb" (1 — 5 koprast 2001 p., m.Jporoduu). — Tesu non. — Kuis,
2001. — C. 56.

Apine C.C. EpoaroriiiHi piBHgaHHS 3 onepaTopoMm Beccesisi HECKIHYEHHOTO TTOPSAIKY

Cunrysspai mapaboJiivHi PiBHSIHHS 3 OIlepaTopoM beccesist BiTHOCAThCS 10 PIBHSHB 3 BHPOJXKEHIM
[0 [IPOCTOPOBUX 3MIHHHUX ONEPATOPOM (Taki PIBHSIHHSI BUPOJKYIOThCsS Ha MexKi obsiacti) 1 3a BHYyT-
pilTiHiMU BJIACTUBOCTIME BOHU OJIM3bKi /10 piBHOMIpHO mapabosivnux piBHAHL. Teopid KIacHImHUX
po3B’a3kiB 3aadi Ko mjis Takux piBHsHb mooymoBana y nparsax M.I.Marifiuyka, B.B.Kpexiscbkoro,
C.H.Isacummena i B.I1.JlaBpenuyka, [.I.Bepennua Ta in. 3amaua Kormi mjst cunrysnsipaux napaboJiid-
HUX DIBHSAHB y KJacax PO3IOJALIB Ta y Kijacax yszarajbHeHunx (yukiiii tumy S’ (yasTpaposnomiiis)
BuB4asack A.I.2Kuromupcrkum, B.B.I'oponenbkum, I.B. 2ZKurapiokom, B.11.JIaBpenuykom. ITpupoaunum
y3arajJbHeHHAIM TaKUX PIBHIHDb € CUHTYJIAPHI PIBHSIHHS HECKIHUYEHHOIO IMOPSIIKY, TOOTO €BOJIIONINH] piB-

m

HSHHS 3 orlepaTopoM Beccernst HeckindenHOro nmopsi/iky (3amictsb oneparopa P(B,) = E ckB’,f piBHSH-

k=0
o0
Hs MicTUTH oneparop ¢(B,) = chB’,f , B, — oneparop Beccenst nmopsiaky v > —1/2). s takux
k=0

piBusgHb 3agada Ko ne BuBuena. ¥ gamiii poboTi posBuBacThcs Teopid 3amadi Ko s Bkasa-
HUX PIBHSAHB y GBI IMUPOKKX, MOPIBHSIHO 3 TIpocTopamMu Tuity S’, Kjaacax y3araJbHEHUX IT0YaTKOBUX
dyHKII HecKiHYeHHOro 1opsIKy. IIpn 1ibomy oneparop Beccesst HeCKiHYEHHOTO MOPSAJIKY TPAKTYETChS
fK TceBJ0/indepenIiagbHnil orrepaTop, MO0y I0BAHMH 38 IEBHUM aHAJITUYHUM CHMBOJIOM.

Ipocrip CY. Hexait {m,,n € Z,} — MOHOTOHHO 3pOCTaIOYa MOC/IIOBHICTL JIOJ]ATHUX UUCE] TaKa,
I10:

1) lim ¢/my,/n=0,my=1;

n—oo

2) Va>03cy >0Vn € Zy: my > cq’;

3)IM >03h>0VYN € Zy : mpy1 < Mh"m,,.

[Topsit 3 1M PO3IUISTHEMO MOHOTOHHO 3pPOCTAIO4y MOCJLJIOBHICTD jojaTHuX duces {ly, k € Z4 }, sxa
TaKOXK Mae Biactusocti 1) - 3), i moksagemo

1, |z <1, 1, x| <1,
= x|" = l
p(z) sup u, |z| > 1. () inf —k, |z| > 1.
neZy Mn keZy |x|™

Cumposnom C4 B [1] nosHauaerbes cykynaicTs yeix nimx dyukmiit ¢ : C — C, ki 3a10BOJIbHSIIOTH
ymoBy da >0 3b>0 >0 Vz=a+iy € C: |p(2)| < cy(az)p(by).

36ixknicTs y mpocropi C}) BusHAYaeTHCs Tak: MocaioBHICTb {@p,, v € N} C C) nasubaerbcs 36ixk-
HOIO JI0 HyJIsI, FKIIO BOHA PIBHOMIPHO 30iraeThbcst A0 HyJIsl y KOXKHI oOMerkeHiit 06/1acTi KOMILIEKCHOT
IUIOIIMHY 1 IIPH IIOMY CIIPAB/ZKYIOThCs HepiBHOCT |y, (2)| < ey(ax)p(by), z = x + iy € C, 3i cramumu
¢, a,b > 0 He 3a7€KHUMU BiI V.

B CY Busnaueni i € HermepepBHUME ONepalii MHO’KEHHSI Ha HE3AJIEXKHY 3MIiHHY, MudepeHIiioBaHHs,
3cyBy aprymenty. Mymbrumikaropom y mpocropi CY e xoxua nina dyukmis f : C — C, aka npn
nosinbHOMy € > 0 3a;0BosbHsE HepiHicTh | f(2)] < co(y(ex)) " Lp(ey), z = x = iy € C.

0 0
IIpocropu Tuny C ’W’ ta ’W’ (R). Cumsosiom C 5 HO3HAYATHMEMO CYKYIHICTb YCIX IIJINX HapHUX
dyHKIIN 3 TPOCTOPY CQ’. eit mpocTip 3 BiAIOBIIHOIO TOMOJIOTI€I0 HABUBATUMEMO OCHOBHUM ITPOCTOPOM
0 0
abo mpocropoMm Tuiy (', a HOro ejeMeHTH — OCHOBHMMHU (yHKIsiMu. Bimmosigmo cumBosom (' g (R)
IO3HAYATHMEMO IianpocTip napanx dynkuiii npocropy C4(R), ne CF(R) — 3Bil}KeHHSI bynxuiit i3 CY na
0
JiiicHy Bich. 3azHaUnMO, 110 y 1pocTopi C f{ KOPEKTHO BU3HAYCHUN o1repaTop — az (BiH € HellepepBHUM ),
zdz

0
a y poctopi C ,py (R) menepepsanM € oreparop ——. OTKe, IPABUIBLHUM € TAKe TBEPIZKEHHSI.

x dx
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d2
dz?

0
, z € C, nopaoky v > —1/2; y npocmopi Cs(R) MHITUHUM T HENEPEPBHUM € ONEPAMOP

0
Jlema 1. V npocmopi C’; susHauerull, € AiHitnuM 1 nenepepsrum onepamop Becceasn B, , = +
2v+1d

z dz
Becceas B, axutl idnosidae JiticHit 3minmHitl x.

Cunvposom TS IO3HAMHMO OIEPATOD y3araibHEHOIO 3CYBy apIyMEHTY, SIKHil BijUIOBifae omepaTopy
Beccens [2]:

0
TSo(x) / (Va2 — €2 — 2z€ cosw) sin® wdw, ¢ € C'O(R),
v
0
ne b, =Tw+1)/(T(1/2)T(v+1/2)), v > —1/2.
Jlema 2. Onepamop ysazamvmenozo scysy apemyenmy TS eusnanenud i nenepepenuti y npocmopi

0
P
C W(R). .
Y mpocropi C 5 (R) moxkHa KopucTyBaTHCs IpsiMUM 1 obepaeHnM neperBopenHsim Pyp’e-Becces,

0 0 0
OCKIJIbKH, sIK BUILIMBa€ 3 TBepKkenb A), B), C f{ (R) e nigupocropom mpocropy S (upocrip S ckia-
JnaeTbest 3 napHux QyHKii npocropy S JI.IIIBapua), y sikoMy BKasaHi [lepeTBOPEHHsI BU3HAYEHI KO-

pekTHO [2]:
o0

(o) = Falpl(0) = / p(@)j(oz)a?de, ¢ e 8,’;<R>,

oo
p(z) = Fz'ly /1/1 o)jy(ex)o?Hde, v > —1/2,
0

0
1e j, — Hopmosana dynkiia Beccenst v-ro nopsaaky, ¢, = (22T'2(v +1))~1). IIpoctip C g (R) nmeperso-
pennsam Oyp’e-Beccesst BinobparKkaeTbCst Ha MPOCTIP TAKOTO K THUILY.

0 0
Teopema 1. Mae micue pienicms Fp [Cf;(]R)] = Czi (R), de

(o) _{ 1, o] <1, (T)_{ 1, 7| <1,
" exp{—7"(0)}, lo| 21 * M exp{—p" (N}, |7 > 1;
v (o) - Pynruis, deoicma sa FOneom do dynruii Inp(o + 1), o € [0, +00); p*(7) — Pynruyia, deoicma

0 0
sa fOnzom do dymruii —Iny(r +1), 7 € [0,400); npu yvomy onepamop Fp: CL(R) — CI1(R) e
HENEePesHUM.

o0
Hexait L(t,2) := 3. con(t)2?", z € C, t € [0,T), - nima mapua no z byHKIIs, ¢z, € C1([0,T]), Vn €
n=0
0
Z+ ToBopuTuMemo, 110 y ipocTopi C z 3a1aH0 otieparop beccest neckingennoro nopsiaxy L(t; By, ) ==

0
Z con(t)(—By,2)", axuo npu xkoxuomy ¢ € [0, 7] pst gosinbrol ocHoBHOI dyHKIIl ¢ € C 2 psi

f(t,z) = (L(t; By2)p ZC% —By.2)"¢)(2)

0
300paka€ JesKy OCHOBHY (DyHKIIIO 3 IIPOCTOPY C 5 (robro f(t,:) € C z upu koxkaomy t € [0,7]).
KopekTHicTh HaBeIeHOrO O3HAYEHHSI BUILIMBAE 3 HACTYIIHOIO TBEPJIZKCHHS.
Teopema 2. Onepamop Becceasn neckinwennozo nopadky L(t; B, ;) eusnauenud i nenepeperut y

0

npocmopi C' z modi i auwe modi, koau pynkyia L(t;-) npu xoorcromy t € [0,T] — myavmunaixamop y
0

npocmops Cf&, mobmo

Ve >03c. >0V2 € C: sup |L(t 2)| < ce(y1(ex) Hp1(ey).
t€[0,T]
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0
Hacainok 1. fAxwo L(t; B,) — seyowcenna onepamopa L(t; By .) na npocmip Cﬁ(R), mo dasa do-
0
81AbH0I 0cHo6HOT Pyrruii w € C 5 NPAGUALHON € PIBHICTND

(L(t, By)g)(x) = F5 ' [L(t,E) Flel(©)](x), {z.&} CR.

agaua Korni gy eBodOLifiHUX piBHAHBL 3 omepaTopoM bBeccesisi HECKiHYEHHOIo ITO-

0
paaky. CumBojioMm Pg [MO3HAYMMO KJIAC IINX TMapHuX omHo3HadHux ¢dyskmiid ¢ : C — C, aki
0 0

€ MyJbTHILJIIKaTOpaMu y mpoctopi C g i rakumu, mo e¥ € C g . Posrnsimemo dyukunito (¢, z),
z = x + iy € C, 3anexxuy Bix nmapamerpa t € [0, 7] Taxy, mo (-, z) € C1([0,T]) npu xoxuomy z € C,

: 0 0
sup wéz) (t,-) € Pf;, i € {0,1}, ¥(¢,-) upu koxuomy ¢ € [0,7] € MyJIBTHILIIKATOPOM y HPOCTOPI C§7
te[0,7
Y(t,z) =300 Con(t)z®, 2=z +iy € C, t €[0,T], y upunymensi, mo Ca,(t) € C[0,T],Vn € Z.

Hexait L(t; B,) — oneparop, nobyaosanuii 3a dbyukiieo ¢(t, z). Posrisaemo piBHsHHS

% = L(t; By)u, (t,x) € (0,T] xRy =Qy. (1)
Hns (1) 3a1aM0 OIATKOBY yMOBY
_ 0 p1 /
u(t, )=o=f, f€ (C% (R))". (2)

0
CumBoJioMm (Cf; . (R))" mosnauaTuMeMo pocTip ycix JiHiiHIX HemepeBHUX (byHKIIOHAIIB HAJL BiIIIO-
BIJJHIM ITPOCTOPOM OCHOBHUX (DyHKITIiA.

0
I1id poss’saskom sadawi Kowi (1), (2) posymimumenmo gymxyiro u = (0,T] > ¢t — u(t,-) € CLH(R),
axa dupeperyitiosna no t, 3adosoavrae pishanns (1) ma novwamkosy ymosy (2) y momy cenci, wo

0 0 0 0
u(t,") = f npu t — +oc y npocmopi (CF}(R))'. Slkmo f € (CH(R)) i f ¢ € CP(R), Voo € C(R),

TO PYHKIIOHAJ [ HA3UMBAETHCH 3rOPTYBAdeM Yy IIPOCTOPI 8’ 5 (R).

OcHoBHUIt pe3ysbTaT CPOPMYJIIOEMO Y BUTJISIII HACTYITHOIO TBEPIZKEHHSI.

Teopema 3. Jlas moeo, wob 3adauwa Kowi (1), (2) 6yaa kopexmmuo po3s’asnoro ma i po3s’a3ok
u 3o6pasicasca y eueandi u(t,x) = (f * G)(t,x), (t,x) € Q4, neobxiono i documsv, wob y3azasvrera

dynruia Fy[f] 6yaa 32opmysavem y npocmopi 8’2(]1%),

3ayBarkeHHsI. Bci nasedeni mym pe3ysvmamu € npasusbHuMU § Y N-8UMIPHOMY SUNGIKY | GHGH-
cosani 6 [3].

1. Topodeuvruti B.B., Koaichux P.C. Ilpo onme ysaranabaennst nupocropis tuny W // Haykosuii
BicHMK YepHiBenbKoro yHiBepcurery: 30ipHUK HayK. mpamb. Bumn. 134. Maremaruka — Yepnismi: Pyra,
2002. — C. 30 — 37.

2. Kumomupcrud .M. 3amada Komwm st cucreM JIMHEHHIX ypaBHEHWI B YACTHIX MPOU3BOIHIX C
muddepennuanbhiv oneparopom Beccens // Marem. ¢6. — 1955. — T. 36, N 2. — C. 299 — 310.

3. Topodeuvruti B.B., /lpinv C.C. 3amaga Kol jyist eBOJIOMINHNX CUHTYJISSPHUX PIBHSIHb HECKiH-
gennoro nopsiyiky // Homosini HAH Vkpainu. — 2003. — Ne 11. — C. 12 — 17.

Aydos C.U. (Capamos, Poccusi) B3anMocBsi3b HEKOTOPBIX 3a/4a4 10 OI[€HKE BBIILYyKJIOr0o
KOMIAKTa MIapoM

PaccmarpuBatoTcst u cpaBHUBAIOTCS CJIeIyIONINE KOHEYHOMEDPHBIE 33/Ia4U 110 OIIEHKE BBIITYKJIOTO KOM-
[AKTa IIIAPOM HEKOTOPOI HOPMBI:

1) 3amavya 0 BHEIIHEH OIEHKe, MOJ[ KOTOPOi MOHMMAIOT IIOCTPOCHUE Iapa HANMEHBINETo DaJImyca,
COJIEPKAIIEr0 OIEHNBAEMbBIN KOMITAKT, UJIU 33J[a4dy O YeOBINIEBCKOM IIEHTDE;

2) 3aj1a1a 0 BHyTPEHHEH OIEHKe, 0/l KOTOPOil IIOHNMAIOT TIOCTPOEHNUE Tapa HAMOOIIBINErO PAJIIyCa,
COJIEPKAIIErOCs B OIEHUBAEMOM KOMIIAKTe, UJIU 33Ja4dy O BIHCAHHOM IIAPE;

3) 3a1ada 06 OIEHKE T'PAHUILI BBITYKJIOrO KOMIIAKTA IIAPOBBIM CJI0EM HANMEHBIIEHl TOJIIIIHDI;

4) 3aa9a 0 pABHOMEPHOI OIEHKE, 0] KOTOPOii IIOHNMAETCsT HAMJIY UdIllee IIPUOIINKEHIE BBILYKJIOTO
KOMIIAKTa IIAPOM B METpHUKe Xaycaopda, mopoKAeHHON HCIIO/IB3yeMOi HOPMOIi.
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]TIOKaBaHO7 YTO 9TU 3aJa91 MO2KHO ITapaMETPpHUYIECKHU CBsA3aTb sagaqeﬁ O HauJIy4dmieMm IIpI/I6.HI/I)KeHI/II/I
B METpHUKe Xayc,uopcba OIleHUBAaE€MOI'O KOMITIaKTa IMIapOM (1)I/IKCI/IpOBaHHOI"O paauyca. Kaxk BbIsICHUJIOCD,
MO2KHO YKa3aTb AHalla30HbI 3HaYEHUI Q)HKCI/IpOBaHHOFO paaunyca, B KOTOPbBIX pDENICHUA HOCHG,HHeﬁ 3a-
Ja91 Jal0T pelleHrs BbIIICIICPEIUC/ACHHDbIX. O,HHa,KO P HEKOTOPBLIX 3HAYCHHAX PaJruyCa dTa 3a/lavda
MOZKET IMETHh CaMOCTOATE/JIbHOEC 3HAYCHHUE.

2Kyroeckui B.U. (Mockea,Poccus) Vicxonpl u pucky B KOH(MIMKTHBIX CUTYAIUsIX IPA
HEOIIPeJIeJIEHHOCTH
Maremaruyeckasi MOJAeb KOH(MJIUKTA IMpeJCTaBCHA yIOPsAJOYeHHON werTBepkoit ' =

(NAXi Vien, Yo { fi(z,y) bien), tme N = {1,..., N}~ MHOXKeCTBO HODSIJIKOBBIX HOMEDOB yYaCTHHU-

KOB KOH(JIMKTa (MI'POKOB); KaxKblil u3 urpokos ¢ € N BbiOupaer cBoto crpareruto x; € X; C R™ B

pesyibrare obpasyercst curyanust © = (z1,...,xy) € X = [] X;; HesaBucumo or BbIGOpA UTPOKOB
€N

peasimsyercsi Kakas-ymbo HeonpejeaeHHocTs y € Y C R™; ma mapax (z,y) € X X Y onpejesnens
dbyHKIMs BBIMrpBIIA i-r0 Urpoka fi(z,y) (3HaUYeHHe KOTOPOil HAa3bIBAETCS 6biuzpbiulem) M (DYHKIUS
pucka

Pi(x,y) = max fi(z | zxw),y) — filz,y)
2K (3) EXK(5)

(snavenue ®;(x,y) HaswviBaercsa puckom, rae K(i) C N Bkiouaer urpoka i); nanee f = (f1,..., fn)
O = (Py,...,PyN).

Omnpenenenne 1. Tpoiixy (z¢, fF,®F) € X x R?N nazosem zapanmuposartvoim no evbiuzpoiuiam u
puckam pasnosecuem I', ecau cywecmeyem yp € Y, daa xomopozo fF = fi(z¢,y,), ®F = ®;(2¢,y,),

max fi(2° || v, yp) = (G €N) (1)

K3 (3

U npu A06mx Yy € Y Hecosmecmmua cucmema Hepasercme
filz®y) < [P, @;(a%y) > @ (i eN), (2)

u3 Komopux xoms bv, 00Ho cmpozoe.
VrBepxkaenune 1. (1) = mi)r} ®;(z¢ || i, yp) = ®F (i € N).
TiE€EX;

YrBepxkaeuune 2. I[lycrs cymecrsytor nocrosinabie «; € (0,1) (i € N) u yp € Y rakue, uro

min » [fi(z°,y) —a; max fi(z | zx@),y)] = Idem[y — yp].
veyr s 2x(i) EX (i)
1€EN
Tora npu mo0bIX ¥y € Y HECOBMeCTHA CHCTEMa HEPABEHCTB (2).
[Iycrs  {u}- wMHOXKecTBO  BepositHOCTHBIX — Mep  p(-) Ha  kKommakre Y;  000O3HAYMM

fi(x,ﬂ)zg filx, y)u(dy), ¢>i(w,u)=g (2, y)u(dy) (i € N).

Oupenenenne 2. Tpotxy (z€, fP ,dF ) € X X RN na306eM 2apanMUPOSANHLLM O GHIUZPHIULAM

u puckam xeasupasnosecuem I, ecau cywecmeyem up(-) € {u}, daa xomopozo fF = fi(x¢ ),

®F = ®;(2% pp) (i € N), max fi(z® || zipp) = fF (i € N) u npu mobwz y € Y necosmecmna
Ti€EXG

cucmema nepasencms fi(x€,y) < fip, D, (x¢,y) > @ZP (i € N), us xKomopwix, no xkpaiinei mepe, 00Ho
cmpozoe.
Teopema. Ecin X; € Conv(R™), Y € Comp(R™), fi(z,y) € C(X x Y,R) u Borayrs 1o x; (i € N).

TOI‘I[‘a B I CYIIECTBYET IrapaHTUPOBaAHHOE IO BBIUT'DLINNIIAM U PUCKaM KBa3UPaBHOBECHUE.

2Kypasaes H. B. (Mockea, Poccus) O runepbOSMYHOCTH MEIJIEHHO OCIIUJIINPYIO-
MIUX NEePUOANIECKUX PEIIEHNII HEKOTOPOro KJjacca pyHKIUOHAIBHO JuddepeHIInaaIbHbIX
ypaBHEHU’IA

Paccmarpupasiocs nenmmaeiinoe GyHKIIMOHAILHO-TMp dHEpeHnnaaIbHoe ypaBHeHTe

2 (t) = f(x(t),(t —1),...,2(t —n)). (1)
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[Tpe/ioiaraaoch, 9To U3BECTHO MEPUOANIECKOe pererue x(t) Toro ypaBHeHUs ¢ PAIUOHABHBIM Iie-
puogom p = N/K > n. Ilepuomndeckoe pereHne Ha3bIBACTCS THIEPOOJUIECKUM €CJIH OlEPATOP MO-
HOJPOMUU MMEET HA €IMHUIHON OKPYKHOCTU €JUHCTBEHHOE IPOCTOE COOCTBEHHOE 3HAYUEHUE paBHOe 1.
IIycrs ypaBuenue
n
V(1) = ax(t)u(t — k) (t €[0,00))

k=0

HOJIyYeHO JimHeapu3anueil ypaBaenusi (1) B OKPECTHOCTH HCCJIELyeMOrO MEePHOJINIECKOTO DPEIeHNs.
Omneparop MoHoapoMun feiicTByer 110 dopmyiae M¢(t) = v?(t+p) (t € [-n,0]), rae v® — pemenue ju-
HeapU30BAHHOIO ypaBHEHUs ¢ (DbyHKIMelH ¢ B KauecTBe HaYasbHBIX JaHHBIX. VI3BecTHO [1], uTo sroGas
TpaekTopusi, OJIM3Kasag K MEPUOANIECKONH opbuTe TUIIEPOOINIECKOrO pelleHns Jnb0 HaMaThbIBaeTCs Ha
JAHHYIO TIEePUOINIECKyI0 opouTy upu t — oo Jubo cMarbiBaeTcsd npu t — —oo. Ilockobky meiicTBue
OTIePATOPA MOHOIPOMEHN OTIPEIETSIETCS C TIOMOIIBIO PEITEHUsT HaTaIbHON 3a1a4u 111 (DbyHKITHOHATHHO-
i depeHITnAIbLHOTO YPaBHEHNSI, TO UCC/ICIOBAHUE €r0 COOCBEHHBIX 3HAYCHUN 3aTPYIHUTETHHO.

Coobrierne 6bLI0 MOCBSAIIEHO OOOBIEHUIO PE3y/IbTATOB, IIOJYUYeHHbIX B pabore 2|, rae paccmar-
PUBAJIOCh ypaBHEHUE C MPABON FACTLIO, COMEPXKAIell TOIBLKO OJHO 3alas3fblBanne. Bblaa mosydena
KpaeBasl 3aJiava JJIsl CUCTEMbI OOBIKHOBEHHDIX T dEPEeHITnaNbHbIX ypaBHeHuit. C MOMOIIBIO PEeIeHust
9TOoit 3aja4u ObLIa ocTpoeHa Marpuria Q(N\) u anajurudeckast Gyukius ¢(A) = det@Q(\) u gokazana

Teopema 1. HenyseBble coOCTBEHHBIE 3HAUEHUST OIIEPATOPA MOHOJIPOMUU COBIIQJIAIOT C HYJISIMH aHa-
surryaeckoit pyuaknun g(A).

B 910ii Teopeme OBLIO CHATO JOTIOJHUTEIBLHOE YCJI0BUE, UCIOJIb30BaBIeecs B pabore [2]. DTo ycaosue
JIMHEIHON He3aBUCUMOCTH epBbIX K crosibnos Marpuibl Q(A). Belia moka3ana Takxke TeopeMa o TOM,
YTO [PU HEKOTOPBIX JIOTOJHUTEBHBIX YCJIOBUSX ajrebpamdeckas KPATHOCTb COOCTBEHHBIX 3HAUYCHUIL
olepaTropa MOHOJPOMUH COBIAJAET ¢ KPATHOCTHIO HyJiell dbyHKuuu g(A).

JIuteparypa

1. J. Hale / Theory of functional differential equations. (1977).

2. X.-O. Bausbrep, A. JI. Ckybadesckuit / O mynbrunymkaropax Orioke st MeJIEHHO OCIIILINDY-
IOIUX [IEPUOJINIECKUX PEIeHN HeTUHEHHBIX QyHKIMOHAIBHO- M dEPEHITNATBHBIX ypaBHeHnit. T. 64

(2003).

3azopckut A.C. (Boponeotc, Poccus) K cnekrpanbHOI Teopun JIMHEWHBIX OTHOIIEHUN
HA BEMIECTBEHHbIX DAHAXOBBIX ITPOCTPAHCTBAX

B GosibmmmaCcTBE M3BECTHBIX MOHOTPAMUil, B KOTOPBIX HOIPOOHO U3JIArAeTCs, JIMOO CYIIECTBEHHO MC-
[IOJIB3YETCsI CIIEKTPAaJibHAs TEOPHUs JIMHEHHBIX OIepaTOPOB B OAHAXOBBIX IIPOCTPAHCTBAX, UX ABTOPHI,
KaK [PaBUJIO, IIPEJIIOJIATAIOT, YTO 3TH ITPOCTPAHCTBA SBJISIIOTCS KOMILIEKCHBIMU, JTUOO YKA3bIBAIOT Ha
BO3MOXKHOCTb KOMILIEKCU(DUKAIIUN BEIECTBEHHOI0 OaHaxoBa MpocTpaHcTBa. Tem He MeHee HPHU IIO-
CTPOEHUU CIIEKTPAJILHONW TEOPUU JIMHEHHBIX OIEPATOPOB B BEIIECTBEHHBIX OAHAXOBBIX ITPOCTPAHCTBAX
MHOTa HEOOXOIMMO IOAPOOHO OTCJIEXKUBATH ITEPEX0/T B KOMILIEKCH(PUKAIMIO ITPOCTPAHCTBA U 00paT-
HBIII Iepexo.

B noxitaze paccmarpuBaioTCs HEKOTOPBIE BOIPOCHI CIEKTPAJIBHON TEOPUU JIMHEWHBIX OTHOIIEHUI
(MHOTO3HAYHBIX JIMHEHHBIX OIIEPATOPOB) U, B 9aCTHOCTH, JIMHEIHBIX OIEPATOPOB Ha BEIIECTBEHHBIX Oa-
HAXOBBIX IPOCTPAHCTBaX. PaccMarpuBaeTcss CTPYyKTypa MHBAPHUAHTHBIX HOJIPOCTPAHCTB. Takrke mO-
JIydeHa BeIeCTBEeHHAasl CIEKTPaJIbHAsd TeopeMa M yTBEp:K/IEHHE O TOM, 4YTO HpoekTop Pucca jms ko-
IJIeKCUUKAIINY JINHERHOTO OTHOIIEHUS, IIOCTPOEHHbI 110 CIEKTPAJILHON KOMIIOHEHTE $SIBJISETCS KOM-
iekcuuKalueit HEKOTOPOTro MPOEKTOpPa TOTJIa M TOJBKO TOTJIA, KOIJIa CHEKTPaIbHAs KOMIIOHEHTa
CUMMETPUIHA OTHOCHUTEJIHLHO BeU.LeCTBeHHOfI ocH.

JIuteparypa

1. A. . Backakos, K. I1. Yepubimos / CruekTpasbHbIi aHAIN3 JXHEHHBIX OTHOIICHI U BEIPOXK ICH-
Hble TOJIYTPyIbl oreparopoB. Marem. ¢6. 2002 T.193, Nell, c. 3-35.

Kapmax B.M. (Y¢a, Poccus) 3amaya onTUMAaILHOTO PACKPOsI

PaccmarpuBaercst 3ajada JIByMEpHOIl HpPsMOyrosibHON ymakoBku (two-dimensional bin packing
problem, 2DBPP). B nouy6eckoneuHoii mosioce HeoOX0AUMO yIIaKOBaTh (Pa3MeCTHTh) M IPSIMOYTOJIb-
HuKkOB R;, (i = 1,...,m) 3aJaHHBIX pa3MepoB. [IpsMOyTro/IbHUKY pa3MeInaloTcst 6e3 HAJIOXKeHHs! U UX
Kpasl MapaJuleJibHbl KpasgM HoJIockl. Tpebyercs HailTh yHaKoOBKY, 3aHUMAIONIYI0 MUHUMAJIBHYIO YacTh
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nosiocel. 3ajgada 2DBPP saeistercs NP-tpynuoii. ljist ee pellieHusi M3BECTHBI HEMHOI'HE TOYHBIE AJI-
ropuTMa Tumna Bereeit u rpaHull. OHU MO3BOJISIOT HAXOJAUTh ONTUMAJIBHOE PelleHne s HeDOJIbITOTro
KOJINIECTBA PA3JIUIHBIX [TPSIMOYTOJIBHUKOB.

ABropom mpejiaraercst iepebOpHbIl MeTOJ, Ha H6a3e OJIOUHBIX CTPYKTYP MPSIMOYTOJIBHOM yIIAKOBKH.
KonuuectBo 6sok-ctpykryp s 2DBPP pasuo aByM.

[TosicHuM Kak ymakoBKa MPEJICTABJISIETCS OJIOK-CTPYKTypaMu. BBITOJHUM MBICJIEHHO BEPTUKAJIbHBIC
Pe3bI, TPOXOJIAIINE Yepe3 IPaBble CTOPOHBI MPSIMOYTOIBHUKOB R;. Ilonydennbie Takum ob6pa3oM Bep-
TUKAJIbHBIE MTOJIOCHI GYJIEM Ha3BIBATH GEPMUKAAGHUMY OA0KAMY. AHATOTHYIHO BBITIOJTHIM MbBICJIEHHO
TOPU30HTAJIBHBIE PE3bI, MMPOXO/ISIUE Yepe3 BEPXHUE CTOPOHBI MPAMOYTOJbHUKOB. MBI MOIydIuM 20-
pusonmanvhvie Oa0ku. IlpegcraBienns yIAKOBKU MOCIEIOBATEILHOCTSIMU OJIOKOB (BEPTUKAJIBHBIX U
FOPU30HTAJILHBIX ) HA30BEM OA0K-CIMPYKMYPAMU YnaxoeKuy.

Tenieps TOCTPOUM MATPHUIBI U BEKTOPBI OJIOK-CTPYKTYpbl. Kaxkmoit 610k-cTpyKType oTBedaeT 6u-
HapHasg MaTpuna A. Ee snement a;; = 1, ecam i-if mpsAMOYTOJIBHHK IlepeceKaeTcd C j-M OJ0KOM 1
a;j = 0 B mpoTuBHOM cjiydae. BekTop GJIOK-CTPYKTYpBI COAEPKUT MH(MOPMAIMIO O JjIuHe (IIHpHHE)
BEPTUKAJIBHBIX (TOPU30HTAJBHBIX) OGJIOKOB.

[Ipennaraercs aaropuT™ MOMCKA ONTHMAJJIBLHOTO pelleHnsT Ha 0ase OJIOK-CTPYKTYP YHAKOBKH. Ero
ujiesd 3aKJII09aeTCs B TOM, YTO Ha KaXKJOM IIare UIeTCsd YHAKOBKA C MEHbIIEN JJIMHON 3aHsITOH 1010~
Cbl, YeM ObLIO MOJIyueHO Ha IpeJbLayineM. [Iporece moucka nosropsieTcs J0 TeX 1op, 1oKa He Oyjer
JOCTUTHYTa HIKHsisl TpaHuia (B 9TOM CJydae JIydIlero pelieHusi ObITh HE MOXKeT) WM He YIaJoCh
HaliTu ysydinenue. B culy KOHEYHOrO 4YHCJIa HPSAMOYTOJLHUKOB U YUYUTBHIBAS, YTO PACCMATPUBAIOTCS
TOJIBKO IIJIOTHBIE YIAKOBKH, IIPOIECC TONCKA ONTUMAJIBHON YITaKOBKY Oyj1eT KOHEeUHbIM. Kak BUIHO u3
KPATKOI'O OIMCAHUSI aJIlOPUTMA, JJIsl HAXOXKJAEHUSI JOIYCTUMBIX YIIAKOBOK HEOOXOJIUMO CTPOUTH Iapbl
(A1, Z1) u (Aa, Z3). Hna periennst 3Toi 3a/1a4u MOYKHO HCIIOJIB30BATH MOAUMUIMPOBAHHBIH aJIrOPUTM
BeTBeil U IPaHUIl, IPUMEHsIeMBbIii JIJIsI TIOUCKa OIITUMAJIBHOIO PEIleHHs 3a/1a41 JINHEiHOro packpost |1,2].

AjtropuTM Jierko TparchOpMUpYeTCcs Ha 3a/1a9y YIIAKOBKH N-MEPHBIX MTapa/lIeIeUIe 0B, TP 9TOM
KOJITIECTBO OJIOK-CTPYKTYP CTaHET paBHBIM N. Kpome TOro BO3MOXKHBI €0 MOJIM(DUKAIINA U HA HEKO-
TOpBIE CIEIUAJBHBIE CJIyYal YIIAKOBKU MeOMETPUIECKIX 00bEKTOB CJIOKHOM (POPMBL.

JInreparypa

1. E.A.Mukhacheva, G.N.Belov G.N, V.M.Kartak, A.S.Mukhacheva / Linear one-dimensional
cutting problems: numerical experiments with the sequential value correction method and a modified
branch-and-bound method. Pesquisa Operacional. V.20(2). Pp. 153-169 (2000).

2. 9.A.MyxaueBa, B.M.Kaprak / MojudurnupoBantblii MeTO| BeTBeil U TPAHUIL: AJTOPUTM U THUC-
JIEHHBIIl 9KCIEPUMEHT JIjIs 33191 OJHOMEPHOTO pacKpost. udopmarmonusie Texnosoruu. V. 9. Pp.
15-22 (2000).

Kosmyn U.H. O momeHTaxX pellleHUs ypaBHeHusi Pukkaru co ciay4aiinbimu kKo3dduiu-
eHTaMu

[Monyuernsr nuddepeHmanbabe YpaBHEHUT TSI HAXOXKIEHUST CPETHEr0 U KOBAPUAIMOHHONW (DyHK-
[IIU PeIeHnsT ypaBHeHns: PUKKaTh co caydaitupivu Koddgdunuentamu. Vcmonmb30Bana CBA3b ypaBHe-
ung Pukkaru ¢ muddepeHimaabHbIM ypaBHEHHEM BTOPOTO MOPSIIKA.

Koporwxkosa C. A. (Ypa, Poccus) Meron MmHOrnX MaciuTaboB [1j1si IPUOINKEHHOTO yPaB-
HeHus ByccuHecka
PaccmarpuBaerca npubimkeHHoe ypaBHeHue Byccunecka

1

1 g2
- gwtt + h0¢mz + g [ghggwxxmz - 2¢mwtm - wtwwm

_p2
+ 54 [%(@Moiﬁt + 2¢azzx¢tw + 2¢xx¢ta:x)

3 ho 2
BBIB€JI€CHHOEC U3 ypaBHeHI/IfI MeJIKOM BOJIbI

(b:ca; + E72¢yy =0
he + hpdp — 6_2qby =0, upu y = h(t, ).
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1 1 _
o+ 5@% + 3¢ 2(;55 + gh =0, upu y = h(t,x).
B ypasuennu (10) cienaem 3ameny

x x h?2 6g
5 Y=t+ ’ t:t, w:__ouv €= €1,
Vhog Vvhog 9

ho
1 BBeIEM MeEIOJICHHDbIC HepeMeHHbIe 110 (bOpMyJIaM

X=t-

1 1 1
T=5e(X+Y), Ti= 552(X+Y), T = 552()( -Y).

Haiineno acumnroruyueckoe perienne ypasaenus (10) B Buje psijia 110 CTEIIEHSIM &£:

1
u=oa(X,7,T1,Ts) + b(Y,7,T1,T>) + 5(—6(aby +bax)+ar+b)+...,
riae a(X, 7,11, Ts), b(Y, 7,11, T>) yaosaerBopsiior cucreme ypasuennii Knd-uepapxun

L,

ar = §aX +axxx
1a3 a’

ar, —ar, = 5% )EX +axaxxx + gCLXXXXXa

1

by = 55%/ +byyy

163 b3y 3
br, +bp, = 773 + TN +bybyyy + ngYYYY.

Kopres B.B. O6 abcoJiioTHOIT paBHOMEPHOI CXOANMOCTU PA3JIO?KEHU M0 COOCTBEHHBIM
(QYHKIIMSIM UHTErpaibHbIX OMEPATOPOB

B cmamve yemanasausaemes ananoz meopemo, Caca 06 abcosrommoti cxodumocmu mpuzoHomem-
puneckur pados Qypve 0as PadroHceruti no cobCMEEHHBIM PYHKUUAM UHMELDANBHLLT ONEPAMOPOS C
A0PaMU, QONYCKAOULUMU PA3PLIEVE HA OUGZOHANAL.

Mameees B. A. (Ilckos, Poccus) MHorokpurepmajgpHasi 3a/a4a: ONTUMAJIBHOCTH IO
KOHYCY M yTOYHEHUE
Paccmarpusaercst MHOrOKpUTEpUAIbLHAS 3a/1a4a,

(X, f(2))- (2)

Ucnonb3yem TepMmuHOIIONHIO U 0bo3HadeHuss u3 [1]. 3ajaHO MHOMKECTBO JIONYCTHMBIX HCXOJIOB
x € X C R" u Bbljle/ieH KOHEUHbBIN HAOOD 2KeJIaeMbIX CBOHCTB. B Moze n oHu mpeiacTaB/ieHbl BEKTOP-
Hoii dynkuueit Beiurpsima f(x). Ha cogepkaresbHOM ypoBHE, 11€JIb COCTOUT B BBIOOPE TAKOIO UCXOA,
9TO JIOCTABIISIET BO3MOXKHO OOJIbINNE 3HAYECHUS] OJJHOBDEMEHHO BCeM KoMioHeHTaM fi(z),7 = 1,...,m
BeKTOpHOI dyHkmu f(z).

Hocrarouno obrmuil mogxo/| K OIPeJIe/IeHUIO OIEHOYHOl cTpyKTypbl B (1) mpesjaraer oTHOIIEHUE
MPEIIIOYUTEHNUsI 10 KOHYCY B KpUTepHaJibHOM IipocTpaucTse R™,m > 1. ByneMm paccMarpuBaTrh BBITYK-
JIBIH, TPOCTPAHCTBEHHBIH, MHOTOrpaHHbIll Konyc K . Konyc mopoxiaeT B BEKTOPHOM KPUTEPUATHLHOM
POCTPAHCTBE OTHOIIEHNE MOPsJIKA (BEKTOPHYIO YIIOPSIOUYEHHOCTD) > [0 IIPABUILY

f2r9e f-ge K.

PaccmarpuBaercsi MHOroKpuTepuasibHas 3a1ada (1) u Mmuororpanusiii konyc K, onpesenéHubiii KBa-

paTHoil Marpureit A mopsaaxa m. Ilycrs BekTop al = (a1, as,...,an), Sotia; =1, a; > 0, aB-
JideTcs JIeBbIM COOCTBEHHBIM BEKTOPOM I COOCTBEHHOIO 3HadeHHd A = 1 sToit MarTpunpsl . Torua
UCXOJ,

7" € argmac(ar fi(2) + aafo(@) + - + an fin(a)

OyJ1eM HA3bIBATD YMOYHEHHbIM NO KOHYCY ONMUMANLHBIM Peuleruem MHOTOKpUTepUasbHO 3aaaun (1).
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Teopema. I[lycmv 6 muozokpumepuaivholi 3adaue (1) mmoorcecmeo donycmumvix ucxodos X C R™
KOMNAKmMmo, sexmopHaa Pymnxyus suuepviuwe f @ X — R™ wuenpepwisHa, keadpamuas mampuye A
NopAIKG M ABAAEMCA HEOMPUUAMEALHOU, HEBVPONHCIEHHOT, Hepasaocumol, cmoracmuveckoti. Toeda
6 3adave cYwecmsyem YmouHEHHOE O KOHYCY, NOPOHCOEHHOMY Mampuuetl: A, onmumanvroe pewerue.

JIuteparypa
1. B.B. llogunosckwii, B./I. Horun . [Tapero - onTuMma/ibHbIe PeIeHNsT MHOTOKPUTEPUATHHBIX 33/1a4.
Mocksa: Hayka (1982).

Hosuxos B.B. (Capamos, Poccus) VIHTEpNOJSUMOHHBIA  AaHAJOr  TEOPEMBI
JI.E.MensbIiiioBa 006 ucrnpaBjeHun QpyHKIIUN

[Tycrn o, B> -1 u {Péa’ﬁ ) ()}, - HOCJIEI0OBATE/ILHOCTD MHOTOYJIe-

HOB Axobu, OPTOTOHAJIBHBIX Ha OTpe3Ke [-1,1] c BECOM w(z) =
= 1-2)*1+2)8; -1 < Top < Tpoip < ... < Ti, < 1 -Hymnm PT(LO"B)(:L'), IIPOHYMEPOBAH-
HbIe B TIOpsijike yObiBarust. OOO3HAUNM UYepes L,(@# )( f,x) muorousen Jlarpanzka, HHTEPIIOIUPY IOIIHI
dbyskimo [ B y3max {Tgn}r_-

B 1940 roxy I.E.Menbmmos [1| jokasan KiaccH4ecKyro TeopeMmy O HAJMYUK Yy U3MEPUMON [OYTH
BCIOJly KOHEYHOW (DYHKIUU TaK Ha3bIBAEMOro ycuieHHOro C-cBoficTBa: it JIIOOOH MEPHOIMIecKOit
dyukIUK f yKazaHHOrO BUIa 1 JHO60r0 € > 0 cymecTByer (pyHKIHUS ¢, Takas 9T0 f = g HA HEKOTOPOM
muoxkectse E C [0, 27], uE > 21 — €, n rpuronomerpudeckuii psg Pypobe o(g) cxonurcst paBHOMEPHO
Ha [0, 27]. AHasorn4HbIi pe3ynbrar BepeH u s psijioB Pypbe-Akodu.

Usgecrno [2], 3], uro mnrepromsmmonnsit mponece { L, % (f,-)} nenpeprisroii dbymkimmm Mozxker
pacxomuTbes Beoay. [losTomy mpemcTaBisier wHTEpEC BOMPOC O HaaWdnu ycuiaennoro C-cBoficTBa y
npou3sBoiibHON dyHkuuu f € C[—1,1] o oTHOIIEHNIO K YKA3aHHOMY UHTEPIOJISAIMOHHOMY IIPOIECCY.

Teopema. Hust mobbix «, 3 > —1,e > 0, f € C[—1, 1] u moboro orpeska [a,b] C (—1,1) cymecrByer
dbyukIys g, rakasi uTo f = g Ha HEKOTOpOoM MHOXKecTBe E C [a,b], uE > b—a—e€, n MHTEPIIOIAMOHHbII
nponece { L, @ (g, )} cxomures k g pasromepno Ha [a, b].

JIuteparypa

1.JI.E.Menbios/Sur les séries de Fourier des fonctions continues. MC, 8(50) (1940), 493-518.

2.G.Griinwald/ Uber Divergenzerscheinungen der Lagrangeschen Interpolationspolynome Stetiger
Funktionen. Ann. Math. 37 (1936), 908-918.

3.J.Marcinkiewicz/ Sur la divergence des polynomes d’interpolation. Acta Litt. Sci. Szeged 8
(1936/37), 131-135.

IIpusnenxo A. H. (Mockea, Poccus) O6parHble HeJOKajdbHble 3aaaun. IIporHos-
yIpaBjieHre U ITPOTHO3-HAGIIOIEHNE [IJIsT SBOJIIOIMOHHBIX yPABHEHUH
Hanbt 2 Touku T, 1Ty € R, 0 < T < Ty < 4o00; banaxoBbl npocrpancrBa F u E*| oneparopsl
A, O(t), A*, D*(1).
19, O6parnas 3ajaua uan 3a1a49a "IPOrHo3-ynpasienue".
Haiiru mapy u(t) u mapamerp p € E u3 yciosuii (1) — (2).
du(t)
dt

T
(u) = / w(t)du(t) = ¢1. (2)
0

=u=Au(t)+ ®(t)p, 0<t<To, u(0)=o; (1)

B (1) - (2) zamamst @, @1 u pu(t) — dyuknus orpanndentoii Bapuarmu, npudeM [(u) # u(0) - const.
20, HesnoxasbHas 3a/1a4a WK 3aa4a "Iporuo3-nabroenme’.
Haiitu mapy z(t) n mapamerp p* € E* u3 ycuosnit (3) — (4).

2(t) = A%2(t), 0<t<Ty, =2(0)=p (3)
T

/@*(T —-t)z(t)t=g", ¢ € E* — zanamn. (4)
0

B (1) - (2) szamawmsl o, 1 u p(t) — yHKIES OrpaHUYEHHON  Bapualuu, [pUYEM

~

(u) # u(0) - const.
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[Tpsivoit HeJIOKAIBHOM 110 BpEMEHH 3a/iadeii HasblBaeM 3ajady HaxoxJeHus z(t) u3 ycsosuii (4) —
(5)-

Z(t) = A2(t) + fo(t), 0<t<Tp, fi(t) — nana. (5)

B zamagax (4) — (5) Bmecro HauanbHOro yeiaoBus z(0) = ¢* 3amaercsa "cpensee omeparopoe”
ycsosue (4) or z(t) na 3amansom uarepsadse (0, T'), (Bosmoxuo, Mamom: 0 < T' << Tp).

Haiitensr JjocraTodnble yCIOBHS KOPPEKTHOM Pa3permMOCTH YKA3aHHBIX 3314, B YaCTHOCTH, [IPU
psijie JIONOJIHUTEIBHBIX YCIOBHI JIOKA3BIBAETCSI, UTO KOPPEKTHOCTH 3a7a4du (1) — (2) sKBuBasjeHTHA
KOPPEKTHOCTH 3aa4u (3) — (4).

JIuteparypa

1. A. L. Prilepko, D. G. Orlovsky, I. A. Vasin / Methods for solving inverse problems in mathematical
physics — Marcel Dekker inc., New York-Basel, 2000. — 709 p.

Pouixnose B.C. O moaHoTe cobCTBEHHBIX (PYHKIMI IIyYKOB AuddepeHInaIbHbIX onepa-
TOPOB, KOPHU XapaKTEPUCTUIECKOTO YPABHEHUS KOTOPBIX JIEXKAT HA OJ/THOM JIyde

B crarbe ucciemyrorcst BOIPOChl O KPATHOHN IMOJHOTE U HEIOJHOTEe COOCTBEHHDBIX M IIPUCOEINHEHHBIX
dbyuxiwmit B npocrpancrse Ly[0, 1] myuka o6bIKHOBEHHBIX A depeHnnaIbHbIX OlepaTOPOB, IIOPOXK IeH-
HBIM TuddepeHnnalbHbIM BEIPAYKCHUEM C ITOCTOAHHBIMU KO3(] duiinenTamMu, KOpHI XapaKTePUCTU I~
CKOT'O yPaBHEHMS KOTOPOIO JIEYKAT Ha, OJHOM JIye, U MOy PACIaIAIONTUMUACI OTHOPOIHBIMYI KPaCBbLIMUI
YCJIOBUSIMU.

Xamwvko, B.B. O HEKOTOPBIX CHEKTPAJIbHBIX CBONCTBAX JIMHEHBIX OTHOIIIEHUIT

CraTbsi TOCBsIIEHA HEKOTOPBIM BOMPOCAM CIEKTPAJIbHONW TEOPHUH JIMHEHHBIX OTHOIIEHUi (MHOrO-
3HAYHBIX JIMHEHHBIX OmepaTopoB). PaccMarpuBaeTcs KiaccuduKaIys ClIeKTPa JINHEHOTO OTHOIICHS.
Bromurcs nonsitue hakTOp-OTHOIIEHUS, C TIOMOIIBIO KOTOPOro (hOPMYJIUPYETCS OJIMH U3 PE3YILTATOB
CTaTbHH.

Xpomos A.Il. (Capamos, Poccus) VIHTEerpasibHbIEe ONEPATOPHI C SAPaMu, Pa3pPbIBHBIMI
HA JIOMAHBIX JIMHUAX
ITycts A mHTErpasbHBIN OEpaTOp:

1
Aqf = / Al t)f (),
0

siipo A(x,t) KOTOPOro JIOMYCKaeT pa3pbiBbI IIEPBOrO Pojia Ha JIIOObIX JJOMAHbBIX, 3BEHbsI KOTOPBIX PE]I-
CTABJISIOT CODOI CTOPOHBI MM IHATOHAJHN 12 KBAIPATOB, IOJTyYaeMbIX PABHOMEPHBIM Pa3OUeHneM Io-
PHU30HTAJIBHBIMU U BEPTUKAJLHBIMU JINHUSIMEI OCHOBHOTO KBajpanta [0, 1] X [0, 1] mepemenHBIX = U t.
Bre somansix siipo A(z, t) 1Bakapl HeIpepbIBHO TuddOEPEHITIPYEMO M0 06EMM IIEPEMEHHBIM, 8 CKAYKIH
A(z,t) Ha KaxXKJIOM 3B€HE JIOMAHbIX IPUHUMAIOT IIOCTOSHHBIE 3HaueHusi. /{1 TaKuX omepaTopoB Haii-
JIEHBI YCJIOBHS, 0DECIIEINBAIOIIIE PABHOCXOANMOCTD PA3JIOXKEHUI 110 COOCTBEHHBIM U IIPUCOEINHEHHBIM
dyHKIUAM omeparopa A u B OOBIYHBIN TpUroHoMeTpudecKuil psia Oypoe.

Mehmet Bayramoglu and Hulya Sahinturk Yildiz (Istanbul, Turkey) The Higher Trace
of a Differential-Operator Equation with Boundary Condition Contained Eigenvalue
We obtained the n’th ( n > 2) order regularized trace formula for the boundary value problem

fyl=—y" +Qx)y=XAy, 0<z<1 (1.1)
y'(0)=0 (1.2)
—y(1) =y (1) (1.3)

in the Hilbert space Hy = Lo([0,1], H), where H denotes the separable Hilbert space, A is a
complex parameter. Q(z) appearing in (1.1) is an operator function acting in H and satisfies the
following conditions together with some other conditions: Q(z) has 2n’th weak derivatives in [0, 1] and
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QUY)(x) € o1(H) (01(H) denotes the space of the nuclear operators acting in H), [QY)(x)]* = QU)(z),
(7 =0,1,..2n); [|Q@)||H, < %minm(,umﬂ) — lm), where p1 < 0 < pg < ... are the roots of the
equation cos/j = ,u?’/ 2
> o1 1Q@)nlla, < oo

sin \/J1; there exists an orthonormal basis {¢,}52; of the space H such that

Bogacheva Yu.V. (g.Voronezh, Russia), Glushak A.V.(g.Belgorod, Russia) About one
abstract differential equation with changeable factors
Following problem is considered in Banachian space E

tD%u(t) = Au(t), t>0, (3)
tlggo (tl_au(t)) = uy, (4)

where A — linear closed operator with thick in E area determinations D(A),

¢
D%u(t) = 11—a di/ t—s) “u(s)ds
0

— leftside fractional derivative Rimana-Liuvillya of order o € (0,1) (em. [1, c. 41]), T'(-) — gamma-
function Eylera.

We shall expect that, A = (—B)®, where B — generator evenly limited semi-groups 7'(¢, B). Then,
as we known |2, c. 357], operator —A is generator evenly limited semi-groups

00 o+100
1
Ty (t,—A) = 27”/ ds / exp(zs — tz%)T (s, B) dz.
0 o—100

Theorem 1. Let ug € D(A), analytic semi-group T, (¢, —A) in sector, containing points A'=%/(1 — a),
where A = 0 + i1, 0 > 0, 7 € R and for it equitable estimation ||T,(t, —A)|| < M exp(wt), M > 1,
w < 0. Then function

o+1i00
u(t)_l;gr‘);) / A= exp(— M) T (BN, — A) g dt, (5)

under p =1 — «, bp =1, is a unique decision of the problem (1), (2).
In particular, under aw = 1/2 integral in (3) is calculated and we get

1 1
w(t)=—41T|—,B | up.
=77 (52)
Literature
1. S.G.Samko, L.L.Kilbas, O.I. Marichev / Integrals and derived the fractional order and some their
application. Minsk. Science and technology, 1987.

2. K.Iosida / Functional analysis. Moscow: The World, 1967.

Burskii V.P., Zhedanov A.S. (Donetsk, Ukraine) Boundary value problems, Poncelet
problem, and Pell-Abel equation

The report was devoted to a connection between ill-posed boundary value problems in a bounded
semialgebraic domain for partial differential equations and the Poncelet problem, recently revealed by
authors. The Poncelet problem is one of famous problems of projective geometry and it by itself has
numerous links with a set of different problems of analysis and physics. The solution uniqueness of the
Dirichlet problem for the string equation uyy =0 in Q, ulc =¢ on C = 99 in a bounded domain
Q) is connected with properties of John automorphism 7" : 92 — 9. We consider this problem in a
bounded semialgebraic domain, the boundary of which is given by some bi-quadratic algebraic curve
22y? + a(x? + y?) + 2bwy + 1 = 0. We show the John mapping in this case is the same as Ponselet
mapping in rational parametrizations of some conics. From it we obtain
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Theorem. The Dirichlet problem in such domain has non-unique solution if and only if corresponding
Poncelet problem has periodic trajectory.

We obtain a criterion of uniqueness breakdown for above the Dirichlet problem in the following
form: periodicity condition for the John algorithm is ¢N = 2wim; + 2womse, where N, mj, mo are
integers, periods wi,ws and the number ¢ can be counted up on data. In turn the solution uniqueness
of the Dirichlet problem is equivalent to solution uniqueness of some class of boundary value problems
for the same equation on C and is equivalent to an indeterminacy of some moment problem on C:
Ja(s) # 0,k = 0,1, ... [[z( s)ds = [[y( )¥a(s) ds = 0, where (z,v) are Cartesian coordinates
of point on C parametrlzed by s. Except for that a Cayley determinant criterion of periodicity of
Poncelet problem for case of even period can be understood as a criterion (by Malyshev) of solvable for
algebraic Pell-Abel equation P2 — RQ? = 1, where for given polinomial R of the order 4 it is required
to find polinomials P, Q). The last problem has connections with a lot of different problems of analysis
also.

M.V. Markin (Fresno, California, USA) On the Carleman Classes of Vectors of a Scalar
Type Spectral Operator
Let a sequence {mn}zozo be subject to the following condition: for any « > 0, there exists such a
C = C(«a) > 0 that
Ca"™ <my, n=0,1,2,... . (6)

)\TL
Then the numerical function T'(A) :==mp Y >y —, 0 < X < oo, first introduced by S.Mandelbrojt
My,
[1], is well defined.

Theorem. Let A be a scalar type spectral operator in a complex reflexive Banach space X and {mn}zozo
be a sequence satisfying condition (6). Then

>0
= () D(T(HA])),
>0

where Crp, 1 (A) and C’( ) (A) are the Carleman classes of vectors of the operator A corresponding
to the sequence {mn} _o [2, 3, 4], the operators T(t|A]) (0 < t < oo) defined in the sense of the
operational calculus for a scalar type spectral operator and the function T'(-) being replaceable by any
non-negative, continuous, and increasing function L(-) defined on [0,00) such that

al(mA) <T(\) < c2L(y2)), A>R,
with some positive 1, Y2, 1, c2, and a non-negative R.

This theorem generalizes the corresponding result for a normal operator in a complex Hilbert space
[2] (see also [3, 4]). A complete proof can be found in [5].
Observe that the inclusions

>0
D () D(T(tA)]))
>0

are valid regardless whether the space X is reflexive.
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Ovchinnikov V.I. (Voronezh, Russia) Interpolation properties of Banach scales
We denote by X,, where 0 < a < 1, a family of intermediate spaces for a Banach couple { Xy, X;}.
This family is called interpolation scale between Xy u X1, if for all a € (0,1) we have that X, is an
interpolation space between Xy and X; such that

ITlIx0 < Call Tl ITN1%,

for any bounded linear operator mapping the couple {Xg, X;}.

The restriction of X, to an interval (g, 1) turns out to be a family of intermediate spaces for the
couple {Xo,, Xa, }- We study if X, is an interpolation scale between X,, and X,, with corresponding
change of variables. It is well known that we have an affirmative answer for classical the Lions-Peetre
scales and for the complex scale. The corresponding theorems are called reiteration theorems.

In general X, may happen not to be an interpolation space between X,, and X,,. However we
show that for rather large class of Banach couples {Xy, X;} we have that X, is an interpolation
space between X,, and X,, for arbitrary interpolation scale between Xy and X;. We show also that
an analogue of the Arazy—Cwikel theorem [1] on description of interpolation spaced is valid for such
scales.

The main results are as follows.

Theorem 1. Let X, be interpolation scale between Xo = Ly, (Up) and X1 = Ly, (U1), where 1 <
po,p1 < 00, and Uy, Up are any weights. Then for any 0 < ag < a < a1 < 1 the space X, is an
interpolation space between X,, and X, such that

—0 0
1T x0 < Cal Tl IT N,

where oo = (1 — ) + Oy for any linear bounded operator T : {X,,, Xa,} — {Xag, Xay |-

Denote by Int({Xo, X1}) the set of all interpolation spaces for a couple {Xo, X1}.

Theorem 2. Let Xo = Lp,(Up), X1 = Ly, (U1), where 1 < pg,p1 < oo, and Uy, U; are weight
functions. Then for any interpolation scale between Xy and X; we have

Int({ Xog, Xay }) = Int({Xo, Xa, }) NInt({Xa,, X1})

forany 0 < ap < ap < 1.

In particular Theorem 1 and Theorem 2 can be applied to any interpolation scale between Hilbert
spaces X and Xj.

The similar statements are true for couples of more general nature.

Let {Ag, A1} be arbitrary Banach couple, and (Ao, A1)g, be the Lions-Peetre spaces, where 0 <
f<luml<p<oo.

Theorem 3. Let X, be interpolation scale between Xo = (Ao, A1)gy,p, and X1 = (Ao, A1)g, p,- Then
for any intervals [, a1] C [Bo, B1] C [0, 1] we have

Int({XaonOQ}) = Int({Xﬁoa Xal}) N Int({Xao’ Xﬁl})‘

The main results are joint with Yu.N.Bykov.

References

1. Y.Arazy, M.Cwikel / On the description of interpolation spaces between L, and L,. Ark. Mat.
V. 55 (1984), 253-270.

M. Sobolevski, P. Sobolevski (Jerusalem, Israel) Some improvements of Holder results

The new method of investigation of some limit cases in Holder inequality for sums and integrals are
presented. This method permits to establish some correlations between the velocities of divergence of
the corresponding sums and integrals.

Tsekanovskii E. (Niagara University, USA) Periodic Weyl-Titchmarsh functions and
periodic operators

We consider a certain class of Herglotz-Nevanlinna matrix-valued functions which can be realized as
the Weyl-Titchmarsh matrix-valued function of some symmetric operator and its self-adjoint extension.
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New properties of Weyl -Titchmarsh matrix-valued functions as well as a new version of the functional
model in such realizations are presented. In the case of periodic Herglotz-Nevanlinna matrix-valued
functions, we provide a complete characterization of their realizations in terms of the corresponding
functional model and establish important existence theorem. The properties of a symmetric operator
and its self-adjoint extension which generate a periodic Weyl-Titchmarsh matrix-valued function are
established. We study pairs of operators (a symmetric operator and its self-adjoint extension) with
constant Weyl-Titchmarsh matrix-valued functions and establish connections between such pairs of
operators and representations of the canonical commutative relations of Quantum Mechanics for unitary
groups of operators in Weyl’s form. As a consequence of such an approach we obtain the Stone-von
Neumann theorem for two unitary groups of operators satisfying the commutation relations as well
as some extension and strengthening of the classical functional model for generators of those groups.
Our examples include the Schrodinger operator with linear potential and its perturbation by bounded
periodic potential. This talk is based on joint work with M.Bekker.
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Math. Anal. Appl. 294(2004), 666-686.



AIOPAHTOBI HABJIN?2KEHHA XAPAKTEPUCTIYHOI'O
BUSHAYHUKA 3AJAYI AIPIXJIE JAJIA JITHIMHOI'O
PIBHAHHA 3 HACTUIHHVMMU IT1OXIIHUMMN

IITAIIHUK B.J., CUMOTIOK M.M.
[HCTUTYT NPUKJIAHUX [TPOBJIEM MEXAHIKU I MATEMATUKU
M. A.C.ITimcTPuraya HAH YKPATHU,
JIBBIB, YKPATHA

§1. TTOCTAHOBKA 3AJIAYI TA ®OPMYJIIOBAHHSA OCHOBHUX PE3VJIbTATIB

Posrisinemo Taky 3asauy tuny 3ajgadi Jlipixie:

2n—1

0 02" 8 u(t x)
L (E,Dx> u(t,z) = (%2“ Z Aj(Dr) =7 =0, (t,2) € (0,T) x (7)
0% 2u(t, ) ,
Uj[u]zw‘tzozwj(x), j=1,...,n, x€Q, .
0% 2u(t, z) :
Upjlu] = WL:T =ntj(z), j=1,....,n, z€Q,,
ae x = (x1,...,2p) € Qp, Qp — p-Bumipnnit Top (R/27Z)P, D, = (—id/0xy,...,—i0/0xp), A;(§),
§ € RP, — muorowren 3 KomiuiekcHumu Koedinienramu cremensa Nj, N; € N, j = 0,1,...,2n — 1.
Hexaii Wgﬁ, e w,0 € R, v = o 1max 1{Nj/(2n—j)}, — TPOCTip 27-NEepioINIHUX 32 3MIHHUMU
9. 7]7 n—
x1,..., %y QyHKHil () =) prexp(ikiz) + ... + ikpzp) 31 cKiHUYEHHOIO HOPMOIO
les Wl = [ 3 lewl(1+ (k)2 exp(2Blk[Y), [kl = [ka| + ...+ |Kyl-
kezp

[Tpu pocmimkenni po3s’s3Hocti 3aa4i (7), (8) B mpocropax dbyHKIL, 27-MepioMIHIX 328 3MIHHUMA
x1,...,Tp, BUHUKAE TAKUil BUSHATHUK:

A(k,T) = det ||U;[ fq(t, k:)]”jq 1 k=(ki,... k) €ZP, (9)
e fi(t, k), ..., fon(t, k) — Taka dyHmaMenTagbHa CHCTEMA PO3B’sI3KIB PIBHSHHS
d
L (—, /-c) y(t)=0, keZP, (10)
dt
10 f(j 1) (0 k) =104, 3,0 =1,...,2n (04 — cumBos Kponekepa). fAxmmo A(k,T) # 0 nus Beix k € ZP,
1o 3aa4a (7), (8) Mae exuHuUil po3B’sI30K, sIKUil 306parKyeThCst (POPMAILHUM PsIJIOM
Jq (, T :
Z Z Gt k)pjpexp(ikizy + ... + ikpxp), (11)
keZp j,q=1

ae Njo(k,T),j5,g=1,...,2n, — anrebpuune nonosuenns enementa Uj|fy(t, k)] y usnaunuky A(k,T'),
a jk, k € ZP, — xoedinientn Oyp’e bynxuil ¢;(x),j =1,...,2n.

Axmo A(k,T) # 0 gy Beix k € ZP, i, xpim Toro, icHyloTh w,d € R Taxi, mo jyst Beix (Kpim
CKIHYEHHOI KIJILKOCTI) BEKTOPiB k € ZP BUKOHYETHCsI HEPIBHICTH

|A(k, T)[ = (1 + [k])™ exp(—6]k[7), (12)
TO H& OCHOBI BiIOMUX OIIHOK [14, ¢. 162] nyist dyukuiii f1(t, k), ..., fon(t, k), k € ZP, MmoxKHa BCTAHOBATH
36ixkmicTs pamy (11) B mxami mpocropis C27([0, T7; W;ZB), a,f € R, gxmo ¢; € I/Vw0 g0 J=1,...,2n,

IUIST TIEBHUX vy, B9 € R. ToMy BasKJIMBUM € JIOC/II?KEHHA MUTAHHS IIPO MOYKJIMBICTH BUKOHAHHST HEPIB-
Hocri (12). Le i € 3aBmannsM naHol poboTH.
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st bopMysroBaHHSI OTPUMAHKUX PE3yJIbTaTIB BBEJEMO HACTYIHI nosHadenHs: C(2n,n) — MHOXKUHA

BCiX HAOOPIB w = (i1, ..., 0y ), CKIQJIEHUX 3 N HATYPAJIBHUX UUCEJ i1, ..., I, Takux, mo 1 <i; < ... <
in <215 A1(k), - Apey (K), m(k) < 2n, — pisHi xopeni pisnsHus
L(\k)=0, keZP, (13)
m(k) J
kpataocteit 11 (k), ..., Ny (k) Bimnosimno, Y nj(k) = 2n; mo(k) = 0, mj(k) = > ng(k), j =
Jj=1 q=1
1,...,m(k);

gq(t, k) = t"Dexp(Ngy (k)t), alg) =q—mj—1(k)—1, Blg)=j, ¢=1,....2n,  (14)
ne ingexc j = j(q) onHosnauno BusHadaeThes 3 ymosu m;j—1(k) < g < m;(k).

OcHoBHUMU pe3ysbTaTaMu JaHOT pOOOTH € HACTYIIHI TBEPI2KEHHS.

Teopema 1. /laa matioce eciz (cmocosno mipu Jlebeza 6 R) wucea T > 0 nepisnicmo (12) suxo-
HYEMBCA ONA 6CIT (KPIM CKinuennol kiavkocmi) eexmopis k € ZP npu

w>plo—1)+~vy(c+n), 6>AT, = max {N;/(2n—j)},

0<j<2n—1
deoc=C5 (1+nv-1)),v= max 13?132((@ nj(k),
A=— inf |k|77min{Re (Agq,)(k) +...+ Aﬁ(in)(k)) : (i1, ... ,in) € C(2n,m)} .

kezr\{0}
BayBaxKumo, 10 TOYHA HUKHs TpaHb y dopmyi st A € ckinuennuMm auciom |12, posn.5,87).

Teopema 2. fxwo das ecix k € ZP xopeni pishanna (13) e diticrnumu, mo daa mativice 6cix (cmocoeho
mipu Jlebeza 6 R) wucea T > 0 nepisnicmo (12) suronyemocsa 0as 6cix (Kpim ckinuennoi kiavkocmi)
keZP npuw>plo—1)+y(n+1),0 >AT, v= 4 ax 1{Nj/(2n -0}

<j<2n—

HiodaHToBi BJIACTUBOCTI XapaKTEPUCTUYHUX BU3HAYHUKIB KpafioBuX 3aja4 3 yMOBaMU BULJISALY (8)
s PIBHAHD 13 YACTUHHUMU TOXITHUMU, K1 MICTATH MOXiJIHI 38 3MIHHOIO ¢ TLIBKHU MAPHOTO TOPSIKY,
JOCIIKYBaIUCh y poborax [2, 3, 5, 6, 7, 8, 13|. yist Takux piBHSAHBb XapaKTEPUCTUYHUN BU3HATHUK
JIOITyCKae (haKTOPU3AIi0, KOKEH MHOXKHUK sIKOI OI[IHIOEThCs 3HU3Y Ha mizcTasi jsemu 2.4 i3 [8, posin
1. Temmit mizgxig 1o aHasisy OIHOK 3HU3Y TAKOro (haKTOPU30BAHOIO BU3HAYHUKA ONUCAHO B §4 1aHOT
poboTu.

st piBHsinas (7), sike MICTHTB HOXiJ(HI 3a 3MIHHOIO ¢ sIK IIADHOTO, TaK i HEAPHOIO HOPSIJIKIB, Xa-
paKTepucTUIHU BusHaYHUK (9), B3arasi KaxKydu, He JOIycKae (GakTopusallil, 1o 3yMOBIOE 3HATH]
Tpy/HOII Ipy BeTaHoBsieHH] oninky (12). Inm nosicHIoeThest BiICY THICTD (BIIPOJIOBYK TPUBAJIONO YaCy )
pOGIT, IPUCBSIYEHNX JIOCTIIzKeHHIO oriHKY (12) jy1s1 3arasbpaOro piBHsiaHs (7). Brepiie icHyody mpo-
rajauHy 3anoBHuM poboru [11], [15], B ssKux BCTAHOBJIEHO, IO JIst JOBUILHOTO piBHsIHHS BUIIIsity (7)
HepiBHicTb (12) BuKOHYETHCs JIUIs1 Maiizke Bcix (crocosro mipu Jlebera B R) uncesn T € (0, Tp] auist Beix

(kpim cKiHU€HHOI KiibKOCTi) BekTOpiB k € ZP npu w = 0, § > nAgTy, v = (X {N;/(2n —j)}, ne
<j<2n—

_ . . . -1 )
Ao min {0, klenzfp 133%2(@(1 + |k|7)"'Re /\j(k)}.

BayBazkumo, 1o TeopemMu 1, 2 naHoi poboTH € MOCUJIEHHSIM pe3ysbrariB, orpumanux y [11], [15], 1 €
TOYHUMY CTOCOBHO HUKHBOI MEXKi JIJIsT TTOKA3HUKA, § B CEHCI HACTYITHOTO TBEP/I?KEHHS.

Teopema 3. /Jlasa dosinvhozo € > 0 icuyroms pienanms euzasdy (7) i muoorcuna E. C R dodammnoi
nebez060 mipu maki, wo oaa ecix T € E . nepienicmo (12) ne moorce sukonysamucs 0t Heckinuennor
Kiavkocmi eexmopie k € ZP npu stcodnomy diticnomy 3navenni w, axuo 6 = AT — €.

§2. JIOIIOMI?KHI TBEP/I>KEHHS
Jlis noBemenHst TeopeM 1, 2 HaM 3HATOOISTHCS AEsIKI JTOMOMI»KHI TBEPIKEHHSI.

JIema 1. [1, 9] Hexat f : [a,b] — R — maxa diticnosnauna dynwyia, wo f € C"a,b] i das scix
t € [a,b] euronyemvca nepienicms |f ()| > 6, 6 > 0. Todi das dosiavrozo € > 0

meas{t € [a,b] : | f(t)| < e} < 2n(nle/6)" /™.
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Hexaii f(t) — kBa3iMHOrOUJIEH BUIJISIILY

:E:zb ) exp(p;t), (15)

nep; €Cj=1,....m, uj # pr, j #r, pj(t ) — MHOIOYWIEH 3 KOMILUIEKCHUMIU KOe(iliEHTaMU CTelleHs
nj—1,n; €N, j=1,...,m.

JIema 2. Kiavkicmo nyais xeasimmozounena (15), axi nompanasoms na [a,b], ne nepesuuyye C(b—

a)(1 + max |uj]), de cmasra C1 > 0 sanesrcums minvku 6id n, n = ny + ... + ny,. Axwo o 6ci
1<j<m
wucaa uy ma xoediyienmu mrozovnenie pi(t), j =1,...,m, e diticnumu, mo Kisvkicmo Jilchur Hyaie

keazimnozounena (15) ne nepesuwye (n — 1).

JloBeeHHsI 1eprioro TBep/KeHHs JieMu BuiuimBae 3 Teopemu Basute Ilyccena [8, c. 29|; apyre x
TBep/KeHHsT — 1106pe Bigomuit dakr (aus. 3amady 75 3 [4, c. 58]).
Huxe posrmsmaTumemo 3sutaiine gudepeniiajibue piBHAHHS 31 crajauMu KoedimienTamu

d
R (E) y@®) = ™)+ ay"V@) + ..+ any(t) =0, ai,...,a, €C. (16)
Bynemo BukopucTOBYBaTH TakKi MO3HAYEHHS: Al,...,A, — KOPEHI XapaKTEPUCTUIHOTO MHOIO-
wtena R(A), Ap = jmin Redj, Bp = 1+ 1%a§n|)\j|7 YR = trer%exp(—ARt), Gry(t) =

max { B |f00 ()|}, e f € C" 10,71,

1<j<n

JIema 3. 10| Hexati gynwuin f(t) € poss’askom pisnanns (16). Todi dan dosiavrozo t € [0,T] euko-
HYEMBCA HEPILEHICTND
Grt(0) < eTn(2" — 1)BE exp(—Agt) Gr 4 (1). (17)

JIema 4. Hexat ¢ynxuia f(t) € nempusiarvhum pose’askom pienanna (16). Todi das dosiavrozo
e € (0,e1), e1 = Grs(0)/(2eTn(2" — 1)1/}33?{1), BUKOHYEMBCA OUIHKA

meas{t S [O,T] : ’f(t)‘ < €} < (C9yBg 'y €¢R/GR’f(O), Cy = Cg(n,T) > 0.
Hosenenns.3rigno 3 semoro 3, B Koxkuiil Touri ¢ € [0, 7] BUKOHYeTbCsI HEPIBHICTH

Grsl0)> oS = (18)

Posrnsguemo dynkiii
y]() JRef(]l() J=1...n, yn+]() jIme 1)() J=1...n,
Ta HyHKIT zjq(t) =y;(1) +yq(t), 2j,(t) = y;(t) —yg(t), 1 < j < g < 2n. Ouesnauo, mo pyHkuit z;;(t),

z;](t) (1 <j < g < 2n) e KBa3IMHOrOYWIEHAMHU, MOJLyJIi TIOKA3HUKIB €KCIIOHEHT SIKUX He II€PEBUIILYIOTh

Bp. Briguo 3 siemoro 2, Kinbkicrs mynis za [0, T'] koxKHOT 3 QyHKI z;.;](t), z;,(t) (aKimo BoHa BiaMinna
Biz ToToxkHOTO Hy/s1) He nepesuntye C3Br, C3 = C3(n,T). Hexait J = {J, : r = 1,..., M} —

posburTs Binpizka [0, 7] ua Bigpizku J, = [§,_1,&,], yrBopere Toukamu 0, T Ta BciMa HyJIsIME BCIX
. ce . . . ..
HeTpHBlaNbHUX QYHKIL 2 q(t), ; q( ) (1 <j < g < 2n). OueBuHo, mo Jyist Kiabkocri M BijpiskiB
posourts J Bukonyernes Hepisaicte M < CyBpr, ne Cy = Cy(n,T'). 3rigmo 3 mobyaosoo po3ourrs J,
KOXKHA 3 (pyHKIIIH zjfz(t) zj,(t), 1 < j < q < 2n, Ha KOKHOMY 3 BIApI3KiB J; 11bOro po3OUTTs HE MOXKe
Ha0yBaTH 3HAYEHb PI3HUX 3HAKIB. TOMy Ha KOXKXKHOMY 3 BiIpI3KiB J, [Jist JOBIIBHUX j, ¢ BUKOHYETbCS
HepiBHICTB |y;(t)] > |yq(t)|, t € Jr, abo x mepisnicts |yq(t)] > |y;(t)|, t € J,. 3Bimcu orpumyemo,
mo st Koxkuoro 7, 1 < r < M, smaiinerscs take ¢(r), 1 < ¢(r) < 2n, mo B KoxkHiil Touri t € J,

cupa;oxyerses pistticts [y (0] = max |y (1), Ocxiasia [0~ D(0)] B’ < 2max{ly; (O [y (0]}

1o 3 HepiBHOCTI (18) BuILIUBAE, 110 HA KO)KHOMy Biapisky J,, r =1,..., M, BUKOHYETbCS HEPiBHICTD
‘yq(r)(tﬂ > 77/27 te JT'?

TOOTO

IRe f4O-D @) > nBL j2, te ., (19)
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skmo 1 < g(r) < n, abo
I fO="=D ()| > nBI "2 b e, (20)
ko n + 1 < g(r) < 2n. BayBaxkumo, 1110
{ted. . |ft)|<e}tc{te . |Re f(t)| <e}, {ted.:|f(t)| <e}C{te . :|Im f(t)] <e}.

Tomy 3 mepiBrocreii (19), (20) Bunmsae, mo npu € < €1 Muoxkuna {t € J, : | f(t)] < e} e nopoxuboro,
axmo g(r) = 1 abo q(r) = n + 1. fxmo x 2 < ¢(r) < n, To 3a gemoro 1 3 mepisnocreit (19), (20)
BUILJINBAE, 110 1IpU € < €1

1
9 a(r-1 C I3 ﬁ e ﬁ
e 26 () < ) < ()

UBR
e Cg = Cg(n, T) > 0. Ananoriuno, gxmo n + 2 < ¢(r) < 2n, To 3a yemoio 1 mpu € < €] MAEMO
1
gftpR n—1
meas{t € J, : [Im f(t)| <e} < C% ( ) , C7;=C7(n,T)>0.
Gr,s(0)

st 3aBepIleH s JJOBEJICHHS JIEMU 3aJUIIAETHCS BpaxyBaTh, 110 KiibKicTh M mpoMiKKiB po3dutts J
ue nepesutnye CyBr. Jlemy noseneno.

JIema 5. Hdxwo dynruia f(t) € nenyavosum poss’asxom piehanns (16) i xopeni muozousena R(N) e
diticnumu, mo dan dosiavhozo € € (0,e1), de €1 — cmana 3 aemu 4,

meas{t € [0,T] : |f(t)| < e} < Cs " \/evr/GRr,f(0), Cg=Cs(n,T)>0.

JloBe/leHHsT jieMU € aHAJIOTIYHUM JI0 JOBEJEHHS MTOIMEPEIHBOI JIEMH; IIPU IILOMY CJIiJ BpaxyBaTH, IO
3rimHo 3 JeMoio 3 KinbKicth M BigpizkiB po3butrTa J He IEpeBHINye IesKOl CTaJIol, SKa 3aJIeXKUTh
TLIBKYU Bil 1.

Jlema 6. Hexati gynruia f(t) ¢ nenyavosum poszs’askom pisnanna (16) i mouxa t = 0 € i nyaem
nopadky s, moomo fU=D(0) =0, j = 1,...,s, f&(0) # 0. Todi dna dosinvrozo € € (0,e2), 9 =
1£)(0)]/(2eTn(2" — 1)(2BR)"*), eukonyemuvca oyinka

meas{t € [0,T] : | f(t)| < eexp(Agrt)} < CoBr "\/e|f©(0)|B5,  Co = Co(n,T) > 0.

Hosenenus.Ouesuno, mo dbyukiis g(t) = f(t) exp(—Agrt) € po3B’si3koM piBHSIHHS

Q (%) g =R (% ¥ AR> g(t) = 0. (21)

Kopensivu muorowtena Q(p) € wncia pij = A\j —Ag, j =1,...,n, 1e A1,..., A\, — KOpeHI MHOrOWJIeHa
R(\). Tomy
Bp=1 —Ag| <2B Ap = mi i —AR) > = —A =1.
Q=1+ max [A; — Ap| <2Br, Ag= min Re(; —Agr) 20, vq Jmas exp(—Aqt)

BacrocoBytoun 10 dyukiii g(t), sk po3s’sa3ky piBusHHs (21), jgemy 4, micTanemo, MO st TOBIILHOTO
e € (0,e3), e3 = G 4(0)/(2eTn(2" — 1)35_1), BUKOHYETBCS OIIHKA

meas{t € [0,T] : |g(t)| < e} < C2Bg "\/e/Gq,4(0).

JList 3aBepIieHHsT JOBEJIeHHS JIEMU 3AJIUIIAEThCSI BPaXyBaTU HEPIBHOCTI
B <2Br, Gog4(0) = By* g (0)] = B5* ' £)(0)] = (2Br)~* "' £)(0)]
ire, mo {t €[0,T]:|g(t)] <e}={te€[0,T]:|f(t)] <ecexp(Art)}. lemy noBeneno.

Jlema 7. Hewat ¢ynruia f(t) e pose’askom pisuanns (16) i xopeni pienanna R(N) =0 e diticrumu.
Axwo fUD0) =0, j=1,....s, f$(0) # 0, mo daa dosirvrozo € € (0,e3), de €9 — cmana 3 aemu
0, BUKOHYEMDCA OUIHKQ

meas{t € [0, 7] : | f(t)| < eexp(Art)} < Cio "/ e|f®(0)|B5™,  Cio = Cio(n, T) > 0.
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JoBenenHs 6a3yeThbcs Ha jeMi 5 1 TPOBOAUTHCS 3a CXEMOIO JIOBEJIEHHS JieMu 6.
Hacrynsi jBa TBep/KEHHsI ONUCYIOTh CTPYKTYpy BusHaunuka (9) sk dynkiii 3mianoi 7T

Jlema 8. /[lns susnavwnuka (9) 6UKOHYIOMBCA MAKL PisHOC:

8qA(k,T)’ _ { 0, axwo 0<g<n,
T=0

oT1 nl, axwo q¢=n.

Hosenennst. Oyukuii  f1(t, k), ..., fon(t,k) € anamitnunnvmu bysknisymu 3mianol ¢ Ockijibku

fq(]_l)(O, k) =64, joa=1,...,2n, To 3 bopmyin Teitiopa BUIIINBAIOTH TaKi PO3BUHEHHSI:

20— 2i+! , 2n—2j+2 .
) (2j-2) ( k) = S TESy Bag2j—2(t, k)T axmo 29 — 1> 2j -2, (22)
2q = . .
Bog.aj—a(t, )2 =2T2 ) grmo  2¢—1<2j — 2,
ae foag2j—2(t, k), j,qg=1,...,n, — ananituuni Gyskuil B okosi Toukn ¢ = 0. Ha mizxcrasi dopmys (22)
JicTaeMo, 110

A(k,T) =T" + B(T, k)T", (23)

ne B(T, k) — anamituana dynkiis B okosi Touku 7' = 0. 3 piBrocti (23) Ta Teopemu Teiiopa HeraitHo
BUILIMBAE TBEP/?KEHHS JIEMHU.

JIema 9. Busnaunux A(k,T), k € ZP, ax dynxuyis sminnoi T, € pose’askom 3eunatinozo dugepenui-
AABHO20 DIBHAHHA

d d Y(w)+1
s(qpr)oen= T (fp-tew®)  swn=0 @
w=(11,...,in)€C(2n,n)

n

de y(w) — cmenino mmozounena P,(k,T), P,(k,T) = det <d/dT+)\B(ij)) 1 [T720)]

)

J,q=1

Ay (k) = Zl)\ﬁ(ij)(k), a imdexcu B(i1), ..., B(in) ma cmeneni a(iy), ..., a(iy) susnauaromves @op-
]:
myaamu (14).
Hosenennst. Hexait Ay(k,T) = det ||Ujlgq(t, k)H]q 1, k€ 7P, ne gi(t,k),...,g2n(t, k) BU3HATEH]
dbopmynamu (14). Busnaunuku A(k,T') ta Ay (k,T) nos’si3ani piBaicTio

A(k,T) = A(k,T)/ det Jg,

ne Jy, — Marpuns nepexoiay Bij dyHaMeHTasbHOI cucreMu po3s’saskiB fi(t, k), ..., fon(t, k) piBHSH-
s (10) no dynmamenranbuoi cucremu gi(t, k), ..., gon(t, k). Poskpusatoun susnaunuk Aj(k,T) 3a

npapmiioM Jlamraca 3a MiHOpaMi OCTaHHIX 1 PSJKIB, JiCTaEMO, IO
Ak, T) = > (D) My(R)exp(Ap) (k) T)Pu(k, T), (25)

w=(i1,...,in)EC(2n,n)

e ly =i+ ...+, +(n+ 1)+ ...+ 2n, M,(k) — minop n-ro nopsinky susnaunuka Aj(k,T),
AKWIT BIIIOBIIAE MEpIIUM 1 PSJIKAM Ta 7 CTOBIIIAM, HOMEPH AKHUX HE JOPIBHIOIOTH YUCJAM 11, .. . ,on.
3 pisrocti (25) Buminsae, mo BusHadHuk Aj(k,T'), a, orxe, it BusHaunuk A(k,T'), € po3B’s3KoM
mudepenrianbaoro pisasanus (24). Jlemy moBeneno.

§3. JIOBEJEHHSI OCHOBHUX PE3VJIbTATIB

HosBenennss teopemu 1. Hexait F(T)) — muoxkuHa Tux uncen T, ki HajmeKaTh 0 HECKIHICHHOI
kimpkocti muoxkun E(k,Ty) = {T € (0,Tp] : |Ak,T)] < (1 + |k|) ¥ exp(AT|k|")}, k € ZP. dna
JIOBEJICHHST TEOPEMU JTOCUTD TepesipuT, 1o meas F(Ty) = 0 ana gosiasaoro Ty > 0. 3rigHo 3 geMoio

Bopens—Kanresu [8, c. 13|, 11st 1boro Jocurh BeTaHOBUTH 301xkHiCTh psity >, meas E(k, Tp). Hexaii
kezp
N(k) = degy S(\, k), Bg(k) = 1 +max{|\| : S(\, k) = 0}, ne S(\, k), k € ZP, — xapakrepucTuaHmii

muorowrer pisusinus (24). IIpaBuibnumu € Taki HepiBHOCTI:

N(k) < C3, (L+n(n™(k) = 1)), [Bs(k)| < Cua(1+[k])?, (26)
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ne nt (k) = max( )n] (k) — makcumasibHa KpaTHicTb KopeHiB nosinoma L(A, k). [ificHo, oninka st
1<j<m(k
N(k)= > (y(w)+1) BummBae 3 Toro, mo KiJgbKicTs erementis muoxkunu C(2n,n) popiBHIOE
weC(2n,n)

C%, 1 Toro, mo mast gosiibHOrO HabOpy w € C(2n,n) cremins y(w) muorounena P, (k,T) y dopmysi
(25) me nepesumtye n(n* (k) —1). Ipyra oninka y dpopmyni (26) Bunimsae 3 Toro, mo Oy/1b-sKuil KOPiHb
muorowiena S(A, k) € cymoro n kopenis muorouiena L(A, k).

3 omninok (26) ma mizcrasi TBep/pKens seM 6, 8, 9 micraemo, mo npu w > p(o — 1) + (o + n) ga
mipu muoxkuun E(k,Ty), k € 7P, BUKOHYETbCS HEPIBHICTH

meas E(k, Tp) < OlzBs(k) ((1+ k)™ n+1(k))1/(N(k)—1) <

(n+ )
< Crs(L+ BT < Cus(L+ k)51, ke 2P,

ne g4 = (w—plc —1) — (e +n))/(c —1) > 0. 3 mepiBHocri (27) BUIIMBaE 301KHICTH DsiiLy

>~ meas E(k,Tp). Teopemy joBejieHo.
kezr
JloBegeHHsI TeopeMH 2 IIPOBOJIUTLCS 3a CXEMOIO JOBEJCHHs TeopeMU 1; Ipu HLOMY /IS OLIHKH Mip

mvuoxkun E(k,Ty), k € ZP, BukopucToBytoThCst jtemu 7, 8, 9.
HoBenennsi reopemu 3. 3adikcyemo uncia €, u, Ty > 0. Posrasinemo 3amaay 3 ymoBamu (8) syist
PIBHSIHHSI 3 OJ[HIEIO TIPOCTOPOBOIO 3MiHHOIO (p = 1)

(27)

2n

11 9, 0 u(t,z) =0, (t,z) € (0,T) xQ
o ot :ujaxQ ) — Y ) ) 1

JIe GUCTIA [I], - - . , fl2p, € TAKUMH, IO BUKOHYIOTHCS HEPIBHOCTI
—p—2<Rep; <...<Repz, <—pu<0, 3x=¢e/(3nTy).

Hnst nasoro Bunaiaky v = 2, A = —(Repy + ... + Repuy). Hexait E. = [Ty —¢/(3un), Tp] N (0, Tp).
Ouesugno, mo MHOXkuHA F. Mae nomarny jeberosy mipy. Ilpumycrumo, mo icaye T € E. Take, mo
JJIs1 Jiesikoro w € R HepiBHICTD

Ak, T)| = (1+ |k])™ exp((e — AT)k?) (28)
BUKOHYETHCH [IJIT HECKIHIeHHOI KiJibKocTi miux gucen k. Jlerko mepesipuru, mo
VkeZ |AkT)| < Cu(l+ k) 2" exp(—nuTk?). (29)
3 oninok (28), (29) BumnBae, 1o I HECKIHYEHHO! KIIBKOCTI k € Z BUKOHYETHCsI HEPIBHICTD
Craexp (AT — nuT)k?) > (1 + |k:])2”2_“’ exp(ek?). (30)

Ockinbku AT — nuT < 2¢/3 st Beix T € E., 1o JsiBa yacrura HepiBHOCTi (30) OIHIOETHCS 3BEP-
xy uncnom Chqexp(2ek?/3), a, omxe, a1t HecKiHveHHOT KijbKocTi umncen k € 7 BUKOHYEThCs CyTie-
pewmsa nepismicts Cyg exp(2ek2/3) > (1 + k)2~ exp(ek?). 3 oTpuMAHOL CyIIePEUHOCTI BUILIHBAE
TBEP/PKEHHsI TeOpeMu 3.

§4. YACTKOBUI BUIIAJIOK 3AJAUYI (7), (8)

Posrusinemo 3azady 3 ymoamu (8) jyist piBHHHHH

0% u( 8 u(t 0Fu(t, x)
8t2n Z B z 8t2] = O’ (31)
ne Bj(€),j=0,1,...,n—1, — Taki MHOrowIeHn 3 KOMIIJIEKCHIMI Koedirienramu crenenis M; Bimnmo-
n—1 .
BiJTHO, 1110 [y1st KOZkHOTO k € ZP Bci kopewi 01 (k), . .., o (k) anrebpuranoro pisusians A"+ > Bj(k)N =
j=0

0 € mpocrumu i Bigminanmu Big mymts. Hexait (k) = \/oj(k), j =1,...,n, oe BiTKy KopeHs BUOpaHO

)
tax, mo 1 = 1. Busnaunuk (9) j1s 3anau4i (8), (31) obuncmoerbes 3a bopmyoo

sh(ys; (k)T )
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JIema 10. /las matiowce sciz (cmocosno mipu Jlebeza 6 R) wucea T > 0 xootcra 3 nepienocmer
sh(p; (k)T)
11 (k)

BUKONYEMBCA OAA 6CIT (KPIM CKINwennol Kiavkocmi) eexmopie k € ZP npu

> (1) ep(Re(BIT). J=1eon (33)

w>pty, = max {M;/2(n—j)}.

Hosenennsi. Hexaii Ej(To) — MHOXKHHA THX 4uces 1, gKi HajexKaTb 10 HECKIHYEeHHOI KiJIbKOCTi
vuoxkus Ej(k,Ty) = {T € (0,To] : |hj(T k)| < 1+ |k))"™}, 4 =1,...,n, ne Ty > 0, hj(T, k) =
u;l(k) sh(p;(k)T') exp(—|Re pj(k)|T). st goBenenus jgemu pocuTh nepesipurn, mo meas E;(Th) =0
st Beix Ty > 0, 7 = 1,...,n. Ba jgemoro Bopens—Kanres [8, ¢. 13| ajist boro J0CUTHL BCTAHOBUTH
36ikHicTh pani Y, meas Ej(k,Tp), j=1,...,n.

kezp

Ak i npu nosenenni iemu 4, ierko nepesipuT, 1o icHye posdurts J Biapiska [0, Tp|, kinbkicrs M (k)
BipiskiB sikoro ue nepesurye Ci5(1 4 |k|)7, Take, mo na KoxkHOMY 3 Binpiskis J,, r = 1,..., M(k),
nporo poséurrs oxma 3 dyuxuiit Re by (T, k), Im h'(T, k), 2|pj(k)|Re h; (T, k), 2|p;(k)[Imh;(T, k), €
MakCHMaJIbHOIO 3a MomyneM. Ockinbkn [p;(k)| < Ci(1 + |k])7, a h;(T, k) + 2|pi(k)|h; (T, k) = 1, T0
3rifHO 3 00y 10BOI0 po30uTTst J, B KOXKHiil TouIli Bijipizka J, BUKOHYEThCs X04a O OJiHA 3 HEPIBHOCTEH

017 C’17
T by (T, k)| > —T
@y P2 e

ne C1; = (8C16)~ L. dxkmo w > p + 7, a |k| — mocuTh BelWKe, TO 10 MHOXKHHH E;(k,Tp) MoxyTH
BXOJIUTU TOYKHU TiIbKU TUX BiJIPi3KiB .J., B KOXKHIi#l TOUIl AKUX BUKOHYETHCSI OJTHA 3 HEPiBHOCTEH

Reh;(T,k)| > 1/4, [Imh; (T, k)| > 1/4.
3rifHo 3 JIEMOIO 2, JIJIsT TAKUX BiJPI3KiB BUKOHYETHCST HEPIBHICTD

meas{T" € J, : [Reh;(T,k)| < (1+ |k|)"“} < Cis(1 + |E|) ™,

1 1
|Rehj,(T7 k)| > 17 |Imhj,(T7 k)| > Zv |Rehj(T7 k)| =

abo HepiBHICTH

meas{T" € J, : [Imh;(T, k)| < (1 + |k])™“} < Cis(1 + |K|)™%,
a, orke, if ominka meas(E;(k,To) N J,) < Cis(1 + |k|)™*. Bpaxosyioun orninky 3sepxy st M (k),
gicraemo, mo meas F;(k,Ty) < Cig(1 + |k[)Y™ ana pocurs Bemuknx |k|. Ockinbkn w > p 4, T0 [1s

KOKHOIO j, j = 1,...,n, pag ) meas F;(k,Tp) € 36ixuum. Jlemy nosesero.
keZpr
AnajioriyHuMy MIpKyBAHHAMHI MOXKHA, JIOBECTH TAKE TBEDIKCHHS.

Jlema 11. Axwo ons ecixk € ZP pj(k) € R, j = 1,...,n, mo das matioice ecix (cmocosno mipu Jlebeza
6 R) wucen T' > 0 xooicna 3 nepishocmet (33) suKOHYemMvbCaA 0aa 6CiT (KPim CKINYEHHOT KiabKkocmi)
sexmopie k € ZP npu w > p.

3 srem 10, 11 BumumBaOTH Taki TBEpZKEHHS [IPO ONIHKY BU3HAYTHUKA (32).

Hacainok 1. Jlas sushawnuka (32) nepienicms (12) sukonyemocea das mationce 6ciz (¢mocosno mipu
Jlebeza 6 R) wucea T > 0 daa ecix (kpim ckinuennoi xiavkocmi) eexmopis k € ZP, axwo

n
w>n(p+v), 6d=— inf |k|™7 Re i (k)|, = max {M;/2(n—7j)}.
(0+7) e W D Ressi, 7= e (05200 =)
Hacainok 2. fxwo das sciz k € ZP pj(k) € R, j = 1,...,n, mo daa susnawnuka (32) nepie-

nicmo (12) sukonyemocs das mativice scix (cmocosno mipu Jlebeza 6 R) wucea T > 0 das eciz (kpim
CKINYennol Kiavkocmi) eexmopie k € 7P, axuio

n
w>np, 6=— inf [k]77 E |Re pj(k)|, ~= [ Jnax 1{Mj/2(n -0}
kezp\ {0} = <j<n—
Pesysibrarun poboTu nepeHocaThCsl Ha BUIIAQJI0K 3a/a4i 3 yMoBamu (8) Jyisi cucTeM JIHIHHUX PIBHSHD

i3 YACTUHHUMU TTOX1THUMU.

Po6ora Bukonana npu inancosiii mogrpumiy JIOD/] (npoekr Ne 10.01/053).
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SOBPAKEHHS{ PO3B’A3KIB HEJIOKAJIBHUX 3AJIAY J1JI4
ITAPABOJITYHUX IICEBAO/IM®EPEHIIIAJIBHNX PIBHAHD 3
HETJVIAJIKVMU CUMBOJIAMN

HpiHb M.M., JIPiHb A.M.
YEPHIBILI, YKPATHA

1. 3AgAYA JIIPIXJIE

Hexait T > 0, |u| > 1, v > 1 — gncaosi napamerpu. B mapi II = {(¢t,2)|0 < t < T, = € R"}
PO3IVIsTHEMO KPafoBY 3a1ady

w(t,x) + Ayu(t,z) = f(t,z), (t,z) €I, v>1, (1)

pu(t, ©)le=o = u(t, x)e=r + ¢(z), x€R", (2)
ne A, — ncesnonudepeniianbua oneparist (I1J10), mobynosana 3a oxHopigauM Hopsaky vy > 1 esmin-
THIHEM cuMBosioM A (o) > 0, o € R™. 3puuaiinoo dhopmyioo

(Au(t, 2))(t,2) = (27)" / @) o(oVii(t, o) do, (1) €11,

R"

u(t,o) = / e @Oyt x)de, (t,0) eI,
Rn
[TJ1O Busnadvena juiile Ha MIBUIKO criajernx dyukiigx. Mu posrismaemo 3o0opaxkenns 110 y Bursiai
rinepcunrymsipuoro inrerpana (I'CI) — inTerpasna 3 ocobsuBicTIO, MOPSIOK sIKOI BHUIMUIT PO3MipHICTI
upocropy. Take tymadennst 110 y surusai I'CI Buepine s3anpononysas A.H.Kouy6eit y npari [1].
Hexaif 3a1ani KommexcHosHauni obmexeni dynkmil f € C(R™), Q € C(R™ x S"1). Bupas surmsmy

Al T
(DLN@) = s / ﬂ(%) (24/)(2) ,f’;‘ﬁ(ﬂdm e R 3)
Rn

ae v > 0, (ALf)(z) = Zk o(=1)*CF f(z — kh), | — narypasmne uucio, dy(y) — HopMyloua crana,
BHOIp SIKOT 3a/IeXKWTh BiJ v IpU 3aJaHuXx n,l, HasuBaeTbest 1'Cl mopsiaky « 3 xapakTepucTuko ).
Hanpuxiag, miis Heniux -y inrerpadt (3) € abcommoTHo 301xKHui, Ko | > v i dyHkiia f mae obmekeni
noxiJHi 110 nopsiziky 1 = [y] + 1 Briouno ([y] — niia gacruna ). A6cosorHa 361:KHICTH iHTErpasa 1o
Ky {|h| < e} BumBae 3 dopmyn

A=Y 5 T Y (g o - 0,m), (4)

o= v=0

e 0 < O, <1, | > p i BukopucraHi 3BUYaiiHi TO3HAYEHHSI OMEPAILiil 3 MY/JIbTHIH/IEKCAMH.

Hexait v — mine mueio. Sxmo v mapue, To I'CI DY, of BusHAuUaeThCs dopmynoo (3) i e mudepen-
iaJIbHUM OIIEPATOPOM MOPSJIKY . ZKINo v Hemaphe, To npu [ > «y inTerpasi B (3) TOTOXKHO JOPIBHIOE
HyJII0 Jj1st MoBibHOT (byHKIHT f. Y npomy Bumajky ['Cl BusHaveHuit jijist mapHOl 110 0 XapaKTepPUCTUKU
Q(z,0), 10610 Q(1, —0) = Q2,0),  €R", 00 € S ! upu | > 2[y/2] bopmy.ior0

S Q< h><A2“f><x+kh>dh ! /Q( h>(A2“f><fv+”71h>

T, — —— T, —
Id [l 2dn (7)) 1] I

lim =
e—0

dh,

(5)
mel+1 > v, D?),s f — spizammit I'CI, akwuit omepxkyerbest 3aminoio B (3) obsacti inTerpyBanns Ha
{h € R"|h| > €}, /e > 0. B [1| Bunucani dopmymu, siki BcraHoBmoTh 38’5130k Mixk 110 Ta I'CIL.
3ayBaXKUMO TaKoxK, 1o crpyKrypa I1J10 3 ofHOpimHMME cuMBOJIAME BUBYEHA B [2].

dxmo A(o) = |o|?, 0 € R", v > 1, 10 331a4a (1), (2) BuBuena B [3].
Hexait BukonytoThes ymosm: 1) ¢ @ R? — RY o € CRY)NLi(R"); 2) f: II — R f €
CO,T)NCIR") N Li(R"), « > (n—1)/v, n > 1 [2]; 3) 3adikcyemo Harypasbie N > 2n + 2[v] + 1;
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cumBosl A(o) mae N HemepepBHuUX TOXigHUX 10 o npu o # 0, npuuomy ICxn > 0 Taxi, 1o
Vs, |3 < N, Vs € R" (0 # 0) Bipunmu € HepiBHOCTI

|D7A(0)| < Cnlo["~ 1, (6)

4) Jag > 0 Take, mo Vo, |o| = 1: ReA(o) > ap > 0. dogarkosi ymosu (HeoOxijHi j1jist 300parkeHHs
IT10 y surasai I'CI [1]) Tpeba Hak/IajaTn Ha CHMBOJIM ILJIONO HOPSJIKY: CHMBOJIOM IIAPHOTO IIOPSi/I-
Ky BBaXKa€MO IOJIHOMOM IO 0, & CHMBOJI HEIApPHOI'O IMOPsAKy — abo mojiHoM, abo mapHa (PYHKILsS
apryMeHTa o.

Ba monomoroto nepersoperts Pyp’e 1 reopemu npo nepersopenusi Pyp’e sroprku [5| po3s’s30k
MOXKHA, 3aIIUCATH y BUIVISJ CYyMHU 3rOPTOK

t
ult,x) = / Gt T x — & W)p(E)de + p / dr / G(t— 7, T, — &, ) f(r, )+
R™ 0 R

T

—l—/dT/G(T—i—t o Tx— & ) (O e, (ha) € 1L, (1)
e ! "
exp{—A(0)i + i(x,0))

o —exp{—A(o)T}
BayBazkumo, mo iarerpas (8) 3biraerbest piBHOMipHO i abcomrorao B I mpu g > 11 p < 0. dkimo

@ =1, To BiH piBHOMIpHO 36iKHUIH Jume pu n > v > 1. Hexait |pu| > 1, roni dyukiio I'puna 3amadi
(1), (2) MoKHO 3aIECATH TaK:

do, (t,x) €L, |p| > 1. (8)

Gt T, 2, 1) = (27)" /
2,

o0
G(t,T,x,pn) :Z,u_k YGo(t + kT, ), (t,x) €I,
k=0

e
Golt,) = (2m) " [ expl-A(o)t +i(w.0)}do. (t.a) €N (9)
B
e dynnamenranbuuii poss’sizok ITJIP (1), ayst moxiguux sikoro Bipaumu € oriaku ([1], crop 919).
|DZGo(t, )| < Cot (/7 4 [y~ 771, (10)
Cyy>0, |»#<N-2n-1[] I(tz)ell
\%Go(t,x) <CHYY 4|z, ¢ >0, (tx)ell (11)
Bipnoro € piBHicTB
/Go(t—u,x—y)dyzl, ze€R" t>yp, (12)

sika BUILIMBaE 13 306paxkentst (9) i popmysu jyist obeprenoro nepersopenns Pyp’e. Bpaxosyroun (11)
3 (12) orpumyemo, 1110
t— dy = 0. 13
5 (= e —y)dy (13)
R'n/
Posruisinemo 06’emunit norenmian 3 dpopmysn (7):
t

W(t,z,u) = [ dr | Go(t — 7,2 — &) f(,&)dé+
[*]
t

+/dT/Go(t—i-kT—T,x—f)f(T,f)dfEW0+W1. (14)

0 Re
[Tpunycrumo, 1o Bipuumu € ymosu 3), 4) i mepisaicts (6), 3 N > 2n + 2[y] + 1, a dyukuia f
sagososbrsie yMoBi | f (1, y)| < Clu —71)7, [f(u,2) — f(py)] < Cle —yMp—7)7, e 0 < p <
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1, 0 < A < 1. Imrerpasnu B (14) abcostorHo 36iratorbest, 60 BipHOtO € HepiBHicTh (10). Kpim Toro i3 (10)
BuiHO, o byukiia W (t, x, 7, 1) (14) Mae HemepepBHi TOXiJIHI 110 T JOBIIBHOIO MOPSIKY, MEHIIIOTO 7,
sIKI MOYKHA OTPUMATH Jn(EePEHIIOBAHHSM IIiJ] 3HAKOM iHTerpaJja. [cHyBaHHsI 1ToXiHOT 110 ¢ i (hopmyia

—Wo t,2) / dr / SGolt = 7w — O (1,8 - f(r,2)e + f(t,2), () €TL

noseseno B 6], |7]. @opmysa g ail Ha 06’emunit nmorentian Wy i3 (14) I'Cl-onmeparil suriismy (3)
Beranonsiere B [1], crop 921. Banumiemo dbopmyity 3 gomoMoron skoi BusHadaeTbest s ['Cl-oneparii
Burisy (3) Ha 06’emunit norennian Wy i3 (14). Hexait o — menine, [ > [o] + 1. I3 dopmyui (4) i oniuku
(10) BummBae, mo mpu |h| < (t —n)'/7
l
|ALGo(t —n,x —y)l < ORI E =) Y [(t =)' + [ — Ok —y[ 777 (15)
v=0
0 < ©, < 1. I mepisuicri (10) upu |h| > (t — p)'/7
!
[ALGo(t = n,z —y)| < Ot =m) Y [t =)™ + o —vh -y (16)
v=0
I3 oninok (15), (16) i Treopemu Py6ini orpumyemo, mo I'CI DEW, abeomorro 36iraeThbes i

t

(DEWo)(t, x) = /dn/Goa(t —n,x—y)f(n,y)dy, (17)
0 R
e
(;OQ 551)6(;0

TOOTO

Goal(z,s) = (277)_”/(2(0) exp{i(z,0) — A(o)s}do,
RTL

a Q ¢ cnvsoa ganoro I'CL. Kopucryiouncs (5) moxua jgosecrn, mo dopmyna (17) e sipuoio i s
BUIIJIKY IIIJIOTO HENapHOro « < 7y i mapHol xapakTepucTuxu (2. N

Hexait a@ = 7, 10610 posrisinemo I'CI nopsiyiky 7. Ipumnycrumo, mo (o) mae npu o # 0 N >
2n+ 2[y] + 1 nenepeppaux noxianux i icuye crana Cy rtaxa, mo Vo € R", o # 0 sipaumu € nepisnocri
|D*Q(0)le|Cn|o[~1, || < N, npuaomy Q(0) # 0 npu o # 0. ko uuco v — uine i cumson Q ue
€ TOJIIHOMOM TI0 & (ue MOXKJIMBE JIMIIE JIJIsi HEIAPHOTO 7y 1 MapHOI XapaKTEPUCTUKM), TO MPHUITYCKAEMO
JIOIATKOBO, 110 y PO3KJIA 3a cheprudHnMu byHKIISIMI

oo 521/
@) =33 CouYauu(o), o] =1,
v=0pu=1
Covy, KO ¥ = n + 2v + 2k, k = 0,1,2, ... Bunaox, koin Q) e nosinoMoM 10 & PO3IVIAHYTUHI B

Teopii mapabosivnux audepennianbaux piBHsaHb [5]. [Ipn Bukonanni chopmynboBanux surie ymos ['CI
D} W, icuye B cenci ymosuol 36isnocri (D,Wy)(z) = giiI%)(DgﬁWo)(a:), SIKINO 15l TPAHUIISL ICHYE JIJIsT

ycix z € R", mpuaomy
t
(DGWo)(t,z) = /dn/Gog(t =,z =y)f(n,y)[f (y,n) — f(x,n)]dy. (18)
0 R"

o dbynxuii Wy i3 (14) I'CI D)W, 3acrocoByerbest GecriocepeHbo IIiJ| 3HAKOM iHTerpasa, a moxigHa
0 ¢ BUPAXOBYETHCS 38 (DOPMYJIOLO:

awi= [ S G (kT — €)f(m, E)dE+

Rn k=1
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t
0
—i—/dT/ZN 78_G0(t+kT—T x—=&)f(r,&)dE, (t,z) eIl (19)
0 Rn k=1

Axmo f € Li(IT), To BipHOIO € HEpiBHICTD

0 —k-1 —n/2 /

<
(%Wl! CZM (kT') sup |f(T,€)|dE. (20)

Posrisinemo 3azaqy (1), (2). Hexait cumBost 3a10B0s1bHSIE€ yMOBH 3), 4). [JomarkoBy BuMory (HeoOXii-
uy jist 3abpazkents [1710 y surusiai I'CI) nHeoOxigHO HaKIIAIATH HA CUMBOJIM ILJI0T0 1Opsiiky. CumBost
[TAPHOTO BBAXKAEMO IMTOJIIHOMOM 10 £, & CIMBOJI HEITAPHOTO MOPSIIKY — a00 MOJIIHOMOM, a00 TAPHOIO MYy HK-
miero aprymMenTa £. ZKImo-x -y € miJiuM HelTapHuM IUCIOM, TO IPUITYCKAEMO, IO IO B POCKIa T (DyHKIIT
(A(0))™1, |o| = 1, 3a cepuunnmu rapmonikamu koedinientn npu Ya, , 3y = n+2v+2k, k=0,1,2, ...
JIOPIBHIOIOTH Hys10. 1l yMOBa BUKOHYETHCA aBTOMATUYHO, AKINO ¥ < n abo gxkmo n napue. Hexait
dbyukuil ¢ 1 f 3agoBosbHsIOT6 ymMoBH (1), (2).

ITix pose’sizkom 3asa4i (1), (2) posymiemo obmexxeny dyukiio u : [0,7] x R™ — R, nenepepsHy 3a
cykyunicrio 3minaux Ha [0, 7] x R™, sika 3a/10BosbHsI€ piBHsAHHS (1) 3 3aMiHOI0 A Ha yMOBHO 361KHY
I'Cl-onepauito D¢, XapakTepucTuka Kol BU3HAYA€ThCs 3a cumBosioM A, : R™ — Ry, a6o na mude-
peHITiaIbHl ollepaTopH, IKi PO3YyMIEMO Yy KJIACUYHOMY CEHCi, SIKIIO BIJIIOBIIHUI CUMBOJI € TIOJIIHOM IO
o € R", i raky dyuknio u : [0,T] x R" — R, sika 3a/10BOJIbHSIE HEJIOKAIBHY YMOBY (2).

Teopema 1. Posé’asox sadawi (1), (2) icnye i 306pascacmuvca dopmyaoto (7), axwo [p| > 1 npun > 1

tpu=1npun>~vy>1.

Hosenenusi. Bukopucrosyoun (12)—(19) 6esnocepesinbo nepekonyemocst, mo dyskiisa u : [0,7] x
R™ — R, Busnauens: ¢popmysiowo (7), 3agoBosbhsie piBastais (1) i HeoKaabHy ymMoBy (2).

2. 3AJTAYA HEMMAHA

Amnajiorriuaa Teopema € BIpHOIO Jist 3aja4i, o mMictuTh piBHsHHs (1) 1 kpaiioBy ymoBy Heiimana:

uB(D)u(t, z)|t=0 = B(D)u(t,z)|i=r + ¢(z), B(D)= Zbiaxi, z € R™
=1

3. BAZ[AqA OIITUMAJIBHOI'O KEPYBAHHHA
ko ymoBy (2) 3ammcaru y BUTIsI
u(t,x)|i=0 = u(t, x)|i=r + pe(z), =z €R", (21)
i TpakTyBaTH IIApaAMeTp L sIK KepyBaHHs, To i 3aia4i (1), (21) BipHoto € Taka Teopema.

Teopema 2. Icuye i edure onmumanvre Kepyeamns [ig ceped donycmumur xepysans (1 € R zadami
(1), (21) na axomy docazacmuves mirnimym Gyrkyionany

)= / |u(T, z, p)|*dz — min .
m
R”

BayBaKnuMo, 10 HABEJIEH]I TYT Pe3y/IbTaTu aHOHCOBaHI B mpari [§].
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J10 TEOPII BUPOBHNYNX ®YHKIIIN

JpriHb .M.
YEPHIBIII, YKPATHA

Ha nanwit gac € obmmpHa JiTeparypa, e ysaBa IIPO eKOHOMIKY MOJa €ThCs 3 JOMOMOIOI0 MaTeMa-
THIHAX MOJe/Iell 9K MaKpo- 1 MiKPOEKOHOMIKM TakK i BUpoOM4IOl Ta (PiHAHCOBO-KPEIMTHOI ITiACHCTEM
ekoHOMIKM (JiuB., Hanpukiai, [1] i HaBegeny Tam siteparypy). B [2] naseneni naiisimomini craruani
MaKpPOMO/IeJI SIKUMH 3a O3HadYeHHsAM, € BupobHndi dbyHkiil (BD). ¥V mpoMy BHIIAIKY €KOHOMIKa PO3-
TVISAIAEThCA AK IITICHA, He CTPYKTYPOBaHA OJWHUIIA, HA BXiJ KOl IMOCTYNAIOTH PECYPCH, & Ha BUXOJ1
OTPUMYETHCS Pe3YJIbTaT DYHKIOHYBaHHS €KOHOMIKH Y (DOPMi BaJIOBOrO BHILYCKY, aD0 BajOBOrO BHYT-
PINTHBOTO TMPOAYKTY — aK GyHKII. Axmo mapamerpu BO me 3MiHIOIOTHCS 3 9acoM, TO TaKa MOIENb
e crarmara. OMUCyI0Ir BUPOOHUTY TiICHCTEMy €KOHOMIKHI 3a MormoMoron B® g migcncrema posriis-
JaeTbes sk "vopHUit anmK", Ha BXiJ SIKOMO HAJIXO/ISITh PECYPCH, & Ha BUXO/Il YTBOPIOETHCS PE3YJ/IbTAT,
0 € 00CATOM BUPOOHUIITBA PI3HOMAHITHUX BUJIIB MPOIAYKINl 38 MEBHUI 1mepio/.

Y nmamiit npari 3pobsiena crupoba "npusigkpurn"neit "gopHUil smmK'"1 3apoOIOHyBaTH HOBY MaTeMa-
TUYIHY MOJIENb — JudepeHItiagbie PIBHIHHS 3 YJACTUHHUME IOXITHUME IIEPIIOro MOPSIKY, PO3B I3KOM
gkoro € B@. BBoaumo MOHATTS IPOCTOPY 3aTPaT, BEKTOPHOTO IMOJIs 3aTPAT, BUPOOHUIOI JIHIT BUITYC-
Ky npoxaykiil ta BD gk moBepxHi, MOBHICTIO CKJIaJIEHO] 3 BUPOOHMYUX JiHiN. fKIO BEeKTOpHE II0JIe
3aI0BOJIbHSE YMOBH, 1[0 MAaOTh MPUPOIHUN €KOHOMIYHUN CEHC, TO i3 3arajibHOTO PO3B 3Ky audepeH-
niajgbHOro piBHAHHA oTpuMyeMo Binomi B Kobba-/lyrinaca, BO 3 cramon elacTUYHICTIO 3aMilieHH ST
Ta iHIII.

1. OCHOBHI IIO3HAYEHHSI I O3BHAYEHHSI

R = {z|r > 0} — MHON)UHA HeBiN eMHEUX JificHUX YHCeT;

R = {z = (21,22, ..., zn)|z; € R, i €{0,...,n}};

2 — KamTaJj, abo HArpoOMaJIKeHa MUHYJIA TIPAIls, IO IPOSIBJISEThCSA B OCHOBHUX 1 0OOPOTHUX, BUPOD-
HUYUX 1 HeBUpOOHUYNX poHgax. CKIIAI0Bl YaCTHHU & BU3HAYAIOTHCS METO JIOCTIXKeHHS, a TaKOYXK
XapaKTepPOM PO3BUTKY BHPOOHHYOI Ta HEBUPOOHWIOI cep yIPOJIOBK HOoCTiKyBaHoro nepioy. 11106
HE BJIaBaTUCS B JIeTaji 3pYYHO & Ha3uBaTu (DOHIAMU; T € ‘Ri_; y — airova "»xmBa'mpars; y € ‘ﬁi_; z
— pe3ysbTaT BUPOOHUIITBA, IO TIYMAUUTHCHA K 0OCATH BUPOOHUIITBA OJHOIO, 00 PI3HUX BUJIB IIPO-
JQyKIil (abo BaJIOBHIl BHYTpIIIHIA OPOAYKT, abo HaIoOHAJbHUI 10Xi). B ycix Bumajgkax pesyabrar
BUPOOHUIITBA KOPOTKO HA3UBAEMO BUIIYCKOM; 2 € S‘i}r

C*(R™) — npoctip k pasis nenepepsno audepenniiiosanux dyHKuiii;

B® — Bupobumya dbyHKIIis, 10 BUPAXKAE 3aJIEKHICTH PE3YJIbTATIiB BUPOOHUIITBA BiJ 3aTPAT PECYPCiB;

z € C*(RL) : RL — KL € BO rakowo, mo V(z,y) € R : 2 = F(z,y);

u(x,y, z) = 0 — HesiBumii 3anuc BO;

F ; . F 1.

< — cepesinsa donyiosiyiada; - € R ;

% — cepeJiHsd TPOAYKTUBHICTD ITPAaIli; % e RL;

F, = %—5 — IpaHUYHUN POAYKT (OHIB; rpanndHa POHIOBIaua; rpaHndHa e(beKTUBHICTL (DOH/IIB;
OF 1.
o € Ry

F, = %—1; — rPaHUYHUI TPOJYKT IPAalli; TPAHUTIHA MPOJYKTUBHICTD IpAaIlll; FPAHUYIHA, e(PEKTUBHICTH

.. OF 1
npari; G- € R
PiBuocri

oF F OF F
—— = 01—, - — 09— (1)
ox x dy Y
03HAYAIOTh, 0 I'PaHnTIHa (DOHIOBIIIaYa IPOIOPIiiiHa cepeaHiit (POoHIOBIIIaYl 3 KoedimieHTOM o, a
rpaHUYHa MPOIYKTUBHICTD IIpalli — 3 KoedillieHTOM .
O3navenHsi. Bupobnmda GyHkiliss F' — HA3UBAETHC HEOKJIACUIHOIO, AKIINO BOHA € JABiYi HEellepepBHO
nudepeHIiioBaHoo 1 38/I0BOJIbHSIE YMOBH, [0 MalOTh IIPUPO/IHE EKOHOMIYHE TJIyMaveHHsI:

— SKIO HEMa, OJHOTO 3 PECYPCiB, TO BUPOOHUIITBO € HEMOXK/ITUBUM;
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oF oF
— >0, — >0 3
Oz oy 3)
— i3 3PpOCTaHHAM pecpriB O6CHF BUITYCKY 3POCTag;
O*F O*F
—— <0 — <0 4
50z <0 0 < 0; (4)

— i3 30LJIBbIIIEHHSIM PECYPCIB MIBUIKICTD 3POCTAHHS O0CATY BUIIYCKY CIIOBLILHIOETHCS;

F(+00,y) = F(z, +00) = +o0; (5)
— 1pu HeoOMeKeHOMY 30L/IBITIEHHI OJTHOTO 3 PECYPCiB 00CAT BUITYCKY TaKOK HEOOMEXKEHO 3POCTaE.
Ilpuknan. Mynprummmkarusaa BD 3agaerbess Bupa3om

F = Az®ty*2, a1 >0, az >0, (6)

e A — koedilieHT HENTPAJIBLHOIO TEXHITHOTO MIPOI'PECY; (1, (g — KOeIIiEHTH eJIACTUIHOCTI BiIOBITHO
o npar Ta dongax 3amososbhsie ymosu (1)—(3) 1 (5), a Takoxk ymosy (4) npu o < 1, ag < 1.
YacTkoBuM BumaakoM 1tiel yHKIl € dyuxkiis Kobba-lyriaca

F = Ax®y'™, 0<a<l. (7)

SayBakumo, 110 upu o < 1, ag < 1 rpanngsi Bigmadi pakTopiB € MEHIIUMHU Bij CepelHiX i Tomi K
mysbruitikarusai BO (6), (7) 3a10Bo/bHSIOTH yMOBY (4), sIKa JiyzKe 9acTo CIIOCTEPIraeThCsl B peasibHiil
€KOHOMITIi: 13 3pOCTAHHSIM 3aTPaT IEBHOIO Pecypcy HOoro rpaHUYHA Bifgada CIajac.

I3 enacruaHOCTEN BUILIHBAE, MO MPU (] > (9 BiIOYBAETHCS IHTEHCUBHE 3POCTAHHSI BUPOOHUIITBA,
sike 30epirae npario (mparebepekiuse), a Ipu o < (i — eKCTEHCUBHE 3POCTaHHsl, 10 30epirae hoHm
(pommobepexuse).

AKIO pO3IVISHYTH TEMIT 3POCTAHHS BUITYCKY, TO IPHU (] + (ig > 1 BUIYCK 3pOCTa€ MIBU/IINE, HiXK Y
CepeIHBOMY 3POCTAIOTh (haKTOPH, a Ipu a1 +ag < 1 -noBiabHime. Orxe, npu ag+ae > 1 B (6) onmcye
3pocraiody ekoHoMiky. B [2| nocuts neranbio Busuena BD (6). 3okpema BUSCHEHO €KOHOMIYHUI 3MicT
i1 mapamerpis A, a1, a9, JoBeneHo, mo upu «; i € {1,2}, us dyHkiis € HeokacuIHa, TO0YIOBaH]
i3oKkBaHTH 1 i30KjaiHAI i€l QyHKIIT, 3HalIeH] HOPMU 3aMiHI PECypPCiB.

2. MATEMATUYHA MOJEJIb BUPOBHMYMX ITPOLUECIB AJIA TPbOX 3ATPAT

Hexait ®R3 = {(2,y,2)|z >0, y > 0, z > 0} — npocrip 3arpar, sKi 6epyTh y4acTb y BEPOOHEOMY
uporedi, 7, J, k — jioro opT; {P,Q,R} C C(R%): M3 — Rl - sinomi dpynkui: F=Pi+ Qj + Rk —
HelepepBHE BEKTOPHE TI0JI€ 3aTpaT.

Koxuiit Touni (x,y,z) € iﬁi’_ BIJIITOBi/Tae €IMHUI MAKCUMAaJIbHOI BEJIMYNHU BUILYCK ITPOMYKITil, BU-
poOJIEHOI MPU MMOBHOMY BUKOPHUCTaHHI X 3aTpar. TexHoJoriyamil 3B’dI30K MiK NUMU BEJIUYUMHAMU
Ha3WBAETHCSI BUPOOHUIOI0 PYHKITIETO.

Bupobuuya Jiinist BUIyCKy TPOAYKIIl, 1€ BEKTOPHA JIiHisI MOJd 3aTpaT, TOOTO Taka IJIaJKa JIiHis
i3 pocTopy PR3, B KOKHIiH TOUmi sKOT iCHYE TOTHIHHN BEKTOD t = dri + dy;—i- dzE, KOJIiHeapHUI 3

BEKTOpOM 110J1d 3aTpar F' y niit Touri. Tomy mykani BupoOHu4i JiiHil BU3HAYAIOTHCH i3 yMOBU

de dy dz (8)
A Q@ R’
ne P, Q, R He JOPIiBHIOIOTH HYJIIO TOTOXKHO B 9%3_

Bupobuuua dyHKIis Moxke OyTH BU3HAUYEHA sIK [TOBEPXHs, IOBHICTIO CKJ/IAJIEHA 13 BUPDOOHUYINX JTiHIi.
OuesnyiHo, Mo BUpOOHUYIY (DYHKIIIO (HOBEPXHIO) MOXKHA OTPUMATH, PO3IVISIAI0YN MHOKHHY TOYOK,
0 JIeXKaTh Ha, JOBLILHO BHOpaHiii HEMEpPEepBHO 3aJI€XKHiil Bif mapamerpa, OJHOIapaMEeTPUIHIN cim’T
BUPOOHUYMX JIiHI.

Bupobuuya moBepxHs XapaKTepU3YEThCA TUM, 10 BEKTOD HAIPSIMJIEHU 110 HOPMAJIi 10 TIOBEPXHi B
JIOBLJIBHIM T TOYI € OPTOrOHAJIBHUM JI0 BeKTOpa mojst F':

(N,F)=0. (9)
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Ao V(x,y, 2) € 9‘{3_ BupoOHUYa (DYHKIIiSI BABHAYAETHCS HESIBHUM CIIBBIIHOIIEHHIM (X, Y, Z), TO
BekTOp N = g—gﬂ% g—;‘f—i— g—Zk i piBasiaHs (9) HaOY/le BUJISLY

ou ou ou

P—+Q—+R_—=0. 10
Oz Q@y 0z (10)
skiio V(z,y) € 9‘{1 BUPOOHMYA (DYHKILS 3a/Ia€ThCsl sIBHO piBHsIHHSM z = F'(x,y),10 BEKTOD N =

g—;;—l- g—z;— k i piasinuas (9) HaOye BUTIIsILY

P%#—Qg—z =R VY(z,y,2) € R (11)

OrKe, [JIst 3HAXOIPKEHHST BUPOOHNINX (PYHKIIIA Tpeba MpoiHTerpyBaTH JiHiiTHe ogHOpiaHe HudepeH-
niajbHe PIBHSHHS 3 YACTUHHUMU HOXIJHMME nepiioro nopsaxky (10), abo keasiminiiine pisasaust (11)
3aJ1e’KHO BiJl TOTO YU y HEesIBHOMY BHUIVIII mykaemo BD wum y aBHOMY. ¥ 3B’93Ky 3 TUM, 10 BUPOOHU-
4l OBEPXHI MOXKYTb OyTH CKJIaJeHi 13 BUpoOHMYMX JiiHil, To iHTerpyBanus pisasiaus (10) (abo (11))
3BOJUTHCS JIO IHTErPyBaHHsI CUCTEMU 3BHYAiiHUX judepeHiiajlbHuX PIBHIHb BUPOOHUIMX JIiHiH (8).

dAxmo Cy, Co — moBinbHi aifichi crami 1 g golibHUX (,Y,2) € 9‘{1 CITiBBiTHOIITEHHSIMH
Uy (z,y,2) = C1 1 Va(z,y,2) = Cz, BUBHAYAIOTHCs JBa (QYHKIIOHAJIBHO He3aJleXKHi Iepii iHTerpa-
s cucremu (8), To nrykanuii Bupas jiist BO nabysae BUIIsiLy

q’(‘l’l(%% Z)v ‘112($7y7 Z)) = 07

® — noBUIBHA HellepepBHO JudepeHIiitoBana QyHKITIS.

3. BUITAJOK JOBLJIbHOI'O YUCJIA 3ATPAT

Hexait R"} — npocrip 3arpar, ski 6epyTh y4acTs y BupobHm4oMy mnporeci, €; ¢ = {1,...,n} — iforo
. n X n 1 . . e n =
opru, {P;, i = {1,...,n}} C C(R}) : R} — R, — Bigomi byskuii, F = Y ", P;¢; — HenepepsHe
BEKTOpHE I10Jie 3aTpaT. AHAJOrYHO BBOJMTHCS BEKTOPHA JIiHIS IOJISI 3aTpaT siKk BUPOOHWYA, JIiHisI i
BUpOOHIYA (QYHKILsI, [0 MOBHICTIO CKJIAJAEThCsA 3 BUpoOHnuux jiniit. Toxi Bextop ¢ = Y ' | dz€; i
IIyKaHi BUpoOHUY] JIiHIT BUBHAYAIOTHCS 3 YMOBHU

dx dx dz
o2 =2 (12)
Py Py P,
Bupobrnua nosepxust u(x) = 0, mo € BO i Busnauaerbes 3 ymosu (9) 3a10BosibHst€e audepeHiiaabHe
PIBHSIHHSI

n
Ou(x
Y P @) _ . (13)
=1
Axmo V,(x) = Cy, ¢ = {1,...,n} dyHKioHATLHO He3asexKH] nepri iHTerpasu cucremu (12), To mo-
BibHa HemepepBHO judepenniiiosra dbyukis Big wux f(Vq, ..., ¥, 1) TakoxK € IHTErpaIOM CUCTEMU
(12) 1, orxke, po3B’st3koM piBHsHHS (13):

u(m) = f(\Ifl,...,\I/n_l). (14)
Cim'st posp’sizkiB piBasiHHsI (13), 3asexkHa Bij 10BiabHOI (yHKIHI f, HA3MBAETBHCs 3araJbHUM
po3B’sizkoM piBHsiHHs (13) 1 BU3Ha4Yae 3arajabHuil Burisy nykanux BO (14).

4. TIPUKJIAINA

—

1) dxmo BekTopHe nosie 3arpar F = zi + yf — ’yz/;, v > 0 To BupoOHUYa (DYHKIIiS 38/ I0BOJILHSIE
PIBHSIHHS

0z 0z
ded =L — s 1
o TV, =2 (15)

BHaiijieMo 3arajbHUi po3s’si30K piBHsHHS (15).
CkuiajieMo BijnoBiHy piBasiHHIO (15) cucremy 3BnuailHux JudepeHIiajbHIX PIBHIHD, 3allICAHY B
cuMeTpuuHiit hopmi

dx dy_%

T Y vz
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. .. . de _ dy ) .

[MIykaemo 11 HezayexkHi mepii iHTerpaau. [HTerpyoun piBHAHHA <& = y OTPHMAaEMo: Iny = Inzx +
_ ¥y _ ; dy _ dz .1 _ 1/y _—

InCy, C1 = ¢ = Vy. Inrerpyoun piBHAHHSA Y T 5. OTPHMAEeMo: ﬂ—ylnz = Inz + InCy, 27 =

1/
l‘CQ, CQZZ il :‘1/2

x
BarasbHuil po3s’s30K piBHsiHHS (4) HAOy/e BUIVISIIY:

abo (pO3B’sI3yr0UN BiJIHOCHO 2)
Y
z = xﬂyf(;)v
ne ®, f — noBuibHI HenepepBHO judepentiiioBani QyHKIT CBOIX apryMeHTIB.
Hexait v = a+ (1 f(£) = (£)°. Toai na niacrasi (16) orpumaenmo: z = 29 (£)0 ago z = 2%y a ne
e Bupoobumnya dynkiis Kobba-Ilyrmaca, ge i f — eJaCTUIHICTD BUILYCKY IPOAYKINl BiJIHOCHO 3aTpar.
IIpu 0 < a < 1, 0 < B < 1 BOHA € HEOKJIACUIHOIO.

Hexait vy =h i
h h
Yy _ { Y\-8.Y\s Y —5}75 — —h[ -B —3]73 16
i) = a2+ ex o e + eay (16)
Toni na migcrasi (16) orpumaemo:
_h _h
2 =ghg™h [elx_ﬁ + egy_ﬂ} F = [611‘_’3 + 621/_6} ? ) (17>

a 11e € BUpoOHUYa (PYHKITIS 3 IMOCTIHHOIO eJIACTUIHICTIO 3aMimienns, jie: ¢; > 0 koedilieHT po3mnomity,
j € {1,2}; h > 0 creninb oguopinHocti; 3 > —1 KoedinieHT 3aMileHHS .
3pobuMo TIEpeBipKYy:

0 _ _h {elﬂfﬁ + erﬁ]_%_l er(=p)a "1, (18)

ox Ié]

0z h [ 3 56! —B-1

— =—— |lewx” " + ey ] ea(—0)y . 19

-3 (-5) (19)
[Momuoxkusmm (18) Ha z, a (19) Ha y i JomaBIIK OTPEMAEMO:

0z 0z h !
e e’ -8 8| - _ -3 _ By _
x8$ + y@y =3 {elx + ey ] (e1(=B)x " +ea(=P)y ") =

_h_4q
=h [elx_ﬁ + egy_ﬁ} L hz, 0z 0z

xé)x + y(?y N

Otzke (17) cupapni € wacTuaHuM po3s’s3koM piBHsHHsa (15). Hexait v = 1, f(¥) = a1 + a2¥, Toxi
z = a1 + agy — niniiina Bupobuuua dyukuis. Koedinientu a;, i = {1,2} miymadarbes ik rpaHudHi
POJLYKTH 3aTPAaT.

Hexait v = 1, f(¥) = min{é, 02%}, ne c; > 0, j = {1,2} -obcsaru 3arpar BuIy j HEOOXiHi JyIs
BUPOOHUIITBA, OJIHIET TIPOJIYKIIil, Tojii orpumyemMo B "zarparusumnycky"z = min{%, % .

ITepesipsitoun BHKOHAHHST CIIBBiIHONIEHD (2)-(5) BHACHSEMO sIKi YMOBH IIOBHHHA 38 [0BOJIHHSITH
dyukuis f i3 (16), mob BO i3 (16) 6ysna neokmacnanoo BO. Bipaoro € Taka

Teopema. Hexait B® Busnagaernes crispigpomennam (16): z = 27 f(t)6 pet = £, 0 <y < 1.

SIKIIO BUKOHYIOTHCSI YMOBH:

1) liIrlz>07 y—0 f(t) = liIny>0, a—0 = 0;

2)Vte R f(t) >0, f'(t) >0, vf(t) > tf'(t), f'(t) <O;

3) Vv e (0,1): y> 2_77 (1 ymMoBa HaKJIaae 0OMEXKEeHHsT Ha PEeCypC Mpalll Y Ipu 3aJaHOMY 7);

Toni BD (16) € nHeoksiacuIHOIO.

hz.

11 SIKIIO BeKTOpHe 1ojie 3aTpar F = o xi€— pzk, T0 BupoGHIUa GyHKIi 2 = 2(z) 3a00BOIbHSIE
PIBHSIHHS
- 0z
g i~ =Pz, ACp > 0 crana. (20)
2

i=1 v
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Cucrema 3BuvaitHux JudepeHiiajbHuX PIBHIHDb

dxy dxzo dr, dz
I xI9 Tn z
Ma€ Taki He3aJexKHi IepIIi iHTerpaJm
T To drn,—1 dz
— =0 —=0C ... —=C1 =0,
Tn Tn Tn Tn,

Omrxke po3B’si30K z piBHsiHHS (20) BUSHAYAETHCS HESIBHO BUPA30M

® <ﬂ —dx"‘l,d—z> — 0,

Tn Tn b

3BinKkn BO

I dmn_l

— P —
z=abfl —,...,— | =0,

xn xn
dxkmon =k, f = >1", o‘;—:i, p = 1 To orpumaemo B® amasizy crocobis BUpOOHUYO! JisSILHOCTI,
ne k — uaucyio cnocobiB BUPOOHUYIO! JIist/IbHOCTI, &; — PiB€Hb IHTEHCHUBHOCTI crocoly %, (; — 3aTpaTw,

ie{1,2,....k}.
Akmo uepes E,z NMO3HAUNTH €JATUYHOCTI BiJ NMOKasHUWKa z 3a dakTopamu z;, 1 < 7 < n, TO
piBusinHs (20) HaOyBa€ BULVISLY
n
E Epz=0p.
i=1

Hageseni Tyt pesysibrarn anancoBai B [3)].
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YCJIOBHO KOPPEKTHBIE /INOPEPEHIINMAJIBHBIE CUCTEMBI 1
PETVIIAPN30BAHHBIE PEIITEHUN A

AHYOPUEBA V.A.!
YPAJILCKUN TOCYJIAPCTBEHHBINI YHUBEPCUTET,
EKATEPUHBYPI', Poccus

s ycarono xKoppexmuvix cucmem Juddepenyuaibrol ypasHenutl yka3ans, nymu nocmpoe-
HUA PELYAADPUIOBGHHHLT PEWEHUT 8 BANATOBHIT NPOCMPAHCINGAL.

1. IIOCTAHOBKA 3AJIAYU

B pabore paccmarpuBaercs 3aa4da Ko st cucrembl jiuddepeHnnaibHbIX ypaBHEHU

) = o). nem 2)

rie u(x,t) € R™ npu kaxaom z € R, ¢t € [0; 7], A (za%) — MaTpuvHbIil quddepeHnuaabHbIil OrepaTop:

A (z’a%) = {Aj7 k (ia%) };nkzl’ muddepenipanbabie onepaTopsl Aj; g (ia%) UMEIOT TOPSAJIOK He BBIIIE P.

Hutst nccnenosanus npumennm (06061enuoe) npeobpasosanne Pypoe, npusozsiiee 3amaqdy (1),(2),
paccMaTpHBaeMyIo B HEKOTOPOM ITPOCTPaHCTBe 0600mennbix dyukimii &', k 3amade Komm s cucreMbr
0OBIKHOBEHHBIX i depeHIuanbHbIX ypaBHeHuil B npocrpascTse (D)

du(s;t) ~ .
— - =AWusit),  seC te[nT], (3)
i(s;0) = J(s),  seC. @

Baecy marpuunas dbyuknus A(-) cucremsr (3) npu kaxkaom s € C onpeessier onepaTop yMHOXKEHUsT
Ha MaTpuiy {A; k(s)};’,lk:17 9JIEMEHTAMU KOTOPOii CJIy?KAaT MHOTOUJIEHBI CTEIICHH He BBIIIE P.

Pemennenm sanasu (3), (4) coyxut o6obmennas gynxius U(s; t) = ¢4 f(s), koropas onpesenena
Tex mpocrpancrpax (®), re skcronenta efA0) onpenesser My TBTHIIEKATOD (OrpAHIHCHHbIH ONIEPATOD
yMHOXKeHUs). B aTom ciryuae 06061iennoe pertenne 3ajaqu (1), (2) cylecTByer B COOTBETCTBYIONIHUX
upocrpancreax ¢’ u mmeer Bus

u(ait) = F -\ (i(s50) = FHEAOF(s) = (Gex la),  aeR, te[0T],

re Gy(-) = F~! (etA(’)) — 0bobmmennas Mmarpuiia-gyakius ['puna. CoorBeTcTByOIIEEe IIPOCTPAHCTBO
@’ mazpiBaeTcs Kiaccom 06obImenHoi Koppekrnocru sagaqn (1), (2).

B mannoit pabore Mbl paccmarpuBaeM oauH u3 Kiacco cucrem (1), 3amaua Kormm s KoTopbix
He sIBJISIETCsI KOPPEKTHO, & UMEHHO YCJIOBHO KOPPEKTHbIE jud depeHnuaabible CHCTeMbI (CM. OIpejie-
aenue 1). Cremyst [2], Mbl ykasbiBaeMm Kjacchl 06061eHHON KOppeKkTHOCTH P’ Takux 3a/a4 U BBOJAUM
6anaxoBbl IpocTpaHcTBa X, BaoxkeHHble B ' 1 npu 3TOM — MaKCUMAaJILHO IMUPOKHE.

B BBIOpaHHBIX TpoCcTpaHCTBAX X MBI yKaXKEM Iy Th MOCTPOEHUST PETYIISTPU30BAHHBIX PENTEHIH 38 1aUN
(1), (2). OcHoBHast WJEsT TOCTPOEHUSI COCTOUT B TOM, YTOOBI BBECTH KOPPEKTUPY IO MHOKUTE/ T K ()
B obparHoe npeobpazoanne Pypbe TPOU3BEIECHUST etA(')f(‘) TaK, ITOOBI MMOJTyvIaeMas CBePTKa

(Ge+ K« f)(@) = F* (¢AOK()[(s)),  weR,

ObLITa opeiesieHa st Joboro f € X u aBisiachk QyHKIMEH — 5J1eMeHTOM 6aHax0oBa IPoCTpaHcTBa X .
Ha srom myru B paborax [4, 1, 5| 6bL1n 10CTPOEHBI Pery/isipu30BaHHbIe TOJYIPYHbl (C—II0IyrPYIIIIb)
st cucteM auddepeHIuaibHbIX ypaBHEHU, KOPPEKTHBIX 110 [leTpoBcKOMy U mapaboInaecKuX.

1Pa60Ta noJaep>KaHa I'paHTOM ypaﬂbCKOFO TOCyJapCTBEHHOI'O yHUBeEpCcUTEeTa JJis1 MOJIOABIX yYI€HbIX.
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2. BBOJHBIE CBEJEHUSA

CaoiicTsa pemiennii 3aja4u (3), (4) onpenessiioTcst IOBEIEHUEM €€ OIIEPATOPA PEIeHUsT — MATPUIHON

skcronenTsl €/4() | KoTopoe oIIChIBAETCS CIICIYIONIM YCIOBHEM [2]:

etA(s) < ‘ SHA()

] < O(1+ )P D) >0, seC, (5)

e
A(s) = max RA;(s), seC,

1<j<m
Aj(s), j=1,...,m, — cobcreennsle 3nauenus MaTpuisl A(s). Ilormaras
po=inf{p : |A(s)| < Cyl1 +s])?, 5 €C)

(Takoe UHCIO Py HA3BIBAETCS TOYHBIM CTEHEHHBIM MOPsSAKOM pocTta dyHKImH A(-) ¥ IpUBEIEHHBIM
HOPSIIKOM CHCTeMBI (1)) moJrydaeM CJieiyrolLyo OleHKY:

H oHA(s)

‘ < O(1+ |s|pPm=Debotls  poe R >0, seC.
m

Eciin mperebpeds poJIbI0 CTENEHHOW COCTABJISIIONIENH TOW OIEHKHU, TO mpu JboM by > by MOXKHO
nepeiiTy K HepaBeHCTBY

H SHA()

< C’leblt'|8|p0, t>0, seC. (6)
m

Dra OleHKA sIBJIsieTCs1 001Ielt J1u1st BeeX cucTeM (3) B TOM CMBICJIE, UTO JIIst KaXK[0i MaTpUIHO DyHKIMN
A(+) maijigyrcs takue po < p, by € R u coorBercrBenno by > by, C1 = Ci(po,b1), upu KOTOpBIX
BBIIIOJIHEHO HepaBeHCTBO (6).

Cpeau Bcero MHOroo6pasust cucreM (1) BbLIEIMM Te, KOTOPBIM HOCBsIIIieHa HACTosIasi paboTa.

Ounpepnenenne 1. Cucrema (1) HaseiBaercst ycao6no koppexmuot, ecan dyuknus A(-) mMeer crenen-
HOI POCT IpHU AEeHCTBUTEIBHBIX 3HAYCHUAX apryMEHTa, IPUIEM OKA3aTeb CTENECHA MEHBIIE ¢INHUIIb,
T. €. ecyin HaiigyTcst Takue nocrostHabie C > 0, C1 > 0un 0 < h < 1, 9o

A(o) < Clo" + ¢y, oeR.

U3 (5) jist yeJIOBHO KOPPEKTHBIX CUCTEM Ha JIEfiCTBUTEILHON OCH TIOJIyIaeM OLEHKY

Hem(s) < Qeotlol" ap>0, t>0, o€R, 0<h<]l. (7)

s
Dta onenka npu ycaosun (6) MOXKeT GBITH IPOJIOKEHA B HEKOTOPYIO OKPECTHOCTD JEfCTBHTENILHON
ocu (3|, a umenno, s Jr06oTO A1 > ap Haljercst 06IaCTh

Hy={s=oc+ir: |[7f[<KQ+][o])!'}, 1-(po—h)<p<l, K=K(biagar),
B KOTOPOit

||| < cemttl =0, a1>a0, s € H, (®)

‘m
Hucyo p, onpenensaioniee od1acTb H,,, MOKET 0Ka3aThCs KaK II0JI0?KUTEIbHBIM, TaK U OTPUIATETHHBIM.
B cuity orpanndeHHOTO 06beMa JAHHON CTaThd, PACCMOTPUM OfuH n3 ciaydaen: 0 < u < 1.
Ha ocHoBaHuM CBOWCTB aHaJUTHYECKUX (DYHKIMI, JOKA3aHHBIX B [3|, MOXKHO IOKa3aTh, YTO IPU
w € (0;1] MmaTpuvHasi S5KCIOHEHTA etA() Ha, eficTBUTEILHONR OCH YIOBIETBOPSIET YCIOBHIO
q
d tA(o

—e
doi

~

T
SCngq(1 Po)ea2|"|h, ay>a1;, q€N, oceR, tel0;T],

‘ m

riae By = Bo(ag, p) > 0. Bosemem hy > h. Torma nyist sio6oro € > 0 naiinercs rakoe Cp = C1(g), aro

- € < Clgqqqﬁedo—'hla /6 =1- /'L/p(Ja qge Na oc Rv te [O?T]7 (9)

dod

‘ di tA(o)

m

tA() olnpezeadaeT MyJIBTAILIMKATOP B IIPOCTPAHCTBE 85 , e
/!

U3 sroro ycmosus caenyer (em. [3]), uro e

a = 1/h;. CueioBaresbHo, etAl) gpisieTcs MyJIBTHILIIKATOPOM B IPOCTPAHCTBE (Sg >
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B srom ciayuae obparHoe 0600menHoe npeobpasosatue Dypbe sxcnonenTsr etA) ManI/ILLa*beHK/—

st ['puna Gy(+), onpe/iesisier orpaHUIeHHbIIi OIlepaTop CBEPTKHU B ABOCTBEHHOM IIPOCTPAHCTBE (Sg) .
(B mammoit pabore Mbl orpannduBaeM cebsi PACCMOTPEHHEM STUX IIPOCTPAHCTB, XOTs OHU U HE HCYep-
IBIBAIOT BECh KJIACC KOppekTHOCTH 3aja4dn (1), (2)).

IIpocrpancrso S (a >0, 8> 0) cocrour u3z Becex 6eckoHeuHo uddepentmpyembix dbyHKIui o(-)
nepeMeHHoro r € R, yJI0BIeTBOPSIONUX HEPABEHCTBAM

|xktp(q) (x)] < C’Akqukaqqﬁ, k,ge Ny, ze€R,

¢ HekoropbiMu KoHcTantamu A = A(yp), B = B(y), C = C(p). IIpocrpancrso S nerpusnaibo
TOJIBKO B CJIEJIYIOIIUX TPEX CJIydasix

1) a+pf>1, a>0 >0

2) B>1, a=0;

3) a>1, 8 =0.

B 4aCTHOCTH, IPOCTPAHCTBO Sy — 9TO MPOCTPAHCTBO yHKIMI ¢ KOMIAKTHBIM HOCHTENEM, YIOBICTBO-
PSIOIIUX YCJIOBHIO

(@) <CB1",  qeNo, |z[< A4,
rie A= A(p), B= B(yp), C =C(y).

IMpu a > 0 st pyHKIME TpocTpancTBa Sy ¥ TOJIBKO JIJIsl HUX CIIPABEJJINBa, OIIEHKA
0@ ()| < C'BigPe oV geNy, zeR, (10)
(0%

¢ nexotopoit xoncranroit C' = C’'(p) u npn a = a(p) = 175 Hosromy ycnosue (10) MoxKeT c1y>KuTh
SKBHBAJICHTHBIM OIPE/ICICHHEM [POCTPAHCTEA S

ITpPOCTPAHCTBO S MOKeT GbITh IPEICTABICHO B BU/Ee 0Gbe/MHEHNs CUeTHO-HOPMIPOBAHHBIX [IPO-
CTPaHCTB Sg:f, A >0, B > 0. O6o3raumm Sg:f MHOKECTBO OeCKOHEUHO b depeHnnpyeMbix pyHK-

Ui, YIOBJIETBOPSIOMUX IPH JIIOObIX € > 0, § > 0 ycaoBuio
"o (2)] < Cc6(A + )" (B +6)"Kq",  kqeNo, z€R,

. . B .
¢ mexoropoii KoucranToit C; 5 = C;, 5(¢). [IpocTpancTso 85’ A C CHCTeMOil HOpM

k (a)
[@llp,m = sup sup sup 7 (@)l , pmeN.

k
keNo ¢€No z€R (A+%> (BJF%)qkkaqqg

ABJIFETCA COBEPIIEHHBIM CYETHO-HOPMHPOBAHHBIM IIPOCTPaHCTBOM.

3. BBIBOP BAHAXOBBIX ITPOCTPAHCTB U ITOCTPOEHUE PETVYJISPU30BAHHBIX PEIIEHUN

Bsenem 6anaxoBbl hyHKIIMOHAIBHBIE ITPOCTPAHCTBA X — HACKOJBKO BOBMOXKHO ITUPOKUE, JIEZKAIIIE
/
B IIPOCTPAHCTBE <S§‘> (B KJ1acce 0606IeHHON KoppekTHOCTH 3a1a4u (1), (2)). st aToro paccMorpum

B KadgecTse X npocrpamnctso Ly (R) dynxmmit, abcomoTno maTerpUpyeMbIx co crenenbio ¢ (1 < ¢ < 00)

Dbo
po—p’

¢ BecoM w(x) = ez e R 4 >0, p1 > % = T. €. mpocTpancTBO PyHKIuit f(-), 1y KOTOPBIX

/ |f ()| 2e ™ d < oo,

BBenennoe nmpocTpaHCTBO ¢ HOPMOit
o] 1/q
— pP1
191 =( [ttt da
\— OO
/
aByigercs banaxopbiM. O4eBUIHO uMeeT MecTo Bioxkenne L (R) C (83) .

[TosicauM OCHOBHBIE HEU TOCTPOCHUS PEryITPU30BAHHBIX PEITCHUIA.
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JList mocTpoeHusi PeryasspU30BAHHOIO PEIIeHUs] B BHIOPAHHOM ITPOCTpPAHCTBE X BOCIIOIB3yeMCs pe-

3yJILTATOM 06 0OPATUMOCTH KJIaCCHUecKoro npeobpasosanns Pypwe B npocrpanctse Lo(R) (cM., Ha-

npmmiep, [6]). Yuuoxiu e'40) na nexoropyio dyukmuio K () tak, uro6sr e K (1) € Ly(R). U3 onenxn

(7) cnemyer, aro B KadectBe Takoil yHKmu K (-) MOXKHO B34Th (DYHKIIUIO, Y/IOBJIETBOPSIONLYIO TIPU
|s| — oo ycaoBuio

\K(s)| < Ce 5" hy>h b>o0.
Torna maiinercs dynkuus Q+(-) € La(R), paBnas obparnomy mpeobpasosannio Pypre yHKIMN
eAOK():
Qi(x) = F1 (etA(S)I?(s)) (x), xeR, seC, t>0.
st f(+) € X mbl BBOAUM DyHKIUIO

west) i= Qi ) = F (IR E)f() @), weR te[nT),

U [OKA3bIBAEM, UTO OHA SIBJISICTCS PEIIeHneM cJieytoreit 3amaan Kormm st cucremsr (1):

ow(x;t 0
% :A<i%> w(zt), xR, te[0;T], (11)
w(z;0) = (K * f)(x), z € R, (12)
B ipocrparcTee X . st aroro Mbl packiaasiBaeM GyHkiwmio f(+) € X B psij 10 GUHATHBIM DY HKIHSIM:
o0 o0
fl@)= > falx—n)= Y f(@)e(z—n),
n=—oo n=—oo
rje e(-) — pasjioyKeHHe eIWHUIILI B IPOCTPAHCTBE S5, oupegensieM QyHKIHIO wp(z — n;t) == (Q *
fn)(z —n) n nokasbIBaeM, 9TO psijy
(0.@)
Z wp(z —n;t) (13)
n=-—00

cxoauTest ipu KaxkaoMm t € [0;T]. D10 10Ka3aTeqbCTBO MIPOBOJIUTCS HA OCHOBE OIEHOK IOBEJIeHUSs
paccMaTpuBaeMbIX (DYHKIINI U CBONCTB AHAJIUTUIECKAX (PYHKITAI.

CJie/yIommM TaroM sBJISeTCs TOJIyYeHrne PABHOMEPHON MayKOPAHThl YaCTUYIHBIX CyMM psiia (13),
npudeM Jjist BeiopanHoit dyakimn K () OKa3bIBaeTCd, YTO 3Ta MakKopaHTa UMeeT BU]]

xlP1
Cer =Pt

T. e. paj (13) okasbiBaercs cxofdamumMes B npocrpancTee X . Vcrosb3yst 0y YeHHbIE ONEHKU, HETPY/I-
HO T0Ka3aTh, YTO OlEepaTop CBepTKU ¢ siapoMm Q¢() orpanmden B X. OTcrojia yxKe MOJIydaeM, UTO
nocrpoeHHasi byHKIUs siBJIsieTcsl KiaccuueckuM pemntenreM 3ajaqn Komm (11), (12) B npocrpancTse

X.
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O HAUBOJIBIITEM OJHO3HAYHOM IITPOJOJI2KEHNUN

JANOPEPEHIIMPOBAHUSA B KOMMYTATUBHOI PETYJ/ISIPHON
AJITEBPE

BEP A.D.
HALIMOHAJIBHBINT YHUBEPCUTET Y3BEKUCTAHA,
TAUIKEHT, Y3BEKUCTAH

[Tycts A — koMMyTaTuBHast ajgrebpa ¢ exununeil I waj noaem K Hy/eBoil xapakrepuctuku. Jepes
V = V(A) o6o3HaunM MHOXKECTBO Beex naeMnorenTos B A. s mobbix e, g € V nostoxkuM e < g, eciiu
eg = e. VIzBecTHO, 4TO OTHOIIEHHE € < ¢ €CThb OTHOIIEHHE YACTUIHOIO HOpsIKa Ha V, OTHOCUTE b
HO KoToporo V siBjisiercst Oy/eBoil anrebpoii. BysgeMm npejnosiararh, 9ro B ajredbpe A BBINOJIHSIETCS
cJleIyIolee yCJIOBHE PEryJIsipHOCTH: Jyisi Jiioboro a € A cymectByer takoe e € V, uro aA = eA (B
9TOM CJIydae TOBOPAT, 9TO A - KOMMyTaTWBHAsl peryispHas aarebpa). Vaemmnorent e € V nazoBem
Hocumenem Jijis dyieMenta a € A, ecm ea = aunuz g € V, ga = a, ciaenyer, 4ro e < g. Herpynno Bu-
JIeTh, ITO HOCUTEJb JIJIS @ BCEr/Ia CyIecTBYeT (ero Mbl OyaeMm o6o3HadaTh depe3 s(a)) u aA = s(a)A.
O6o3naqanmM depe3 i(a) - MHBEPCHBIN 3JEMEHT K @, KOTOPBIH OHO3HAYHO OIPEICISETCS YCIOBUAMIU:
ai(a)a = a n i(a)ai(a) = i(a).

IIycts o — KOHEYHass CTPOrO IOJIOXKHUTEIbHAA O-aINTUBHAs Mepa Ha OyseBoit anredbpe V. s
a00bIxX a,b € A nosoxum p(a,b) = p(s(a —b)). dcuo, uro p siBisiercst MmeTpukoit Ha A ¥ TOIOJIOTUSI,
HOPOXK/IeHHas1 p, Hajessier A cTpyKTypoil Torosorndeckoro Kosbia. Mbl npejmnonaraem, 1aro (A, p) -
[OJTHOE METPUYECKOE ITPOCTPAHCTBO.

[Iycts B — npousposibHast mogairebpa B A. Jluneitnoe orobpaxkenue ¢ : B — A HasbiBaeTcst dudhghe-
peryuposanuem, eciu §(ab) = d(a)b + ad(b) st Beex a,b € B.

B pabore [1] nokazano, uro eciu nuddepeniuposanue J, olpejesieHHoe Ha nojgairedpe B obsaaer
CBOICTBOM

(S)  s(d(a)) < s(a) ms moboro a € B,

TO ero MOXKHO MPOJIOJIZKUTH J10 jud depeHnupoBanusi, OlpeIeIeHHOro Ha Beeit airebpe A (eciu V C B,
To ycsosue (S) BeinosHsiercst apromarndeckn [1]). CremoBaTenbHO, CyIECTBYeT HPOJOJIZKEHNAE U HA
JIIoboe TIpoMerkyTodHoe pacmupenne B. B mganHO#t paboTe mccieayeTcss BOIPOC: I KAKUX TAKUX
pacmupenuii B upojoskenune guddepenipoanus 0 6yiaer eauHcTBeHHbIM. [lokazaHo, 4To cpeju
BCEX TAKHUX PACIIMPEHUil cylecTByer Haunbosbliee - F(B) u nan crocob ero nocrpoenusi (Teopema 1.),
Ipu 9TOM, HanboJIbIIIee PACITUPEHIE HE 3aBUCUT OT J.

Dror pesyabraT MMeeT uHTepecHoe npuioxkenue. [lycrs A = S[0, 1] - anrebpa usmepuMbix QyHK-
muii Ha orpeske [0, 1], npodakropuzoBanHas O OTHOIIEHUIO paBeHCTBa moutn Beioay; D[0, 1] - o6-
pa3 npu 310ii dakropusanuu ajaredpbl Beex mouru ey auddepennupyembix dyuknuii va [0, 1]. Ha
DI0, 1] paccmorpum ecrectBerHoe TuddepeHImpoBanne §, HOPOXKIEHHOE B3siTHeM Tpon3BoHOiL. Torma
E(DJ0,1]) coBnasaer ¢ aarebpoii Becex MOUTH BCIOAY AIIPOKCHMATHBHO JAuddepeHnupyeMbix by K
ua [0, 1] (Teopema 2.) (kak 0OBITHO, PABHBIE IIOUTH BCIOLY (DYHKIIMN OTOXKIECTBIISIIOTCH). V1 MOCKOIBKY
9Ta ajrebpa sBisteTcsi cobcTBeHHOI mogaarebpoii B S[0, 1], To ma camoit anrebpe S[0, 1] cymecrsyer
6oJ1ee OIHOIO IPOIOJIXKEHUS 0.

[Tycts B - momanrebpa B A. Pacemorpum cremytontie nommuoxkectsa B A: L(B) - moganrebpa,
nopoxjenuas B u V; J(B) = {ai(b) : a,b € B}; C(B) - 3ambikanne B B Merpuke p; Z(B) - nemnoe
sambikaane B; E(B) = (CoZoCoJoL)(B).

B [1] nokaszano, uro eciu V C B, to J(B) u C(B) - nopanredbps! 8 A. Kpome Toro, Z(B) - Takxe
nogasnrebpa B A [2]. Tlosromy E(B) - nopanrebpa B A.

Ilpennoxenue 1. Ilycre B - nomanrebpa B A. Torma
L(E(B)) = J(E(B)) = C(E(B)) = Z(E(B)) = E(B).

HokazarenscTBo. Taxk kaxk V C E(B), to L(E(B)) = E(B). lanee, nuBepcust i eCTb H30METPHUSI
orHOcHTETHHO MeTpukH p. [losromy (CoJoL)(B) 3aMKHYTO OTHOCHTEJIBHO 4. I1ycTh @ - 1esIbit a/eMenT
orrocurenbHo (C'oJoL)(B). B [1, IIpemioxenue 2.3] nmokazaHo, 94To CyIIeCTBYeT TAKOE U3 bIOHKTHOE
pasbuenue s(a) = s1V $o V -+ V 8, 9TO JUIsd Kaxkaoro j = 1,..,n Haiijercs Takoil yHUTApHbII
nosmuoM pj(x) ¢ xKoabduuuenramu usz (C o J o L)(B), uro pj(as;) = 0 u s(p;(0)) = s;. Ho rorza
i(a)s; OyaeT KOpHEM YHHTAPHOI'O MOIMHOMA ¢j (), B KOTOPOM IIPOMEZKY TOUHBIE KOI(DHUIHEHTH (KpoMe
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KpailHIX) COBIAIAIOT ¢ KoadduImeHTaMu p;j(2), HO PACIIOIOKEHbI B 0OPATHOM IIOPSIJIKE M JOMHOZKEHBI
Ha i(p;(0)), a cBoboambIit wien g;(x) pasen i(p;j(0)). Ilosromy Bee i(a)s; ABISIOTCS IEIBIMI SIEMEHTAMIE
orrocurensHo (C o J o L)(B). Henbim 6yner u ux cymma, r.e. - i(a). [losromy (Z o C o Jo L)(B) -
3aMKHYTO OTHOCHTEJNIbHO 4. CiiesoBaresibHO, 3aMKHYTO oTHOCHTENbHO § 1 E(B) = (CoZoCoJoL)(B),
re. J(E(B)) = E(B).

Tak xkaxk C' o C = C, 1o C(E(B)) = E(B).

[Tycrs a - nesbtii sement oraocuresnbho F(B). Torpa a - kopenb yaurapHoro nojauaoMa p(x) = ™+
a1z '+ ... +a, c kosbbunuenrtamu uz F(B). KaxIplil 371eMeHT aj, eCTh IpeJiesl MOC/TeJ0BATeTbHOCTH
ax; € (ZoCoJoL)(B), re. misa moboro € > 0 Haiigercss rakoit Homep | u s € V, u(s) > 1 — ¢, aro
aps = ag. Torma (as)” + ay(as)” ' + ... + ay = 0. Ho, B atom ciy4ae, as € (Z o C o J o L)(B),
Tak Kak nogairedbpa (Z o C o J o L)(B) - nenozamkuyra. Kpome toro, oueBuHo, uro p(a,as) < &,
ciretoBaresiblo, a € E(B). 9o o3nadaer, uro Z(E(B)) = E(B). O

Ilpennoxkenue 2. Ilycrs B - momairebpa B A, § : B — A - muddepennupoBanue, 0bJagaomee
cpoiicreom (5). Torma cymecrByer poBHO onHO nuddepeniuposanue 0 @ F(B) — A, Takoe, 4ro
0r(b) = §(b) mns Bcex b € B.

HokazaresbcrBo. B [1] nokasano, 4to npu mnocsieoBaresibHbix pacimpenusx L, J, C moboe mudde-
peHIupoBaHue, obJaaolee cBoiicrBoM (\S), npojgoinKaercs 10 Aud epeHupoBaHus e MHCTBEHHBIM
obpazom. Tam ke MoKa3aHo, ITO eC/IH IMofgaIredpa 3aMKHY Ta, PEryJspPHA U COIEPKUT BCE UIEMIOTEHTEI,
TO J1000€e muddepeHnpoBaHTe OTHO3HATHO IPOIOIKAETCS C 9TOH MogaIredphl 10 AuddepeHInpoBa-
HHUsI Ha, JIIOOOM [IPOCTOM I1eJIoM ee paciupenny. Ecim 661 Ha (ZoCo.Jo L)(B) 66110 66l JiBa pa3/InaHbIX
[IPOJIOJI?KEHNUSI, TO OHU MMeJIH Obl pa3/IMJIHble 3HAUEHUSI Ha, HEKOTOPOM IIeJIOM 3JIeMEeHTe OTHOCUTEIHHO
(CoJo L)(B), 4o npoTuBOpedmnsio Obl BbilieckazaHuoMy.[]

Teopema 1. IIycmv B - nodanzebpa ¢ A, 6 : B — A - dudepernyuposanue, obradarowee ceoticmeom
(S). Tozda E(B) - naubosvwui ssemenm 6 pewemke 6cexr makur pacwupenut By nodanzebpo. B, das
KOMopux cywecmseyem posro 00no duddepenyuposarue 61 : By — A, obaadarowee ceoticmeom (S) u
NPOGONHCAIOWEE 0.

HokazareabcTBo. JlocTaTodHo 1MOKa3aTh, 9TO ecyim B - 04HO0 U3 pacmmpenuit B, onmucanubix B hop-
MyJIIpPOBKe TeopeMbl, T0 By C F(B).

[Tpeanonoxkum, ato 910 He Tak. Torma Haiijercsa smrement a € Bi,a ¢ E(B). Ilyers By - mo-
nmanrebpa, nopoxienuas By u E(B). B E(B) cymecrByer HanOOJIBIINI HIEMIOTEHT S, TAKOil, ITO
sa € E(B) us < s(a). 9ro caeayer u3 3amkuyroctu F(B). OgeBngno, aro s < s(a), Tak Kak
a ¢ E(B). Ilosromy a(s(a) — s) - ciabo TpaHCHEHIEHTHBIN ssiemMeHT oTHOcuTenbHo F(B) [1]. O6o-
sHauuM uepe3 dp - auddepennupoanne Ha E(B), siBisionieecs: eJINHCTBEHHBIM POJIOJIZKEHUEM J.
Torpna [1] vHa Bg cymecrBytor nsa auddepeHnupoBanus do1 U 022, HPOJOJIZKAIOIIME Of, TaKUe, 4TO
da1(a(s(a)—s)) =0, d22(a(s(a) —s)) = s(a) — s. [Tosromy d21(a) = dp(as),daa(a) = 0r(as)+ (s(a) —s).
Tax Kak cykeHust do1 U 092 Ha By ocrarorcs qudpepeHInpOBaHISIMEI, TO MbI IIPUIILINA K TPOTUBOPETUIO
¢ BeIOOpOM Bj.[]

Jasee B KadecTBE KOMMYTATHBHOI peryssipHOil aiaredpbl Mbl OyjieM paccMarpuBarh aurebpy S|0, 1]
u B Heit noganrebpy DI0, 1].

o
IIpennoxenune 3. E(D[0,1]) coBuasaer ¢ MHOXKeCTBOM KiaccoB GyHKIW Buga f = Y x4, - ¢i, L€

i=1
A;iNAj=0upui#j, N(JA:) =1, g; - nouru sciogy nuddepenrupyemsie dbyukuun na [0, 1].

HoxkazaTeabcTBo. ObozHaunM uepe3 B mopaarebpy KjiaccoB pyHKINN YKa3aHHOTO B (DOPMYIHPOBKE
Buya. Jlerko Bujers, uro By C E(DJ0,1]) n V(S[0,1]) C By.

o
Hamnee, nycts (*) f = > x4, - g5, tne A;NA; = 0 opu i # j, A(UAi) = 1, g; - nourn Bcioxy
i=1
(o)

mddepentpyempre dbynkimn Ha [0, 1]. Pacemorpum dynkimio fi = > xa, - 9; L Baecs cuempyer
i=1

NOSICHUTD, YTO MMeeTcsl B BULy 1o byHKimeit g; *. D10 byHKIMs UMeeT MHOMKECTBO HYJIel - TaKoe
we Kak my g; u g; [(t) = (gi(t)) ™' B ocTanmbHbX ToUkax. ITokaxem, uto dbymkims g; ' mowTH BCoLy
annpokcuMaTuBHo auddepennupyema. Byjem paccMarpuBarh ToJIbKO Te TouKu orpeska [0, 1], B KoTo-
pbIX g; - muddepentupyema. Ecim ¢y - ogna u3 takux tovek u g;(tg) # 0, To ty UMeeT OKPECTHOCTD, He
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COJIepKalIlyIo HyJlelt g;, U TOTJa g, U depentmpyema B to. Ecom t - TOUKa IIOTHOCTH MHOMKECTBA,
HyJIeit g; (€ciiu, KOHEYHO, MHOYKECTBO HyJIell g; IMeeT HEeHyJIeBYIO Mepy), TO g; L umeer myneByio ar-
IPOKCUMAaTUBHYIO IIPOU3BOJIHYIO B TouKe tg. Iloaromy dynkuus g; ! . ourH BCoy annpoKCHMATHBHO
muddepenipyema. Torna us [3, Teopema 3.1.16.] crexyer, uro g; ! rakaxe mveer suz (*). Hostomy u
f1 mmeer Bug ().

Hcno, uro knacc dynkuuu fi Gyaer unsepcueit kiaacca dyukiun f. [Tostomy J(B1) = Bj.

[Tycrs [f] - npenenbras Touka Bi. Torma mis mo6oro € > 0 Haiifercss TaKoe M3MEPUMOE MOJMHO-

o0
kectBo A B supp(f), aro mepa supp(f)\A menbiie € u [fxa] € By. Hosromy f = > fn, rue Bee
n=1

[fn] € By u supp(fn) N supp(fm) = 0 upu n # m. Jlerko Bugers, uro Torma f umeer suj (*) u mosromy
[f] € B1. Cuenosaresnsho, C(B1) = Bj.

Ocrasiock nokazars, uro Z(B1) = Bj. Ilycrs kiace usmepumoii dbyukiun f upunagexur Z(By).

Torya cyiecTByroT Takue MOIAPHO HellepeceKaroluecs: u3Mepumble nojvuoxecrsa A; C supp(f),i =
[e.@]

1,...,00, ato A(|J A;Asupp(f)) =0, fxa, - KOpeHb YHETAPHOTO MHOTOHUJIeHa p; (1) = ™ + ajz™ ! +

et ap,, KOS@@ZH&HeHTBI KOTOPOT'O UMEIOT BHUJ A = Gk X A,, TI€ g - HoUTH Beiony auddepeHnupyeMast

dbyuxius wa [0, 1]. TIpu sTom s mo6oro usmepumoro noamuoxecrsa A C A; dyuknus fya He

Oy/1eT KOpHEM aHAJIOMMYHOTO YHUTAPHOI'O MOJMHOMA CTeleHn MeHblie, dem n; |1, Ilpensoxkenne 2.3].

Ecmu n; =1, To fxa, = gxa,, rae g - nourn Bciogy nuddepennupyemas ynknus Ha [0, 1]. Haree
paccMoTpuM caydait n; > 1.

Jlerko BUIETD, YTO HPU yKA3aHHBIX YCJIOBHUSX I MOYTH BeexX t € A; wmceno f(t) Oymer mpocTbim
kopHeM Muorowiena p;(f(t)). Sadurcupyem ommo Takoe to.

Hycts 29 = (ai(to), .. an,;(to), f(to)) € C¥*L. Pacemorpum dbymxmmio F(by, ..., by, y) = y™ +
biy™ Ll + ... + by, ma CHL Ira dbynxkima muddepenmupyema B soboit Touke CU L F(z)) = 0
u F) = ngy" 1+ (ng — 1)bry™ 1 4 ... + by, 1. Ilpu srom F)(20) # 0, Tax xax f(to) - mpoctoit Kopens
pi(f(to)). Tak kax F - nenpepbisnas (yHKIUs, TO CyIIECTBYET TaKas OKPECTHOCTH V(o) TOUKH 2p,
uTo jyis moboro z € V(z) 6yner Fy(z) # 0. Kpome Toro, Bce ocrajibHbIe YacTHBIC TPOU3BOHbIC

ék — ynifk:
npumep, [4, 1.6, §5]). CrenoBarensHo, cymecrByeT Takast okpectHocts W touku (a1 (to), ..., an, (to)),
aro W npuHayieskut coorBercrByioleii npoexmu V (zp), u euHcersenHast auddepennupyemasi GyHK-
must G : W — C, rakue, uro G(ai(to),...,an,;(t0)) = f(to) n F(w,G(w)) = 0, nua secex w € W.
Haiinercs takoe € > 0, uro (ai, ..., an,)((to — &,t0 + €)) C W. Cymecrsyer rakas auddepeHnupyemast
nouru Beoay Ha [0, 1] dyukuus gy, koropast Ha (tg — €,1o + €) coBuanaer ¢ G o (ay, ..., ap,; ).

Taxum o6pazom Ha MHOX)KecTBe (tg—¢, to+¢€)NA; ecThb JiBa KOpHst nosmHOMa p;: f(t) u gy, OueBnHo,
9TO Ha IIOJMHOYKECTBE ITOTO MHOYKECTBA, HA KOTOPOM 3TH (DYHKIMU pasziudsbl, f(t) Gymer KopHEM
nosimHOMa crenienu Menbiie, deM n;: ((pi(f) — pi(ge,))/(f — 9t,))- CaemoBarenbHO, 5TO HOIMHOKECTBO
nMeeT Mepy Hyilb, T.e. f(t) u gy, coBHasaloT nouru BCoAy Ha (tg —,tp + &) N A;.

MuoxkecTBO A; - U3MEPUMO, TIO3TOMY COBIAJIAET MOYTH BCIOJY CO CYETHLIM JU3bIOHKTHBIM 00be 1~
HeHneM KoMIakToB. [TosToMmy A; uMeeT cueTHOe MOKPLITHE WHTEpBAJIaMH YKA3aHHOTO BBIIIE BUJA, HA
HepeceveHnsiX ¢ KOTOPbIMU (DyHKIMS [ COBIJaeT ¢ HEKOTOPOi mouTu Beromy juddepeHinumpyemoii
dyukiumeit.[]

- HelpepbIBHBI. 1109TOMY BBIIIOJIHEHBI BCE YCJIOBUSI TEOPEMBI O HesiBHOM GyHKIuM (cM., Ha-

Bameyanne. D[0,1] comepxkur He Bee muemnorenter S0, 1].

IIpumep. Ilycrs f = x4 m.B., e A - 3amKHyTOE HuUrje He 1I0THOE MHOXKecTBO U A(A) > 0. Torua
MHOKECTBO TOUYEK, B KOTOPBLIX f MMeeT IPOU3BOJIHYIO, UMeeT BHEIIHIOI Mepy He Goiiee, dem 1 — A(A).

IleficTBuTeIbHO, B JIIOOOI OKpECTHOCTH JIF0OOI ToUKHU 1ioTHOCTH A HaiiayTcs mpoobpassl u 0, u 1.
[Tosromy B TOUuKax miaorHoctu A dyHKIus f He nMeeT MPOU3BOIHYIO.

IIpengioxkenue 4. E(D]0,1]) coBuasaer ¢ nomaarebpoit Beex KJIACCOB, B KaXKJOM U3 KOTOPBIX €CTh
XOTs OBI OJIHA MTOYUTH BCIOIY ANMPOKCUMATHBHO guddepennupyeMast (pyHKITHS.

o
HoxkazarenscrBo. Ilycrs f = Y x4, - gi, tne A;NA; =0 upu i # j, N(|JA;) =1, g; - mouaru Bciogy
i=1
muddepenrupyembre dyukinun va [0, 1]. He orpannyuBast 061IIHOCTH MOYKHO CIUTATH, YTO JIEOOAsi TOUKA
MHOXKeCTBa A; sIBJITETCsI €r0 TOUYKOI IJIOTHOCTH M B 9THX TOUYKAX CYIIECTBYET IIPOU3BOIHAS (DYHKIHH
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gi- OueBuiHO, 9TO B 110601 TOUKE t € A; pyHKIUs f UMEeT allpOKCUMATABHYO IPOU3BOIHY O, PABHYIO
gi(t). losromy f - mouru BCrofy annpokcuMmaruBHO auddepennupyemas yHKIMsL.
O6parnoe yrBepxjienue cieayer u3 |3, Teopema 3.1.16.].0

Teneps HAM HY2KHO [IOKa3aTh, UTO MOYXKHO KOPPEKTHO OIPEJIE/IUTh ecTecTBeHHOe nuddepeHImpoBa-
uue Ha D|0, 1], HOpokIeHHOE B3sITHEM [TPOM3BOIHOIA.

IIpennoxenune 5. Ilycrs f u g - nouru Berony auddepennupyembie dbyakimu va [0,1] u f = g m.B..
Toraa MHOXKECTBO TOYEK, B KOTOPBIX f U ¢ MMEIOT KOHEYHYIO POM3BOAHYIO, uMmeeT Mepy 1 u f/ = ¢’
Ha 3TOoM MHOXkKecTBe. Kpome Toro, f/ u ¢’ mamepuMbl Ha 3TOM MHOXKECTBE.

HokazareancrBo. @yuknus h(t) = f(t) — g(t) umeer nouru Beogy npoussoaHyio, pasuyio f/(t) —
g'(t), mpu srom h(t) = 0 m.B. 1 h uUMeeT NPOU3BOJHYIO HOYTH BCiofy. 1109TOMY B Tex TOUKax t, rjie
cymecrsyer h/'(t) u tme h(t) = 0 6ymer h'(t) = 0, Tak Kak 9TO MHOXKECTBO IOJHONH MePbl U HOTOMY
Bcoay twiorno B [0,1]. O

[Iycrs [f] € D[0,1], f umeer xoneunyio npoussognyio f wa muoxkecrse A C [0,1], A(A) = 1.
Monoxum 6p([f]) = [g], tae g(z) = f(z) gz € A u g(x) = 0 na nononuennu A. VI3 npesroxennst
5. caemyer, 9To dp - KOPPeKTHO onpejesentoe juddepennuposanue uz D0, 1] B S[0, 1].

IIpennoxxenune 6. duddepennuposanue dp obaagaer cBoiictBoM ().

Hoka3zaresnbcrBo. Ilycrs f - mourn Berogy muddepennupyemas dbyukiust Ha [0, 1] u nycrs N(f) -
MHOXKeCTBO HyJsieii f - umeer HeHyseByio Mepy. OdeBuyHO, uTo eciu t - Touka miorHocru N(f) u B
9TOl TouKe cymecTByer npousBognas f, o f/(t) = 0. O

B ([5], r1.IX, §11) nokasano, 9To CymiecTByIOT u3Mepumble hbyHKIUH, KOTOPbIe HE HMEIOT KOHEYHO
AIIPOKCUMATHBHON IPOU3BOJHON 1oYTH BO Beex Tovkax u3 [0, 1].

IIpensioxkenne 7. Ilycrs f - Takas usmepumasi dyHkims Ha orpeske [0, 1], 4ro He cylecTByer Ko-
HEYHON AlIPOKCUMATUBHON pon3Bo/Hoil nourn seroy B [0, 1]. Torna [f] ¢ E(D|0, 1]).

HoxkazareabctBo. llycrs f = g n.B.. Eciin g umeer anmpoKCUMaTUBHYO ITPOU3BOIHYIO B TOUKE t(, TO
U f mMeer annpoKCHMATHBHYIO TAKyIo ’Ke IPOM3BOJIHYIO B 9TOH TOUKe, TaK KaK HepecevdeHre JI0Ooro
M3MEPHMOIO MHOXKECTBA ¢ MHOYKECTBOM IIOJIHOM Mepbl (Tam, rje f = ¢g) UMeeT Takylo Ke Mepy, 4To
CaMO MHOXKECTBO, U TOUKH IIJIOTHOCTH Y 9TUX MHOXKECTB coBIaatoT. Ciie/I0BaTe/IbHO, g TaKKe HE NMeeT
KOHEYHOIi alllIPOKCUMATUBHOM pon3BoiHOil 11.8. B [0, 1]. D10 o3nauaer, uro [f] ¢ E(D|0,1]). O

W3 npenyioxxkenuit 3 - 7 BITEKAET CJIEIYIONIA

Teopema 2. ITycmo S[0,1] - anzebpa scex usmepumwmzr gyrnxyut na ompesxe [0, 1], npoparmopuso-
sanHaA NO omHoweruto pasercmsa nowmu 6crody; D[0, 1] - nodanszebpa 6 S[0, 1], nopootcdennasn ecemu
noumu 6crody dugppepernyupyemvimu dynrkyusmu na [0,1]. Toeda E(DI[0,1]) cosnadaem ¢ nodanzebpoti
6 5[0, 1], nopoorcdennoti scemu nowmu 6100y annporcumamuero dudhepenuupyemvim GYHKUUAMU Ha
[0,1]. Kpome mozo E(D]0,1]) # S[0,1] u na S[0,1] cywecmeyem 6oaee odnozo dudgeperyuposarus,
npodoastcarousezo Op, KOMOPoe NOPOHCIEHO 83AMUEM 00bUHOT NPOUIBOOHOT HA MHOHCECEE NOAHOT
MEPDL.
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CUHIVJIIAPHAA SAJAYA PUMAHA — I'JIBBEPTA B CJIO2KHBIX
OBJIACTAX

C. N. BEspoaHbIX, B. . BjIACOB
BBIYUCIUTENBHBIN HEHTP UM. A.A. JIoPOOHULILIHA PAH
MockBA, Poccusa

B o00dnoceastotli obaacmu caodchozo suda paccmompena 3adavwa Pumana—Iluavbepma ¢ pas-
PBBHBIMU KoIPPuyuenmamy u ycaosuamy pocma. C nomowpio xKonpopmnozo omobpastcerus
maxaa 3adaya ceedena K aHaA02uMHOT 3adave 8 seprHel nosynaockocmu. Kongopmmoe omob-
pasicenue nocmpoero 0ai 08Yx Kaaccos obaacmets caodichol gopmoi. as 3adawu Pumana —
Tuavbepma 6 eprHeti NOAYNAOCKOCTNAU C KYCOUHO—2EAbIEPOGHMU KOIPPHUUUEHMAMU U YCAOBU-
AMU POCA DAGHDL TNEOPEMDBL O DPA3PEULUMOCTY U NPEICTNABACHUSA UCKOMOT HYHKUUL C UCTLONb-
306anuem urnmezpanos muna Kowu. Ilpu nomowu noayuernnot dopmyas, muna Hxobu 0ias
Ppynryuu Jaypuvesiv, pewenue Kpaesots 36044y ¢ KYCOUHO—NOCTOANHDMY KOIPPHULUEeHMamu
npusedeno ¥ eudy unmezpana Kpucmoppean — Illsapua.

1. BBEJEHUNE

1.1. Bazaua 0 HOCTPOCHUH AHAJUTUICCKON (DYHKIUM IO 3aJ@HHOMY COOTHOIIEHUIO MEXKIy ee Be-
IECTBEHHOM U MHUMOI YacTsIMU Ha IpaHuIe o0JacTH, HasblBacMas 3ajadeil Pumana — ['uibbepra,
BOCXOJIUT K KJlaccudeckuM paboram [1], [2]. Dra 3amada u ee 0600IEHNsT SBUINCH IPEJAMETOM MHOIO-
quCJeHHBIX uccenoBanuit [3|-[10], npudaem jist psijia K1accoB mogo6HbIX 38189 ObLIO HOJIYYeHO HOJITHOe
pelllenne, ITO HAIIO OTPpaykKeHHe B M3BECTHBIX MoHOrpadusax [11]-[15].

Bagada Puvana — I'mianbepra u ee 06o6mmennst [10]-[13], [16], [17] maxonsT MHOrOOOpa3HbIe IpHMe-
HEHHUsI, B TOM YUCJI€ B TEOPUU YPABHEHUH SJIIMITHYIECKOTO U CMEIIAHHOIO TUIIA U TEOPUH IICEBI0AHA-
murndecknx dynkiuit [11]-[23], B 3amauax rugpo— u aspopunamuku [14], [15], [19], [24]-[30], 3amagax
PaCIpPOCTPaHEeHNs BOJIH U COOTBETCTBYIONIMX 00paTHBIX 3aja4ax [31]-[37], a Takske B 3a1a9aX 9/1€KTPO-
mm3a [38], B Teopun HeHTpOHHBIX 3Be3[ [39], B 0OpaTHBIX 3aadax UMIIeIaHCHON ToMorpadun [40], [41]
¥ MH. JIp.

Baxkuple mpuoxkennst HaxoguT 3aaada Pumana — 'manbepra B pusuke miIasMbl, B TOM UHC/E TPA
MozesinpoBannn 3bdeKTa MarHUTHOrO 1epecoeuHenust [42]-[47], sexkaiiero B 0CHOBe TaKuXx siBJI€HUIA,
KakK COJIHeYHble BCIbImKy [48], maraurocdepusie 6ypu [49] u numoobpasuble cpbiBbl B TakoMakax [50].

1.2. B macrosmeit pabore paccMoTpena 3agada Pumana — ['mabbepra B OJHOCBS3HBIX 00JIACTAX ¢
CJIOYKHOM (POPMBI, IPUUEM HCKOMasl aHAJTUTHIECKast PYHKIUs f MOIINHEHA YCAOBUSIM POCTa B HEKO-
TOPBIX TOUKAX I'PAHUIILI 00JIACTH.

C nomotnpio KOHGOPMHOTO OTODpaXKEHU (© : g&nEH obJrtacTt ¢ Ha BEPXHIOIO MOJIYILIOCKOCTDL H 1=
{Im¢ > 0} ucxomnas 3ajava OTHOCHTEJIBHO f CBOJUTCS K aHAJIOrMIHON 331ade B H oTHOCHTENBHO
F=fo (p_l.

st 3agaan Pumana — ['aasbepra B mosrymiockoctr H ¢ KycoaHO—Te1bnepoBbiMu Ko durmeHTamu
U YCJIOBUSIMHU POCTA JTAHBI TEOPEMBI PA3PEITUMOCTH, & UCKOMast (PyHKINA F IIpecTaB/IeHa ¢ IIOMOIIHIO
(Mo uIpoBanHbIX ) HHTErpasoB THna Kormn.

it cotydast KyCOIHO—TIOCTOSIHHBIX KO3 uiimenToB 3a1a4n ee pemrenne F mpeoOpa3oBaHO K BUILY
unrerpajia Kpucrodpdens — [lBapua, T.e. moKa3zaHo, 9T0 HCKOMasl aHaUTHIecKast pyHKIms f = Foyp
OCyIIeCTBJIsIeT KOH(MOPMHOE OTOOpaXkenne 00JACTH ¢ Ha HEKOTOPYIO OJHOCBSII3HYIO MHOI'OYTOJIBHYIO,
BOODIIE TOBOPST HEOIHOJUCTHYIO, 00/1acTh. Takoe mpeodbpa3oBaHue yIaJI0Ch OCYIIECTBATDH MIPU ITOMOIIH
yCTaHOBJIEHHOH B pabore dpopmysibl Tuna Axobu s dyuxkmuu F gl) Jlaypugesnt (em. 1. 2.1).

1.3. B pabore crpourcs kordopMmHOe orobpaxkenne ( = (z) Jis JBYX KJIACCOB OJHOCBSI3HBIX
obJracrelt g, B KOTOPBIX paccMarpuBaeTcs 3aga4da Pumana — ['uibbepra. K nmepBomy Kjaccy oTHOCATCS

MHOTIOYTOJIbHBIE o0JiacTu. BTOpoit Kjacc cOCTaBISIOT ODJIACTU ¢, JJIsl KaXKJOH M3 KOTOPLIX MOYKHO

yKazaTb Takoe ee pacimupenne G 1epe3 nekotopyio nyry I' C 9 g, I’ # 0 g, aro otobpaxenne ¢ : G conl 1

MOXKeT ObITh 9(h(HEKTUBHO TTOCTPOEHO.
st mepBoro Kiacca, T.e. Jjisi MHOIOYTOJIbHBIX 00s1acTeil (KaK U3BECTHO, 0TOOParXKaeMbIX € IIOMOIILIO
unrerpasia Kpucrobdens — [IIBapua), npeioxkeHo jBa npueMa, obJIerdaronux perieHne OCHOBHON
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po6JIEMBI JIJIs STOIO HHTErPaJia — IIPOOJIeMbI HAX0XK ieHUst IIPo06pa30B {(j; } BEPIINH HCXOHOIO MHOIO-
yroJapHuKa ¢g. [lepBoIit ©3 9TUX TPUEMOB JAET CIIOCO0 aHAJTUTUIECKOTO IIPOIOJIKeHUsT U 3(OHEKTUBHOTO

BhrancieHust pyuknun Jlaypuaesmisr F gL), durypupyromieit B cucreMe HeJUHEHHBIX ypaBHEHUH I
npoobpaszos {(;}. Bropoii npuem 1osBosisier HAXOIUTH XOPOIee HAYAJIbLHOE MPUOJINKEHUE JIJIs UCKO-
MbIx {(k }, 9o obecrneunBaer adbdekTuBHOCTH MeTo1a HBI0TOHA, 0OBIYTHO UCIIOJIB3YEMOTO JIJisi PEIlleHUsT
YKa3aHHON CUCTEMbl HeJIMHEHHBIX ypaBHCHUI.

st Broporo kjacca obJacTeil IpeJyioyKeH aHAJIUTHKO—IUCIEHHBII METO/T IIOCTPOEeHMST KOH(DOPMHOI'O

oTOOpaKeHUs © : g&nﬁH B BUJIE IIpeJiesia IOCJIeI0BATEIbHOCTHU {go N } N, TIe
N (2) =To [0(z) e O]

3iech T — KBajpar ApobHO—JInHEHON (hyHKImN, a o (2) — JinHeliHas KOMOUHAIMs CTelleHel 0To6-

conf
pazKeHusl q> G—>H TaKaH IIOCJIEJOBATE/IbHOCTL CXOJUTCA B g U JIOIIYyCKa€T HEOI'DaHUYIEHHOE ,H,I/I(l)

depeHnupoBaHre BHYTPU ¢ U HA aHAJUTHYECKUX KycKax qayru 7y := dg \ I

1.4. Pazj. 2 nocssiieH NocTpoeHno KOHGOPMHOro 0TobpazkeHus obJIacTeit g mepBoro Kiacca (MHO-
rOYTOJIBHUKOB) U PEIeHUIO COOTBETCTBYIOIIEl IpobsIeMbl TapaMeTpoB [t nHTerpaia Kpucroddeis
— [IBapma. B pazz. 3 uznoxken Meros mocTpoeHnsi KOHMOPMHOIO 0TOOpaXKeHUs JjIst BTOPOTO KJrac-
ca objracreit g. Paza. 4 mocsamen 3amade Pumana — I'mipbepra B mosymmockoctu H ¢ KycodHo—
reJibJIepoBbIMu KodddunimenTaMu u ycjaoBusaMu pocta. B pasz. 5 pana dpopmysia tura Skobu s GdyHK-
nuu Jlaypuaemisr F [()n); C ee TTOMOIIBIO pernenne 3a1a9u Pumana — 'misbepra ¢ KyCOTHO—TIOCTOSTHHBIMU
ko3 durmentamu mpeodbpazoBaHo K Buay naTerpasa Kpucroddens — I[Isapra.

2. KOHOOPMHOE OTOBPAYKEHUE MHOTOYTI'OJIbHBIX OBJIACTEN

2.1. TIpexne Bcero mpuBeieM onpejenenue dyHknuu Jlaypuaesst 51|, urparorreil BaxKHY0 poJib
B JlaJibHElIeM. JdT1a QyHKIUsI, obo3Hauaemast F gl) (a;b1, ..., bp; ¢;1, ..., Ty) WM, GOJIEE KOPOTKO,
F l()n) (a; b, c; ¥), OIpeJIeJIsieTCsl TIPU [OMOIIU UHTErPATBHOIO [PEeJICTABICHNUS
NCI .
- c
Fm ayb; ¢c; ¥) = ol (1 —p)eat 1—ta) " dt, 1
D ( ) F(Q)P(C—CL) ( ) H( l) ( )
A -
rie I'(s) — ramma—dyukims; kpome Toro, B (1) ucrosb30Banbl 0603HAUEHUS

b= (b1, bay ..., by), Z:= (1, T2, ..., Tp).

Oynxnus Fl()n) (a; l;; ¢; ¥) saBasieTcst 0bobIeHneM runepreomerpudeckoii dyukimn laycca F'(a, b; ¢; x),

1
F(a, b; ¢; ) ' = ———— F( c—a) /t yeror (1 —ta) "t (2)
0

Ha cjiydail n KOMIIEKCHBIX IIEPEMEHHBIX Z1, ..., T

OyuKIms Fl() n) (a; b; c; Z)upn ¥ € {|zg| < 1,1 = 1, 1, n} npejcraBuMa B BUJIE CJIEJIYIONIErO Psijia
(o]
> (@)jk| (01)ky - - - (bn)k
I3 ab; c; &) = . gk gk 3
D ( ) ) II;O (C)|k| k‘1' kn' 1 n o ( )
riae k = (ky,...,k,) — MysabTHHHIEKC, JJIst KOTOpOro BesimuuHa | K| onpenensiercs no dbopmyite |k| =

>y ki Dror psn aBisieTcst 06001IEHIEM THIIEPIEOMETPHIECKOIO PsJIa, CIPABEINBOIO 1jIst (OyHKIHH

F(a, b; ¢; x) npu |z| < 1:
oo
F b. .
(CL, y G ':E Z kk' )

k=0
B 9T0i1 hopmyste Tak ke, Kak u B (3), BeIpaxkeHue (a); obozHauaer cumsost [loxrammepa [52]: (a)y :=
ala+1)...(a+k—-1) =T(a+k)/T(a).
2.2. Ha xomiekcHOil mi1ockocTu z paccMoTpuM N —yroJibHyI0 00JIaCTh ¢ C BEPUIMHAMH Zk, BHYT-
pPeHHMe YIJIbI B KOTOPBIX paBHBI Ty, k = 1, N. i mpocToThl mpeamnoaraeM, 4To odJIacTh g HE
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COJIEPKUT BHYTpU CeOsi TOUKM z = 0O, U BCE €€ BEPIIUHBI 2j, KOHEYHbBI 38 UCKJIIOUEHUEM, ObITh MOXKET,
ZN -
[Tycrs dyukus ( = ¢(z) ocymectsisier KOHGOPMHOE 0TOOpaXKeHne 00JIACTH ¢ Ha BEPXHIOK MOJIy-
mwiockocThb H ¢ ycioBusimu
p(21) =0,  plazn-1)=1,  ¢(zn) = o0. (4)
Tora obpaTnoe oTobpaxkenne z = ¢~ 1 ({) npencrasisercs B Buie unrerpaisa Kpucropdens — [Isap-
na [53]

¢
w—l(g):lc/tal—l (t —1)on-171 H — )™ dt + 2, (5)
0

rie Cx = p(zr) — HeusBecTHBIE TPOOGPasbl BepiuH 2z (K = 2, N — 2), nexamue B uarepsaje (0, 1).
Ormerum, uto Beero umeercs (N — 3) HEeM3BECTHBIX POOOPaA3a.
O6o3naunM depes I Momyb naTerpasa (5), B3ATOro MeXKJLy COCeIHUME Tpoodpasamu C; 1 (ki1

Ch+1
I (G2s - - GN—2) = /tall(t— yon-1-1 H — )™t . (6)
Ck

[TpuBo/Ist IpY TOMOIIIM JTMHEHHON 3aMeHbl lepeMeHHbIX ¢ = (; + (11 — (k) T OTPE30K MHTErPUPOBAHUST
t € [Cky Cit1] K enmanaromy T € [0,1] u mcmosb3yst uHTErpaiabHOE mpejcraBieHne (1), BbIpakaem
unrerpasisl (6) depes dyukuutio Jlaypuaesibe:

- T (o) T(ck41)
1, _ :F(Ng)a'lfd';oz + g ) ————5 X
k(G Cve2) = Fpy 7 (s K Ok k15 Q) T(o T oe)
k—1 N-1
< (G — )™ [T G = T -t (7)
=1 I=k+1
Brech yepes ay, u dj 0603HAYEHDI
- . Ck+1 — Gk
ak :={01, ... Qp_1, Opt2,-. ., AN_1}; ay = {alf,...a],zfl, a£+2,...,a’f\,_1}, af = -G
a uepes 1 — Bexrop n3 emunn {1, ..., 1} mmmsr (N — 3).
2.3. Ucxona m3 suma (5) orobpaskenus o~ !({) m mcrombsys yciopue
o™ (Cor1) — 7' (GR)| = L,
rae Ly := |zp41 — 2| — mmHa k—oif cTOPOHBI MHOTOYTOJIBHUKA ¢, IIPHXOJNM K CJIEYIOIIEH cucreMe n3
(N — 3)—x ypasuennit st (N — 3)—X HEU3BECTHBIX TPOOOPA30B (2, . . ., (N—_2:
Li/In-1 = Ly/Ly_1, k=1,N—3. (8)

Criocob 1oty 4enust mogo6HbIX cucreM xopoto ussecre [54]-[56]. IToce pemtennst cucremst (8) mpebia-
TerpasIbHBI MHOXKHTENb K BBIMHCIISIETCS 110 GOpMyIIe

K= (L)Y, 0:=m(an1 + ay) + arg(z2 — 21). 9)

Pertenne 910ii crucreMbl HeJIMHEHHBIX ypaBHEHUI HAXOMUTCS C MOMOIIBIO U3BECTHOrO criocoba |54,
[57]-[59], 3akmowaromerocst B coderanun nporieypsl Heiorona [55] ¢ MeTOI0M IIPOIOIKEHNS IO Tapa-
merpy [60]. duist apdexruBHOil peanmmsalim Takoro crnocobda HeOOXOAMMO UMEThb XOPOIlee HAYAJTbHOE
npubsmzkenue Jyist Co, ... (N_2 ¥ BHICOKOTOUYHBIH METOJ BHIYUCIEHUsI HHTETPAJIOB .

MeTo/1 BBIYUCIEHUs] STUX UHTETPAJIOB JIaH B 1I. 2.4, a MOXOJ, K MOCTPOEHUIO HAYAIbHOIO TPUOJIHKe-
HUs JUts (f OMHMCAaH B II. 2.5.

2.4. Kak BujHo n3 Beipazkenus (7), Haxoxqenne HHTerpaoB I, (Ca, . . . (N—2) CBOIUTCS IO CYIIECTBY
K BbIuucjaennio pyukun Jlaypuaesst F[()N_?’) (a;b; ¢; @1, ..., 5N_3).

W3y105KUM MeTOJI BBIYUCACHUsT 9TON (DYHKIUK JJIs CJlydasi, Korja Bee (KOMILIEKCHbIE) IepeMeHHbIe
x] JIEXKAT B €IMHUIHOM Kpyre, KpoMe OJHOro (IycTb uM OyjieT 1, 9TO He OrpaHUYMBAET OOIIHOCTH),
T.€.

’Q?l‘ <1, l

2,n. (10)
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OrmeTnM, 9TO 3TOT CJIydail HEPEJIKO BCTPEUAETCs IIPHU MOCTPOEHUN OTOOPAXKEHHUST MHOT'OYTOJIbHIKOB.

Pazjaras noj 3naxom unterpaia (1) sce 6unmombr (1 — ta;) ™%, kpome coorsercrByiomero | = 1,
no crenensiv (tx;), MeHsisl MOPSIJIOK CYMMHUDOBAHWUSL U MHTETPUPOBAHUST M MCIOJIb3Ysl PEJCTABJICHUE
Ditnepa (2), mosryuaem pasioxkenue GyHKiuu Jlaypudesuibl B psiji 110 TUIIEPTeOMEeTPUIECKUM (DYHKIIUSIM
Taycca

R )1 G R G S . 1)
Fpl(ash 6 2) = ) Ol 2 F(a+ |Kk|; by; ¢+ |k|;21); (11)
KI=0 k| k2 n
saece k = (ko, ..., ky) — Myabrunnuexc; zanomuum, uro |k| := >, k. ITocKoIbKy Jyist BBIYHCIICHUS

runiepreomerpudeckoii dbyukmuu F(a + |k|; by; ¢ + |k|;21) upu nponsBosbHOM X1 XOPOIIO U3BECTHBI
sddexrunabie MeTomst (cMm. [52], [61]), a ps (11), KAk HETPYIHO OKA3aTh, CXOJUTCS [IPHU IIPUHSITHIX
yesoBusix (10), To MoKHO TOBOpHTB, uTo hopMmysa (11) gaer anamuTudeckoe npojgoKenne GOyHKINI
Jlaypudesuibl 1o 1 u npejcTapisieT 3(PGEeKTUBHBIN METO/T BBIYUCIEHHUST 9TON (DYHKIUU [IPU YCJIOBUIX
(10).

2.5. Meroq nocTpoeHus HaYAILHBIX TPUOINKEHU JJIst TTPO0OPa30B, (PUTYPUPYIOIIUX B HHTErpaJIe
Kpucroddens — Isapra (5), uziokuMm Ha npuMepe HATHYTOJBHUKA ¢, BEPIIUHBI KOTOPOTO Oy1eM
Ho-IpexkHeMy 0003Ha4YaTh 4epe3 2j, a COOTBETCTBYIOIIUE YIJIbl — uepe3 w oy, k = 1, 5. Obnactb g
PACIIOJIOKUM TaK, YTOObI BEpINUHA 2] COBIQJAJA ¢ HadajaoM KoopjauHar (T.e. z; = (), a BepumHa 24
JIexKaJia Ha MOJI0ZKUTEIbHOM BeIecTBeHHO mojiyocu. [Ipeamomoxum Takxke, aTo Im 2o < 0 u Im 23 < 0,
a MPOJIOJIZKEHUsI CTOPOH (21, 22) U (z3, 24) B HAIIPABJIEHUM TOYEK Zo U 23 [EPECEKAIOTCS B KOHEUHOI
TOUKE Zy MOJ YTJIOM T (vy (T.€. YyrOJt (21 24 24) PABEH T vy ). B ciiydae, Korja g — nsTHYTOJIbHUK, YCJIOBUST
(4) HOpMupPOBKHU O0TOGparKkeHust p(2) HIPUHIMAIOT BH/T

QO(ZI) = 07 SO(Z4) = 17 90(25) = 00, (12)
a unrerpan Kpucroddens — IBapra (5) BbIISLAUT cieayonmmM oopa3oM:

¢
C)0_1 (C) = j{ / th -1 (t - )\)aQ_l (t — 7-)a3_1 (t _ 1)0{4—1 dt,
0

3/1eCh HEM3BECTHBIE HapaMeTpbl A 1= ¢(22), T = p(z3) u MHO)KHUTeIb K ONpeesioTcs N3 CHCTEMBI
HeJIMHEeHHbIX ypaBHenuil (8) u coorHomenus (9), sanncanubix s N = 5.

Haii/tleM acCHMIITOTHKHN BEJIMYIMH A ¥ T, COOTBETCTBYIOIINE CTSATHBAHUIO OTPE3KA (22, 23) K TOUKE Zy.
Jj1st 9TOr0 HPUMEHUM TEOPUI0 KOH(DOPMHOIO 0TOOPasKEeHMsi CUHIYJISPHO JiedopMuUpyeMbIX obsiacreii
[62]; B manbHeiimem s KpaTKocTH Oy/ieM HasblBaTh ee meopueti deghopmuposanus. B coorBercrBun
¢ 9TOi Teopueil, 0TOOparXKeHNe @1, UCXOHO 06IaCTH ¢ HAa BEPXHIOK MOJTynaockocTb H mMoxker GbITh
[PEJICTABJICHO B BUJIE PsAJIa 110 CTEIEHSIM OTOOPasKeHUst g HEKOTOpoil (HemedopMupoBanHoii) obracTu
g0, IMEIOIIIEl ¢ g OO0 9acTh IPAHUIBL. TaKoi psiJi CXOIUTCS B O00IACTH ¢ ¥ Ha YACTH MPAHUIEL O ¢;
C €ro IOMOIIBIO YIAeTCsl UCCIIEI0BATH 3aBIUCHMOCTD IIPOOOPA30B A ¥ T OT N€OMETPUIECKHUX [apaMeTPOB
MHOTOYTOJIbHHUKA (.

B kauecrse memedopMupoBaHHO# 001aCTH ¢y BHIOEPEM UETBHIPEXYTOJILHUK C BEPIIMHAMY 21, Zx, 24
U z5 U yIVIAMH TQ, TQu, TOq U Tos. B nanbHeiimem GygeM npe/ioaraTsb, 9T0 BeJIUYUHA » = 1 —
oy — oy orimaHa or Hystd. (Coydait s = 0 Hosrydaercst COOTBETCTBYIONINM IIPEICIBHBIM [IEPEXO/IOM ).

Orobpazkenue ¢ (z) : go conl b MOTTUHUM YCJIOBUSIM
po(z1) = =1, wo(z) =0,  @o(z) = oo

O6pa3 BepIIuHDbI z4 IIPA 3TOM OTOOpaskeHun, 0603HaAYaEMbIi Yyepe3 dy, MoXKeT OLITh HalijeH aHaIuTH-
YeCKU B BUJIE CJICIYIONIErO Pa3JI0KEHUsT

=0 N k .
do = (5+§Ak5 ) (13)

@urypupyomue 3/1eCh BeJIMYUHBLL U 0 ONPEAEISIOTCd 110 hopMyIaMm
5. (lm—alsinmx 1/ _[T(1+ 59 T(a — 2) Taw) ]V
T ’ LT = )T () T(1 — o) ’
a ko3 dunuenTol Ay 3aBUCAT JIUIIL OT YIJIOB YeTLIPEXYIOJIbHUKA (o U /IS UX BBIYMCICHHSA MOLYT
OBITH 110JIyYeHbl peKyppeHTHbIe hopMyIIbl, ipudeM psi (13) cxomures B kpyre {|d] < 1}.

|24 — 24 sin may
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Buyt pasnoxkenust (13) BeiTekaer u3 Teopun KOH(GOPMHOIO 0TOOParKeHusI KPyTOBbIX TPEYTOJIbHUKOB
[52], [54] 1 Teopun nedopmuposanust [62]. Bosee monpobHo 06 aHAIUTHIECKOM OTBICKAHIN HEN3BECTHBIX
[IaPaMeTPOB IIPU OTOOPAYKEHNH IIPSIMOJIMHEHOTO YeThIPEXyrobHUKa M. [54] n [63].

SamernM elne, 4TO U3 Teopuu AeOPMUPOBAHUS BBITEKAET CJIEYIONIEe PA3J/I0JKEHIe BeJIMYUHEI by 1=
—po(z2) IO CcTEmEHSIM TTApaMeTpa £ 1= |22 — Zy|:

by = Z Sk e’;‘k/a* . (14)
k=1

conf .
Paccmorpum Beiomoraresbaoe otobpazkenne ¢r,(z) : g—H ncxoaHoit 061acTu, Mo JanHeHHOe YCI0-
BUAM

or(22) = —pL(2); oL (z5) = o0, or(z) ~po(2), z— zs, (15)
U BBeJleM 0003HAUeHUs Il 00Pa30B BEpIINH 21, 2o U Z3 IPU TAKOM OTOODPAZKEHHIMN:
a:=—pr(z1), b:=—pr(22), d:=pr(z4). (16)

Herpynmo ybenntnest, aro dyuknnn ¢(z) n ¢r(z), yaosrersopsiomue yciaosusmM (12) n (15), csa3ansr
JIMHEHBIM COOTHOIIIEHNEM:

_pr(x)ta
13 KOTOPOI'O0 HAXOJIUM BBIPAYKEHUsT BEJIMIUH A U T 4epe3 a, b u d:
a—b a+b
)\ = — = . 17
a+td | a+d (17)

N3 Teopun nedopMupoBaHUs BBITEKAIOT CJACAYIONINE PASIOKECHUS

pL(2) = go(2) + Y B LM [o(2)] 7", po(2) = or(z) + Y b I" [pr(2)] T, (18)
k=0 k=0

rie BeauduHbl L U | onpenessiorcs mo popMmysiam

L= max |go(z)], 1= max |pr(2)],
2€(22, 23 2€(22,23)

a ko3 durmentol By u by, BEIECTBEHHBI U YIOBIETBOPAIOT OICHKAM
Bol <2 |Bd<1VE Iwl<2 bl <1VE k=1

Teppoe passoxenne (18) exomures na muoxectse ¢y - (K(L)), a Bropoe — na muoxkectse ;b (K(1)),
rae K(r) :={z: 0 < Imz, r < |z|}. Ilogcraiss z = 21 u z = 24 B nepBoe paBeHCTBO (18) 1 HCHONL3Ys
(13), a TakKe HOJACTABIAS 2 = 23 BO BTOpoe paseHcTBO (18) u mcmombsys (14), ¢ yuerom (16), (17)
HAXOJUM CJIC/IYIOIIIE ACHMITOTHKIL:

1-A=0(@), 1-7=0(5), §—0; T—)\:O[él/a*], e 0. (19)

KosddurmenTs! B 9TUX aCHMITOTHKAX MOT'YT OBITH ITOJIYI€HBI N3 AHAJIN38 CUCTEMbI HEJTUHEHHBIX yPaB-
HEHUIT OTHOCUTEJBHO A U T, Tocjie 4ero (19) MOXKHO IPUMEHSTH B Ka4eCTBEe HAYAJIbHBIX TPUOJIIMKCHUIT
JIJIST UTEPAITMOHHOTO Tporiecca HproToHA.

3. AHAJINTUKO-YUCJEHHBIN METOJ KOHO®OPMHOI'O OTOBPAYKEHU S
OBJIACTEN CJIO?KHOI'O BUJIA

3.1. Ilycts g — KOHEYHasi OJTHOCBsI3HAsT 00JIACTD CO CHPSMIISEMOil rpaHureit d g, KOTopast COCTOUT
u3 AByX 3BeHbeB ¥ u I' (T.e. 0 g = yUT), coemmusionmuxest MexkIy coboit B Toukax A u Ay, nmpudaem
[OJIOXKUTEJILHOE HAlIPpaBJIeHne 06xo/a Jiyru v (Korja g OCTaeTcsl CjieBa) COOTBETCTBYET JBUKEHUIO OT
rTouku A; K Touke Ay. IIpemiosaraem, 4ro BHyTpEHHUE YIUIbI B 9TUX TOYKAX OOJIbIIe HyJIs U MEHBIIE T,
JIyra 7y B HEKOTOPBIX UX OKPECTHOCTSIX sIBJIsieTCs Ayroit JIsiynoBa, a I’ pejicrasiisier coboit XKOpAaHOBY
KYCOYHO-TUIQJIKYIO0 KPUBYIO, IJIaJIKH€ 3BeHbsI KOTOPOIl COEMHSIIOTCS 0] HEHYIeBbIMU (BHYTPEHHUMM )
yriamu. ByJiem roeoputs, cieyst [62], aro Takue obiactu g yjaoBierBopsiior ycsosuto (v, ) u nmcars

g€ (D).
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Pacmupennem obactu g € (,I") wepes ayry I' 6yaem naseiBarh (Takzke cieiys [62]) obiacrs G,
JUIsT KOTOPOI BBITIOJIHSIIOTCSI cyeyomue BrodeHus:: ¢ C G, v C 9G, intI' C G, a kouryp 0G B
HEKOTOPBIX OKpecTHOCTsIX Touek A1, Ao mpejncrasisier coboii ayry JIamyHosa.

3.2. Ilycrs g € (v,T') u G — pacmupenue obnacru g yepe3 ayry I'. Koudopmuoe orobpazkenue

& GUH obmactn G na BEPXHIOIO IOJIYIJIOCKOCTD MOAYUHUM CJIEAYIONIAM YCJIOBUSIM:
O(N) =0, ®(M) = oo, (20)

rie N € inty, M € 0G\ 7. Beezem rakke KoHMDOPMHOE 0TOOpaXKEHUE [ : g&nfﬂlﬁr objlactu g Ha
noaykpyr U :=H N {|z| < 1}, yaoBaeTsopsitomee ycaoBrsM

WA) = —1, p(N) =0, p(dg) = 1. (21)
Ha myre I' BBemem dyHKINIO
B(z) =~ [®(2)].
onpesesmm cucremy dyukimit {Q(2)}72, 1o dopmyie
Qj (2) :=Re [®(2) |

1, 00O3HAYUB Yepe3 (-, ) CKaJIsipHOE TIpou3BejieHne B Lo (I‘), PacCMOTPUM CUCTEMY JIMHEHHBIX ypaBHE-
Huit

k

N
N
(Qk, Ql)al = (Qk, h), k= 0, ey N (22)
=0
N N s N
OTHOCUTEJIbBHO BE€JINYNH (ao y ey A ) BerHI/II/I NHIEKC N Yy BEJIMYHH a;  IIOJYEPKHBACT UX 3aBUCH-
MOCTBH OT pa3Mepa CUCTEMbl ypPaBHCHUN (22). CHpaBeJiLJII/IBa cJIe1yroniasi

Teopema 1. [locaedosamensvrocmo Gyrryud { N (z)} N onpedeasemulr no popmyae

N
iy () = @ () exp [ aY @F (2) ],
k=0

2de (alf, ..., al') — pewenue cucmemw (22), pasnomepno cxodumea x dynryuu p1(z) na mmosicecmee
g U intvy, npuvem smy nociedocamesvrocms moxcho Oud@epenuuposams npouseosvbHoe YUCAO Pasd
Ha 006COUHENUL § U AHANUMUNECKUT YUAMKOS 7.

Jloka3aTesbCTBO CTPOUTCsI HA OCHOBE IOAXO/a [62], HCIOIB30BAHHOIO MPU OGOCHOBAHMU METOJIA
MYJBTUIIONEH, U HA OCHOBE CBEJIEHUS IMOCTPOEHUS KOH(POPMHOIO OTOOPAaXKeHUsI K PeIeHnI0 3a1adu
Hupuxie, cum. [56].

U3 Teopembl 1 BbITEKaeT, 9TO MOCIEI0BATENbHOCTE @ (2) := T o uy (2), rue

T(w) = (1+w)?/(1—w)?

cxouTest Ha MHOXKecTBe g U inty K dyHkmn ¢(z), KondopMHO 0TOOpazkaroIeil 00J1acTb g HA BepX-
HIOIO TIOJIYIIJIOCKOCTD, IIPUYEM IIPUYEM 3Ta HOCIeI0BATEILHOCTD JIOycKaeT auddepeHinpoBatue mpo-
MU3BOJIHOE YUCJIO Pa3 HA OObEIUHEHUN § U AHAJUTUYECKUX YIACTKOB 7.

4. BAJAYA PUMAHA — I'MJIBBEPTA C KYCOYHO-TEJIBIEPOBBIMU
KOSOPUIMEHTAMUN

4.1. 3anaga Pumana — masbepra mas dyuximun f (z) B IPOM3BOIBHOM OJTHOCBA3HON 00JIACTH ¢

conf . .
Ipr TIOMOIIKM KOH(MOPMHOTO oTobpakenus ¢ : g—H cBoanTCa K aHAJOIMYIHON 3ajade B BepXHei
TIOJIYIIJIOCKOCTH. HpI/I 9TOM HCXOJ/IHOE KPaeBO€ yCJIOBUE

Re [h(2) f(2)] = ¢(2), z€dg

Ha TPaHUIe g TIEPeXOIuT B aHaormaHoe yeaosue s bynxmun F(() = fop~!(() Ha BemecTennoi ocH.
ByjieM paccMaTpuBaTh Takoii carytail, korma Kosddumments i (z) :=ho ¢! (z) nc(z) :=co ¢! (z)
3ajaqu Pumana — ['uiabbepra B BepxHeil MOIyIIOCKOCTH KYCOTHO—Te/IbIePOBhI (DYHKINH C PA3PhIBAMUI
[IEPBOT'O POJIA.

4.2. Tlepexoist K pacCMOTPEHHMIO YKa3aHHON 3aja4u, BBeJeM Ha BernecTBeHHOM ocn R = 0 H koneu-
HOe MHOXKecTBO X Touek xy (k = 0, N), rie xg — 6eCKOHEUHO y/lajleHHAasl, & OCTAIbHbIE T} — KOHEYHbIe
TOYKHU, IPUIEM Tki] > Tj; HOJIAraeM Takxke Tn41 = Zg. llycrb 3a1annble Ha R KommekcHas h(x) u
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BeIeCTBEeHHAsl ¢(T) KyCOYHO-TeibiepoBbl GpyHKImu (Koaddunumenrsr 3agauun Pumana — ['uibbepra)

UMEIOT Pa3pPBIBBI IIEPBOrO POJIa B TOUKAX Ty, k = 0,
Omnpenennm gncia oy € (0, 1) mo dopmyie

o == {(2m) 7" [9 (2 +0) — 9 (2, — 0)] },

rae ¥ (z) := arg h(x), a {a} obosnauaer ,ZLpO6HyIO JacTh dncya a. OupesenanM Takxke ag o HGopMyTe

1 N
k= k=0

riae A0 =19 (xp41 — 0) — 9 (z +0).
Pacemorpum 3anaay Puvana — I'mibbepra B BepxXHeil IOYIUIOCKOCTH i aHanuTudeckoit B H u
nenpepeiBroit B H \ X' dyukunu F(():

Re[h(z) F (z)] = (), reR\ A, (24)
C YCJIOBHSIME POCT& B TOYKAX T
F(¢) = O[(C — wk)%"“*%’“], x—x,, k=1N, (25)
F(Q) = 0(¢0), ¢ — oo, (26)
e s, 1, .., N € ZT — 3amanuble HEOTPHIATETLHDIE Te/IbIe THCIA.

Bamernym, 9TO IpHU BBIIOJHEHHN yciaoBuii (25), (26) pemrenme f(2) MCXOTHON KpaeBoil 3a1adn B
00JIaCTH ¢ TIOAYUHSIETCS] COOTBETCBYIONINM YCJIOBUSIM POCTa Ha rpanure Jg.
Pemenne 3azma<u (24)-(26) Oymem CTpOUTH B BUJIE CYMMBI

F(¢) =¥(Q) +x(¢) (27)
obrmmero perennst W(() oJHOPOHOI 331891
Re[h(z) ¥ (z)] =0, reR\ X, (28)

yZoBJsieTBopsitorero ycaosusM (25), (26), u yacrroro pemenus x () HeogHOpoHOI 3a1aau (24)—(26).
Teopema 2. Pewenue V(() odnopodnoti sadawu (25), (26), (28), anarumuueckoe 6 H u nenpepwvisnoe
6 H\ X, cywecmeyem u eduncmeeno ¢ mouHocmvio 00 NPoU3GONbHVLL BEUWLCTNEEHHOLT NOCTNOAHHIT

(k)

Gm’ U uMeem CACQYUUT 6UJD, COdEPHCAUWUT FMU NOCTNOAHHDLE:

S +z%m] (29)
k=1 m=1 (

V(¢) = (<) [

o(0) = exp [g / T /N L { ] (30)

—00 T

2de

3decv O(x) = /2 — J(x).
Teopema 3. Yacmmnoe pewenue x(C) 3adawu (24)-(26) npedcmasumo 6 eude

N
= x(Q); (31)
k=0

3decw
_¥ — ) 0% (C— 1 =041 o (t — $k)5k (t— l'k—l—l)(SkJrl c(t) dt
w(© =2 (- a) (- a) D1 TOR e a—

Tk

(32)

5 0, ecau ap <1/2, S 0, ecau  ag >0,
R 1, ecau o >1/2; 0~ [ag], ecau ap < 0;

kpome mozo, npu k = 0 npedvnmezparvrod mruoscumens (¢ — a:k)";’c 6 (32) samensemcs na ¢,
N3 Teopem 2 u 3 JIerKO BBITEKAET CJIEIyIOIIee
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Yreepxkaenue 1. Pewenue F(C) zadauu (24)-(26), anarumuneckoe ¢ H u nenpepvienoe 6 H '\
(k)

X, cywecmeyem u eQUHCTNEEHO ¢ MOYHOCMBI0 00 NPOUSBONLHYIT BEULECTNEEHHVLT NOCTNOFHHYT ¢
Pueypupyrowuz 6 (29), u asasemes cymmots (27) dynruut (29) u (31).

5. BAJAYA PUMAHA — T'JIBBEEPTA C KYCOYHO-ITIOCTOAHHBIMU
KOSOPUNIMEHTAMN

5.1. Paccmorpum wacTHblil caydail 3agadn (24)—(26), korma kosddurmentst h(z) u c(x) saBisrorcs
KYyCOYHO—TIOCTOSIHHBIME (DYHKIUSIMU, T.€.

h(z) = hy, € (Tk, Thi1); c(lx) =ck, x€ (T, The1)- (33)

B srom cityuae, ogeBuino, Ag Y = 0 upu Bcex k = 0, N u, ciegoBareibHo, nepsasi cymma B (23)
HCYe3aer.
Teopema 4. Ecau svinoansemcs (33), mo dynwyus o(C) us (30) umeem 6ud

N
0(¢) = [ =), (34)
=1

a pewenue V() odrnopodnoti sadavu (25), (26), (28), anarumuueckoe ¢ H u nenpepvienoe ¢ H \ X,
onpedeasemcs Gopmyrot

N N >, (k‘) 20
v©Q=TlC—ap |33 2 + > e (35)
=1 k=1 m=1 k —0
U eQUHCMBEHO ¢ MOYHOCTIBIO 00 PuypupyoWUT 6 (35) NPoussosLHHT BEUECTNEEHHBLT NOCTNOAHHIT
(k)
dm’” -

OueBniHo, 9To ¢ nomoibio nuddepeHiupoBanus M0 ( U MMOCJEAYIONEr0 HEOPEeIeIeHHOIO UHTe-
rpupoBanusi npejcrasienne (35) mpuBoaurcs K Bumy mHTerpaia Kpucroddens — Isapra. Takum
0bpa3oM, CIpaBeInBoO

YrBepxkaenune 2. Oynuxuyua V() moorcem 6vims npusedena x 6udy unmezpara Kpucmogpenrn —
Hlsapua

¢ N
/H t— )29 Py(t) dt, (36)
=1

2de cmenenv M noaunoma Py(C) pasna M = Z x +N—1.
1=0
5.2. O6patmmMcst K Boripocy o mpeobpasosanmnn dactaoro perrennst x(¢) u3 (31), (32) masa ciydas,
koryia Koaddunuents! 3amain h(x) u ¢(r) umeor Bug (33).

Beenem obo3nauenus

N
‘5| :Zﬁla ﬁk = (ﬁlv "'7ﬂk—17ﬁk‘+2a 7ﬁN)a ('—ik‘ = (ala ceey Okp—1, Q42, "'aaN)'
=1

s byuknuu Jlaypudesuist, ompeiessieMoii pyu MOMOIIY HHTErPAJILHOrO IpejcTasienus (1), Mmoxer
OBITH TOJIyUEeHO ciienytotiee obobienue dopmysibl Akobu, HeobXoauMOe Ijisi IPOBeIeHUs TpeOyeMoro
peo0pa30BaHUST:

g kel N ) )
T {H (w—a)" w P (w = 1) T (w—ay)” F (1= 8131, B 2= B — Brars w, @) | =
1=1 I=k+2
(37)
k-1 N
= [Jw=a)? " w P (w -1 T (w—a)? ™ Pyog g (w).
=1 l=k+2
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Bnech mosmuaoM Py_o j (w) crenern N — 2 umeer Buj

k
Pyor(w) =[] w-a)| > = +2
=1 m=1 m
I£k41 m#k, k+1

rae Ay, u A maiorcs dpopMysiaMu

A = B (am + 1) Fp ) (1= s B 2 B = By i)
A== 1BV Fy 2 (1= B Bi 2= B = Brss @), A= (Brs ..., B)-

Breipazkast nHTEerpas B (32) ¢ IIOMOIIBIO 3aMEHBI IIepeMeHHOi depe3 yHKnuo Jlaypudaesis u uc-
nosib3yst popmyity (37) Tuna fIkobu, yberkmaeMcst, ITO KaxK10e U3 cjaaracMblx B cymme (31), a 3HaquT,
U BCsl CyMMa MOKeT OBbITh IpuBejieHa K Bty unTerpasa Kpucroddens — [sapra. Takum obpasom,
cripaBe/|InBa

Teopema 5. Ecau swnoanaemes (33), mo wacmmuoe pewenue x(¢) 3adavwu (24)-(26) npedcmasumo
6 eude unmezpana Kpucmogpgpern — Ilsapua

¢ N
Q) = / TT (¢ — )%= Pre (1)t (38)
=1

N
2de cmenensy K noaunoma Pg(C) pasna K = Y 2+ N — 2.
=1
U3 dbopmyiter (27), yTBep2KieHnsT 2 1 T€OPEMBI 5 BBITEKAET CJIE/IYIOMIee
YrBepxkaenne 3. Fcau sunoanaemen (33), mo pewenue F(() 3adavwu (24)-(26), anarumuueckoe

6 H u nenpepwisnoe ¢ H \ X, cywecmsyem u eduncmeeno ¢ mounocmvio 00 NpouseoNbHbT Geule-

CTEEHHBLT TLOCTNOAHHDIT qgf), Pueypupyrowux 6 (35), asasemcsa cymmot (27) dynruui (35) u (38) u
npedcmasumo 6 sude unmeepasra Kpucmogpersn — Hlsapua

¢ N
7O = [ TL@-a = Puat (39)
=1
N

2de cmenenv M nosunoma Py(C) pasna M =Y s + N — 1.
=0

Pa6ora Beimosnnena npu ¢dbunancoBoit noguepxke PODPU (npoexkt Ne 04-01-00723), rpanta PoHga COAEHCTBHUS OTEUECTBEHHONH HayKe
u nporpammbl Ne 3 dynmamenranbubix nccaegopanuniit OMH PAH "Berauciaurenbubie 1 nHGOPMaLMOHHbBIE IPOOIEMBI PEIIEHUsT OOIbIINX

sazaq" ('K 10002-251/OMH-03/026-024,/240603-805 o 24.06.2003 r.).
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OB OIHOM ABCTPAKTHOM /IN®PEPEHITNAJILHOM YPABHEHUN C
IMEPEMEHHBIMI KO®PUITNEHTAMMN !

Borauesa 10.B.,
BOPOHEXKCKUIN I'OCYIAPCTBEHHBIN TEXHUYECKN YHUBEPCUTET
r. BoPOHEXK, Poccu4,
I'mymak A.B.,
BEITroPOACKUIN I'OCYIAPCTBEHHBII YHUBEPCUTET
r. Bearoreon, Poccuda

Ananoranus

In this article one-valued solvability of abstract differential equation with changable factors
is established with additional condition on infinity.

Yemanasausaemes 00H03HaHaA PASPEWUMOCTIG abCMParmmozo Juddeperuuanviozo ypas-
HEHUA € NEPEMEHHDMU KOIPPUUUEHMAMU NPU JONOAHUMEABHOM YCAOBUY HA DECKOHEUHOCTNAU.

Warepec k uzyvenno mguddepeHnnaabHbIX YPABHEHUI C JIPOOHBIMU ITPOU3BOIHBIMEI OObLICHAETCS
TeM, 9TO OHU HCHOJIL3YIOTCS IPU ONMUCAHUU Psga (PUIUIECKUX, XUMUIECKAX U JAPYTUX IIPOIECCOB.
Wcropuueckue cBejieHust 1 0630p UMEIONIUXCs Pe3YJILTATOB MOXKHO HaiiTu, Haupumep, B [1] — [3]. B
HaCTOsAIIEH paboTe, MO-BUANMOMY, BIIEpBble B ODaHAXOBOM IpocTpancTBe F paccmarpuBaercs mudde-
pPeHIMAIbHOE ypPaBHEHHUE JIPOOHOrO MOPSIKa ¢ IePEeMEHHBIMU KOI(P(DUIIMEHTAMHU BU/IA

tD%u(t) + bDPu(t) = Au(t), t >0, (1)

rjae A — JmHeRHBI 3aMKHYTHIH onieparop ¢ mioTHoit B F obsactbio onpeenenns D(A),

t
1 d

DOu(t) = ma(}/(t— §) " u(s)ds

— JIEBOCTOPOHHsIsI JAPOOHasi npon3BoHas Pumana-JIuysuis nopsyika o € (0,1) (em. [1], c. 41), T'(+)
— ramma-pyHKIus ditgepa.
1. MOJE/JBHBIN CAYYAN.
UccneioBatne HauHEM ¢ MOJIEJIBHOIO ciiydasi, Korya B ypasaenuu (1) b =0, = 1/2. Ilycrs
tDV2u(t) = Au(t).

IIpuvenus K JeBoii n mpasoit wactsm omepatop D2 i BoCIOMBb30BABIIICH 06OGIIEHHBIM TPABHIOM
Jleitoruuna (cm. [1], c. 216)

D (tv(t)) = tD%v(t) + aD* Lo (t),

[OJIyYUM yPaBHEHUE [IePBOrO MOPSIIKA
1

/
t -
u'(t) + T
IIpenmonoxkus (cM. [4], ¢. 357), uro A = (—B)l/ ?. re B — HpoM3BOISAIIMI ONEPATOD PABHOMEPHO
orpanndennoii Co-niosryrpynust 1" (t, B), naiigem perenne ypapHenust (2)

(1) = 5 A%u() )

t?

u(t) = = 7 (1 B> w0, (3)

KOTOPO€ yI0BJIETBOPLAET YCJIOBHUIO

lim (\/Z u(t)) = U, (4)

t—o00

Ipagora BbImoHEHA npu nogaep:xkke PODU, npoekr Ne 04 — 01 — 00141
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EcrecTBeHHO TPEIIOIOKUTE, 9TO B Caydae npoussoabHoro a € (0, 1) ciemyer 3a/1aBaTh JONOTHU-
TeJIbHOE YCJIOBUE aHAJIOTMYHOE YCJIOBUIO (4).
OTMeruM TakzKe, 9TO aHAJOTMYHBIA METOM, K yPaBHEHUIO

DY2u(t) = Au(t)
C TTOCTOSTHHBIMU KOY(hUIMEHTAMI He MPUMEHNM, MTOCKOJIBKY MOJTYYIaeTCs HEOTHOPOTHOE ypaBHEHHE
u'(t) = A%u(t) + F(t)
C HEMHTErPUPYEMOIi B HyJIe 0COOEHHOCTBIO Y (DYHKIIUH

1 _
F(t) = “3m t=3/2D=Y24(0).

2. Cayuan b = 0.

[Tycrs B ypasuenuu (1) b =0, a € (0,1). PaccmorpuMm 3aady HaXOXK/IeHUsT PEIIEHNs yPABHEHUSI

tD%(t) = Au(t), t >0, (5)
Y/IOBJIETBOPSIIONIETO YCJIOBUIO
: -« _
tlggo (' u(t)) = uo. (6)

B sTom nmyHKTe OysieM mpesioaraTh, 9To oneparop —A sBjsgercs npousBoidiumM oneparopom Co-
nostyrpynnst Ty, (t, —A).

Teopema 1. Ilycrs ug € D(A), Co-nonyrpynna Ty, (t, —A) aHaIUTUIHA B CEKTOPE, COJEPIKAIIEM TOYKH
M=%/(1 —a),rme A\ =0 +ir, 0 >0, 7 € R u 114 Hee crpaBe//InBa ONEHKA,

|To(t,—A)|| < M exp(wt), M >1, w<O0. (7)
Torma dynxmus
r o+100
u(t) = 2(;;) / A% exp(At) Ty (,u)\l_a, —A) ug dA, (8)

rie pu(l—a) = 1, aBisiercst eMHCTBEHHBIM pertierneM 3a1a4u (5), (4) B kiracce QyHKIHUI JTOITYCKAIONIIX
npeobpasosanue Jlamaca.

Hokazarenscrso. [Ipeacrasienne pemenus o dopmyie (8) Haiigeno GopMaIbHBIM IPUMEHEHHEM
npeobpaszoBannus Jlamraca. ITokazkem, ITO P CAETAHHBIX IPEINOIOKEHAIX HHTErpas B (8) cxomurces
U JaeT perenne nocrasieHHoil 3agaun (5), (6). [Tockombky

| T (A~ —A)|| < M exp(wRe (uA'™%)),

TO MPU HEKOTOPOM w1 < 0

[e.e]
lu(t)|| < My exp(ot) / (o® + 72)7(1/2 exp (w171 7%) dr < oo,
—0o0
Takum O6pa30M, nHTEerpaJl B (8) CXOOUTCd N HE 3aBHCUT OT B])I60pa o> 0.

Berauncsmm reneps npeobpasosanue Jlamtaca U(z) = Ly .[u(t)], cauras Rez > o > 0. ITo reopeme
O BBbIUETAX HOJIyINM

e’} o+ico
T
U(z) = / exp(—zt) ;‘? / A" exp(AM) Ty (A ™%, —A) ug dAdt =
T
0 o—100

o+ioco [/ oo

/ / exp(\t — 2t)dt | AT, (uA %, —A) up dX =

o—100 0
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o+ico

o) AT C o Cw
=5 / . zTa (,u)\l ,—A)ug dXA =T(a)z" T, (pcz1 ,—A) up.

o —100

Jlerko y6emurbest, aro dyuknus U(z) yaoBIeTBOpsieT ypaBHEHUIO
U'(2) + SU(2) = —2 AU (2), (9)
z

sIBJISTIOIIUMCsT M306pazkerneM 110 Jlamacy ypasuenust (5) u, ciegoBaresnbho, dyukiuus u(t) Gymer pe-
merneM ypasuenust (5).
[TpoBepum cupapeymBocTh HadasibHOro yeiaosus (6). Ilpu v > 0 umeem

o+i00
_ I'(«) -~ o
: l—a 1 « a—1_l-a _ —
tlg]élo (t%u(t)) = tliglo 57 / 2% exp(2) Ty (ut® 2" 7%, —A) updz
T—100
F( ) o+1i00 1"( ) o+ico
o ) Uup —a B ajug .. _a _
= T om / @t exp(z)dz = =0 lim / 2 " exp(rz)dz
0—100 0—100
= lim1 7 g = wg. (10)

Jl1st ToKa3aTe/IbeTBa € IMHCTBEHHOCTH DEIIeHUs MPEIIIONIOKIM, 9TO CymmecTByeT dbyHkims ug(t),
yJloBJIeTBODstfoIast ypasHeHuio (5) u HadaabroMy yesosuio (6). Torma dyukims Up(z) = Li—,[ug(t)
Oyzer permenneM ypasraenusi (9) u, cje0BaTeNbHO, IPEJICTABIMA B BUJIE

Uo(2) = 27Ty (pz'=,—A) Uy, U € D(A).
Taxzke Kak u npu jgokazareaberse (10) HAXOMUM mpeest
tli)rglo % (t) = Uy,
KOTODBIIT 0 IIPE/IoNIoKeHnIo paseH Hyuto. CienoBarenbho, ug(t) = 0. Teopema 1 mokazana.

Sameuanne 1. Ecma=1/2u A = (—B)l/ % (em. 1. 1), 1o uETerpan B hopmyie (8) BhIUHCISETCS B
MBI IIPUXOJNM K PaBeHCTBY (3).
3. Cyuani b < 0.

[Tycrs B ypasuenuu (1) b < 0,0 < 3 < o < 1. Torja ananorugso reopeme 1 ycraHABIMBAETCsI, YTO
dyHKIMS

o+100
T pAB—a+l
U(t) = 2(7:_);) / ATe exXp (m + )\t) Ta (,U)\l_a, —A) uo d)\, (11)

SIBJISIETCsI eJIMHCTBEHHbIM pentenueM 3a1a4an (1), (6). IIpu srom nosyrpynma Ty, (t, —A) MoxeT ObITH U
pacryeii, T.e. B HepasencTse (7) w € R, mockosbKy cxomumocTh uHTerpasa B (11) obecneunsaercs
yeaoBueMm b < 0, 0 < B < a < 1.

Bameuanue 2. [Ipu 5 = « pemenue 3anaun (1), (6) Takzke oupegessiercs: popmydioit (11), Ho orpanu-
genus Ha nosyrpynny Ty, (t,—A) Takue x)e kak B reopeme 1. IIpu 0 < a < 3 < 1 unTerpas B upasoii
gacru (11) pacxoxurcst.

4. Cay4aml b > 0.

[Iycrs B ypasuenun (1) b > 0, 0 < a < < 1. Dru orpanuyenusi Ha napamerpbl ypasaenus (1)
TaKzKe 00eCIeInBaeT CXOJAUMOCTb HHTerpaJa B npasoii yactu (11) st npoussosbaoit Co-1I0JIy DY IIIIbL
Ty (t,—A). Ilpu § = « pemenne onpezensiercss (opmysoii (11), HO orpaHUvYeHUs] Ha IIOJLYIPYIIILY
T, (t,—A) Takue xe kak B Teopeme 1. ITpu 0 < 5 < o < 1 unrerpan B npasoii yactu (11) pacxomurcsi.
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O HEKOTOPBIX CITEKTPAJIBHBIX C?OﬂCTBAX JINMHEMHBIX
OTHOIIIEHUWN.

XATBHKO B.B.
BOPOHEXKCKUIT 'OCYJIAPCTBEHHBIT YHUBEPCUTET,
BoPOHEK, Poccuda

1. BBEJEHUE.

CraThsi OCBSIIEHA HEKOTOPBIM BOIIPOCAM CIEKTPAJIBHON TeOpUH JIMHEHHBIX OTHOIIEH!H (MHOTMO3HAY-
HBIX JINHEHHBIX ONEPATOPOB). Teopust JIMHEHHBIX OTHONIEHU T sIBJISIETCsI, B HEKOTOPOM CMBICIe, 0600111e-
HueM Teopuu oneparoposB. [losTomy mMeron 06061menns GpakTOB U3 TEOPUM JUHEHHBIX OMEPATOPOB Ha
TEOPUIO JINHEHHBIX OTHOIIEHUI YaCTO UCIOJB3YETCs I PA3BUTHS TEOPUU JUHEHHBIX OTHOIeHu. B
IIOJTHOH Mepe 3TO MOXKHO OTHECTH M K CIEKTPAJIbHOIl TeOpUHU JIMHEHHBIX OTHOIIEHMI, CIEKTPaIbHbIE
CBOIICTBa KOTOPBIX HaCTO $IBJIAIOTCA AHAJOIOM HEKOTOPBIX CIEKTPAJbHBIX CBONCTB JIMHEHHBIX OIle-
paropoB. B crarbe paccMaTpuBaioTCs BOIPOCHI, CBSI3aHHBIE C KJacCU(UKAIUEH CHeKTpa JHHEHHOro
oTHoImeHusi. BBopuTcst norsTHE (PAKTOP-OTHOIIEHUSI, ¢ IOMOIIBIO KOTOPOro (DOPMYIUPYETCS OJIUH U3
PEe3yJIbTATOB CTATDLU.

[IpuBeseM HEKOTOpBIE UCIOIb3yeMble HUYKE MMOHATUS U3 TEOPUU JIMHEHHBIX OTHOIIIEHU.

IMycts X u Y - KoMILIeKCcHbIE GaHaxXOBBI pocTpancTia. Jlioboe juHelHoe moampocrpancTso A C
X XY HazbIBaeTCs AUHETHbIM OMHOWERUEM MeXK Ty OaHaxoBbiMu pocTpaHcTBamMu X u Y. Ecim ono
3aMKHYTO B X X Y, TO JIMHEHTHOE OTHOIIIEHIE HA3BIBACTCS 3AMKHYMbLM.

[Moxnpocrpancreo D(A) = {z € X | cymecrsyer y € Y takoii, uro (z,y) € A} HasbiBaercs
obracmviro onpedeserus nuueirnoro orsomenuns A C X x Y. fdpo ornomenus ectb KerA = {x €
D(A) | (z,0) € A}.

Yepes Az, x € D(A), obosuatnm muoxkecrso {y € Y | (z,y) € A}. Ormernm, 4ro st Bex

x € D(A) muoxkectBo Az tpeacrasumo B Bune Azx =y + A0 mys mroboro BekTopa y u3 Az.

O6aacmo snavenutt ImA ={yeY | Iz € D(A), (z,y) e A} = |J Az

zeD(A

Cymmoti nByx muHehnbx otHomennit A, B C X X Y nHasbiBaeTcst nm({ei?moe orHomeHne u3 X X Y
suga A+ B ={(z,y) e X xY |2 € D(A)ND(B), y e Az + Bz}. D(A+ B) = D(A) N D(B). Ilox
Ax + Bx nonumaercs anrebpanveckasi cyMMa JIByX MHOXKecTB Ax u Bux.

IIpoussedenuem nByx muneitabix orHomennit A C X xY u B C Y x Z, Ha3blBaercs: JIMHENHOe
nopocrpanctso u3 X X Z suna BA = {(x,z) € X x Z | cymecrsyer Bekrop y u3 D(B) Taxoii, uro
(z,y) € A, (y,2) € B}.

O6pammnvim K muneiinomy otnomenmio A C X XY naszeisaerca muneiinoe oraontenne A~ = {(y, z) €
Y xX|(z,y) e A} CY x X.

Kazioe ymneitnoe ornomenne A C X X Y apisercs rpadukomM MHOIOZHAYHOIO OTOOpazKeHHs A
D(A) Cc X — 2Y, te Az = Az € 2¥. B jasbHeiimem OHE OTOMXKICCTBIISIOTCS.

MHOXKeCTBO 3aMKHYTBIX JIMHEHHbIX oTHOmeHuit u3 X B Y obosnaunm LR(X,Y). Ecom X =Y, 1o
nosoxkum LR(X) = LR(X, X). MuoxecTBo JmHeiiHbIX 3aMKHYTHIX otieparopoB LO(X,Y') cuuraer-
sl BKJIIOUEHHBIM (npu oroxectsiennn ux ¢ rpadukom) B LR(X,Y). Ecoim X =Y, ro LO(X) =
LO(X,X) u EndX - 6anaxoBa ajrebpa JIMHEHHBIX OMPAHMYECHHBIX OIEPATOPOB (3HIOMODPMU3MOB),
neiicryromux B X. Urak, EndX C LO(X) C LR(X).

Ornomenne A € LR(X,Y') nassiBaercs unsexmusnom, ecin Ker A = {0}, u cropsexmushuim, ecin
ImA=Y.

BameruM, 4To J1jist JIFOOBIX BEKTOPOB I,y € D(A) BOBMOXKHBI TOJBKO JBa CJLydas :

1) Az = Ay;
2) Az N Ay = @.
U3 ycnosus KerA = {0} caeayer, uro Az N Ay = @ nys Beex x # y u3 D(A).

2. BBEAEHUE B CIIEKTPAJIbHYIO TEOPUIO JIMHEMHBIX OTHOIIEHUWN.

Omnpenenenne 2.1. Pesoavsernmivim mroorcecmsom orromenns: A € LR(X) HasbiBaeTCs MHOMKe-
crio p(A) Beex A € C, mist kotopeix (A — M)~ € EndX.
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Onpenenenne 2.2. Orobpakenune
R(-,A) : p(A) - EndX, R(MNA)=(A- )\I)_l, A€ p(A)

HA3BIBACTCSL PE30ALEEHMOT OTHOIICHHS A.

Oupenenienne 2.3. Cnexkmpom smueitnoro ornomennss A € LR(X) wnaspBaercs MHO-
xecrBo o(A) = C\p(A). Yucmo A € C HaseiBaeTcss COOCMBENHOIM —3HAMEHUEM JIH-
neifnoro ornomenuss A, eciu Ker(A — M) # {0}. JlwobGoii wHeHy1eBoll BeKTOp = U3
Ker(A — A\I) HasbiBaeTcst COOCTBEHHBIM BEKTOPOM OTHOIIEHHUsI A, OTBEUAIOIIM COOCTBEHHOMY 3HAa-
YEHHIO .

Onpepesenne 2.4. Pacwupenrovm cnexmpom orsomenust A € LR(X) HasblBaeTCs I0MHOKECTBO
5(A) u3 pacmmpennoii kommrecroii wiockoctn C = C U {oo}, Kotopoe couamaer ¢ o(A), ecn
A € EndX. B nporusaom ciyuae nomaraercst o(A) = o(A) U {oo}. Muoxecrso p(A) = C\5(A)
HA3BIBAIOT PACUUPEHNHIM PESONLEEHTHVLM MHONHCECTNEOM JIMHEHHOro oTHOIIeHus A.

Omnpenenenne 2.5. Toueunvim cnexmpom oraomenns A € LR(X) HasbiBaeTcss MHOXKeCTBO 0p(A)
BCex cOOCTBEHHBIX 3Hadenuit ornomenus A. Muoxecrso o.(A) Bcex A € C, takux uro Ker(A— M) =
0, Im(A—XI) # Im(A — M) = X, Ha3bIBaeTCS HENPEPLIBHBIM CNEKMPOM OTHOIIEHUs A, a MHOXKECTBO
or(A), cocrosimee 3 Bcex A € C, takux uro Ker(A — AI) = 0, Im(A — M) # X, nassiBaercs
ocmamounsm cnekmpom orHomeHns A.

CuekTp JUHEAHOI0 OTHOIIEHUS IIPEICTABISETCS B BIUIE O0beIMHEHNS TPEX IPEJICTABIEHHBIX B OIIPe-
JieJieHun 2.5 B3aMMHO-HEIEePECEKAIOMUXCS MHOYKECTB:

0(A) =0,(A)Uo.(A)Uo,(A)

MozKHO BBLIEJIUTD €Ille OJMH BH/[ CIIEKTPa OTHOIIEHNUs, KOTOPBIi IIPEJICTABJICH B CJIE/YIOIIEM Olpe-
JIeTIEHIH.

Ounpenesienne 2.6. MuoxkectBo 04(A) Bcex A € C 1711 KOTOPBIX CYIIECTBYET MOCIIE0BATEIHLHOCTD
{zn}, Takas aro |z,| = 1 mas Beex n u limy, oo (A — M)z, = 0, HA3BIBACTCS ANNPOKCUMATNUGHBIM
MOUEHHBIM CREKMPOM JTHHEHOTO oTHOIeHNsT A.

Crieytonuit pe3ysibTar ¢ JJOKa3aTeJbCTBOM MOXKHO HaiTH B crarbe [1].

Teopema 2.1. /s aunetinozo omnowenua A € LR(X) cnpasedauso pasencmeo o(A) = {
a(A™H}.

Huke npejicTaBiieH MOJOOHBII Pe3yIbTaT ¢ yueToM KIacCHMUKAIMN CIIEKTPA.

Teopema 2.2. ITycmv A € LR(X), X € 0(A), X # 0. Toeda:

1) ecau X € ap(A), mo 1/\ € op(A™Y);

2) ecau X € a.(A), mo 1/ € o.(A1);

3) ecau X € ,.(A), mo 1/\ € o.(A71);

4) ecau X € 04(A), mo 1/X € o, (A71);

< 1) ecin X € 0,(A), To cymecrsyer x € X, rakoit uro (z,\r) € A. Torma u3 nuneiinocru A
caenyer, aro (z,z) € A, To ectb 1/X € op(AY).

2), 3) Im(A — M) = {y — M\z|(z,y) € A}, Im(A™' — 1) = {z — }y|(z,y) € A}, a Tax kak 06pa3
JIMHEHHOTO OTHOIIEHNS! ABJIeTCs] JIMHEHHBIM TpocTpancTBoM, To Im(A—A) = Im(A~! — 11), orxyzna
cpasy cienyer 2), 3).

4) Ilycrb A € 04(A), TO ecTb cymiecTByIOT HOCHIe0BaTesbHOCTH {Ty }, {Yn }, TaKHe UTO JIst BCEX M
|2nll = 1,y € Az, 1y — Az, — 0. Torga yn—xn — 0. [|Azn|| = [[Azn—yn+ynll < [[yn—Azn | +ynl]-
IA| = lyn—Azn || < ||ynll- Tak xak y, — Az, — 0, To cymecryer N, Takoe aro jist oboro n > N, ||y, || >
M > 0. CremoBaTe/IbHO, TOCIEI0BATETHHOCTD Hy—lnll OrpaHUYIeHa, TO3TOMY m-%% — 0. ITomygaem,
aro § € 04(A). »

PaccmorpuM oresnbHO ToukE 0 B 00 PACHIMPEHHOTO CIEKTPA JIMHEHHOrO OTHOIIEeH!s A.

1) Hycrs 0 € o,(A). Torma KerA = A710 # {0}, To ectb 00 € 0,(A), ecim A0 # {0}, To ectn A
SIBJISIETCS] MHOIO3HAIHBIM OTOODAYKEHIEM.

2) Ilycrs 0 € oy(,)(A), To ects ImA # ImA = X (A # X), rorga 00 € o.()(A), ecn D(A) #

D(A) = X (D(A) # X).

WS

>
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3) ITycrb 0 € 04(A). Torga cymiecrByer mocjeoBaTesbHOCTb {Ty }, ||zn|| = 1, Az, — 0, TO ecTb
00 € 04(A), ecam cymecTByeT Takasi MOCJIeI0BATEIbHOCTD {Yp }, Yn, — 0, ITO JyIsl BCEX Yy, CYIIECTBYET
Ty € Ayp, TaKoii uaro ||z,| = 1.

3. OHPE,D;EIIEHI/IE 1 HEKOTOPBIE CBOVICTBA ®AKTOP-OTHOIIEHUN.

B sToMm nmyHKTe BBOJUTCS NMOHsITHE (haKTOP-OTHOIIEeHUsI, 0600IIaolnee nousitue pakTop-onepaTopa.
C nomorpio noHATHs (HhaKTOP-OTHOIEHHsT (DOPMYJIUPYETCsl OJIUH U3 PE3yIbTATOB CTATHU.

Ounpepaesnenne 3.1. [Tycrs A € LR(X). BamkayToe jnHeliHOE moznpocTpancTBo Xo C X HazoBeM
unBapuaHmMHbLM oTHOCHTETHHO oTHOmeHus A, ecm Az N Xg # @ ana moboro z € Xo N D(A).
Ornomenne Ay = AN (Xo x Xo) HA30BeM cyorcenuem (WIu wacmvio) OTHOIIEHUs A Ha HHBAPUAHTHOE
MTOJITPOCTPAHCTBO Xg.

Ecnu nuneitHOe oTHOIIEHNE SIBJISIETCST TMHEHHBIM OIIEPATOPOM, TO IIPUBEJIEHHOE OIIPeJIeIeHUe sIBJIsI-
eTcsl OOIENPUHSITHIM OIPEJIeIEHUeM HHBAPUAHTHOIO TIO/IIpocTpancTBa (cM., nanpumep [5]). Cyxenune
orHorrerns A Ha HHBapUAHTHOE IIOIIPOCTPAHCTBO X 0003HaUnM cuMBosoM A|Xj.

Oupenenenne 3.2. I[lycrs A € LR(X), M C X - 3aMKHyTO€ HHBAPUAHTHOE MOJIIPOCTPAHCTBO OT-
nocurenbuo A u X/M - dakrop-upocrpancrso. Torya suneiinoe oTHOIIEHNE A= A/M € LR(X/M),
OIIPEJIEJIEHHOE CJICAYIONUMU PABEHCTBAMNA

D(A)={z € X/M : 2N D(A) # @},
Ai = Az,
riae x1 € £ N D(A), GyeM Ha3bIBATh GaKMOP-0MHOUEHUEM.
st noKa3azaTesIbCTBA KOPPEKTHOCTH OIpPEIeIEHNs 3.2 IPUBEIEM Pl JIEMM.

JIemma 3.1. ITyemv A € LR(X) u M C X - unsapuarmmoe nodnpocmpancmso omuocumenvho A.
Toz0a dna mobwx x1,x2 € (x + M) N D(A), 2de x - npoussoavroiii anemenm us X, 6epro pasencmeo

.A$1 = AI‘Q.
L | I/I3 OlIpeaeJIeHru s JINHEMHOT'O OTHOIIEHUA cjeayeT, 9To
Az — Axy = .A(:L‘l — 332) =y + A0.

Ilockombky 1,29 € x + M, 10 1 — 22 € M, a Tak kaK M - wHBapHaAHTHOE MOJIIIPOCTPAHCTBO OTHO-
cureibHO A, B BbIIIE NIPUBEJIEHHOM HEpaBeHCTBE MOXKHO B3ATh iy € M. Ilycrs y1 € Azy u yo € Axg,
TOrJIA TIOJTy 9aeM

Axy — Axo+ M = A0+ M,

1 —y2+ A0+ M = A0+ M,

y1 + A0+ M = yo + A0 + M,
AI1+M:A$2+M. »

Jlemma 3.2. ITyemo X - aunetinoe mpocmpanemeo v A C X X X - 6unaproe ommowenue Ha
nem. Ommowenue A ABAAEMCA AUHETHbIM M020a U MOALKO M0o20a, k0204 00HOBPEMEHHO GHINONHEHDL
cAedyOULUE YCAOBUS:

1) D(A) - aunetinoe npocmpancmeo;
2) A(x1 + x2) = Axy + Az das mobux x1, 19 € D(A);
3) Alaz) = aAx das mobwxr x € D(A) ua € C,a # 0.

[Tepeitaem K JOKa3aTEIbCTBY KOPPEKTHOCTH ONPEIe/IeHIs (DAKTOP-OTHOIIECHHS.

Teopema 3.1. Onpedeneriue 3.2 Koppexmmo.

< U3 semmet 3.1 cienyer, uro AZ olpejiesieHo KOPPEKTHO.

Jlokaxkem, 9TO A sBisieTcst TUHOHHBIM OTHOIICHHEM. JList 3TOrO BOCIOIB3yeMCs JIeMMO# 3.2 U 1o-
KazKeM, UTO BBIIIOHEHBI BCe TPU €€ yCJIOBHS:

1). Iycre 71,25 € D(A). Torga 1 = 21 + M, 23 = zo + M, tae z1,29 € D(A) N M, u 1 + 23 =
x1+ w9+ M. Tak kak x1+ 2 € D(A), To 1+ € D(.Z) AHaJIOTMYHBIM 00Pa30M JOKA3bIBAETCSI, YTO
ccmn & € D(A), o ast moboro o € C, ai € D(A). Crenosarensno, D(A) - mumeiinoe 1pocTpancTso.

2). Iycrs 71,25 € D(A). Torna 1 = 21 + M, 3 = 29 + M, tie x1,29 € D(A) N M, u 71 + 73 =
x1 + xo + M. Ilonyuyaem

AT+ T3) = A1 + 29) + M = Azy + M + Azg + M = AT7 + AT
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3). JlokasblBaercsi aHAJIOTUYHO 2). B
[Tycts A € LR(X), M - uHBapuaHTHOE MOANPOCTPAHCTBO OTHOCUTEJIBHO A, A= A/M. Torna
YCJIOBUMCS JIaJIee B 3TOM IyHKTE €CJIn T € D(/T), To B 3anucu & = x + M cuurars x 3nementom D(A).
B crenyromeii Teopeme TPUBOAMTCS BayKHOE CBOHCTBO (haKTOP-OTHOIIEHHI (aHAIOr MOJ00HOrO
cBolicTBa 7151 (DAKTOP-0LIEPATOPOB), KOTOPOE MO3BOJISIET ONEHUTH CIHEKTDP OTHOIIEHUs] YePe3 CIEKTPhI
akTop-oTHONIEHNS U Cy>KEHUs OTHONIEHUS HA HEKOTOPOE MHBAPHAHTHOE MOJIPOCTPAHCTEO.
Teopema 3.2. [lyemv A € LR(X), M - 3amrxnymoe unsapuarmmoe noonpocmpaicmseo omHocu-
meavro A, A = A/M, Ay = A|M. Tozda aobvie dsa u3 caedyrowur ymsepircoeruti 8AEKYM mpemove:
1) A - nenpepwigro obpamumo;
2) A - nenpepuiero o6pamumo;
3) Anr - HenpepuieHo 06pamumo.
<2),3)=1). . Cropexrusnocts. Ilyers § € 1 mA, cle0BaTeIbHO, CYIIECTBYeT Takol & = x + M €
D(A), uaro j € Az. Ilpeacrasum AZ B Buze
Az = A(x+ M) = Az + M.
OueBugno, uro Ax C ImA, a tak kKak Ajs - ciopbektuBro, 1o 1 M C Im.A. CienoBaresbHO, st
Jiioboro g € 1 mﬂ, y=y+M C ImA, rue A- ciopbekTuBHO. OTCIoNa cpa3y BbITekaeT, uro ImA = X.
Unbexrusrocts. yers 2 € KerA, te. Az = A0. Torma A(z + M) = A0 + M. VI3 uHbeKTHBHOCTH
A cienyer, uro z € M N KerA. B cBoio odepenb u3 unbexrusrocru Ay cieyer, uro z = 0.
1),2) = 3). CiopbekruBHOCTD. [IpenosokuM npoTUBHOE, YTO cyliectByer y € M, Takoii, 4ro
st ioboro € D(Apy), y ¢ Apyx. Torma us coopbektuBHOCTH A ClI€yeT CyNIeCTBOBAHUE TAKOTO
2/ € D(A\M, aro y € Az’ N M. Orciona soirexaer, uro A(z’ + M) = A0 + M, a tak xaxk A -

uHbeKTUBHO, TOo ' € M. ITonyunnu npoTusopedne.
NubekTuBHOCTL A)s Cpagdy ciiejyer u3 HHbeKTHBHOCTH A.

1),3) = 2). Cropsextusrocts A cpasy crejlyer u3 ciopbexrusnocta A.

Uunektusnocts. Ilycrs & € KerA, re. AT = A(x + M) = A0 + M, cienosarensro, Az = A0
wim Az C M. B nepom ciayudae u3 uabekTuHOCTH A cieyer, uto @ = 0, BO BTOPOM cilydae n3
ciopbekTuBHOCTH Ajr ¥ n3 mabekTHBHOCTH A cienyer, uro x € M. Otcioga BbITEKaer, 410 T =
z+M=M=0.» B

CaencrBue 3.1. Cnpasedauso caedyrowee exarovenue o(A) C o(A)Uao(Anr).

<« CrpaBeyIMBOCTD JIAHHOTO YTBEPIK/ICHHST BHITEKACT U3 CJICYIONINX OYCBH/IHBIX DABEHCTB

(A=XI)/M =A/M —X[/M, (A—X)|M =AM - XM,
npu KOTOEI)IX nMeeT MECTO HEIIOYKa 3KBUBAJICHTHBIX yTBepH{,ILeHI/IfI:
A € p(A) N p(Awm), creoarernsio A € p(A);
A ¢ o(A)Ua(Au), crepoparensio A ¢ o(A);
A€ o(A) , cneposarensio A € o(A) Uo(Ax). »
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O MOMEHTAX PEIIIEHUSY YPABHEHUSA PUKKATHU CO CJIYUYAMHBIM
KO®PUIINMEHTOM

N.N.KOBTYH
HAIIMOHAJIBHBINT ATPAPHBINT YHUBEPCUTET
KUEB, YKPAUHA

1. BBEJIEHUE

Vpasuenns PUKKaTu 1oJsiyyun/in cBoe Ha3BaHME 110 MMEHU 3HAMEHUTOI'O UTAJIbIHCKOI'O MaTeMaTUKa
Axkono Pukkaru (1676-1754), KoTopblii nsyvas 3a7ady BOCCTAHOBJIEHHsI YPABHEHUs] KPUBOH 110 CBO-
CTBaM KPUBHU3HBI 3TOH KPHUBOIi, IOJIYUHU YpaBHEHUE

b% = at® + 2°. (1)

J.Bepuysumi B 0j1HO# U3 cBOMX paboT MOKA3aJl, ITO 9TO yPABHEHHE JIOIYCKAET Pa3/ie/IeHUue epeMeH-
HBIX 1IpU

in
=— e 7). 2
Ecin n — oo, To o = —2, ypasrenue (1) npuHuMaeT Buj
dr «a
b— = — + 2
@ e

U UHTErPUPYETCsi B KBAPATypax.

Kak mokaszas Jluysmib (1841), mpu Bcex OCTAJIbHBIX 3HAYEHUSIX (v, HE YIOBJIETBODPSIONINX YCJIO-
Buio (2), ypasaenue (1) B KBajiparypax He wHTerpupyercs. [ljisi HHTErpupoBaHusi TAKUX yPABHEHUIT
[IPUMEHSIOTCS] YUCJIEHHBIE METOJIBL.

K ypaBaennsim PukkaTh mpUBOIAT 33189 TEOPETUUYECKON M IMPHUKJIAIHON MEXaHUKU, THIPOINHA-
MUKH. YpaBHeHHsi PUKKATH ITOSIBJISIIOTCST B Teopun KOH(MOPMHBIX oToOpakeHuii [7|, Teopuu BIioJIHE
MHTErPUPYEMbIX MaMUJIBTOHOBBIX cucteM [3|, kBanTOBO# Teopuu nosst (8], [11] u ap. Teomerpuveckue
acreKkThl Teopu G depeHIuanbHbIX YPaBHEHNU T ¢ KBaAPATHIHOM IPABON YaCThIO PACCMOTPEHBI B [4].

PacemorpuM, Hanpumep, pasron poropa rasorypbunnoro jasuraress [1]. Ilycrs Ha poTop jeiicTByor
MOMEHT CHUJI COIIPOTUBJICHUI, ,Z[BI/I)KYH_H/H‘;I MOMEHT U MOMEHT MHEePIUN. HYCTB MOMEHT CHJI COIIPOTHUB-
JICHUSI TIPOIOPITUOHAJIEH KBAJIPATy YaCTOTHI BPAIECHUS, & ABMXKYIIUI MOMEHT IPOIMOPIINOHAJIEH KyOy
BpeMeHH. YCJIOBHE JTUHAMUYIECKOTO PABHOBECHUSI TAKOIO POTOPa OTHOCUTEJBHO och BparieHuns Oz eCcTh
PaBE€HCTBO Hy.HIO CylVH\/IbI BCE€X MOMEHTOB, T.€.

ZMZ:Md+Mc+Min:O.

ITo ycioBuio

My =kit3, M,=—kow?, M;, =—I%

4> k1, k2, I— nocrosuneie. Torna nmeem

dw
k1t3—k2w2—IE =0
nJIn d k k
k13 K2 o
a -1t T

Takum 0b6paszom, nosryumin ypasuenue Pukkaru sujga (1).

BameruM, uTo ypasHenue (1) IPUHATO HA3BIBATH CIEIAJIbHBIM ypaBHEHHEeM PUKKaTH, a ypaBHEeHHEM
Pukkaru HazpiBaTh ypaBHEHUE, B KOTOPOM IIpaBasi 9acTh €CTb KBajpaTudHasi (QYHKIHS OT UCKOMOit
dbyHKIUKU X, T.€. ypaBHEHUE

dx
2
— = P(t)z* + Q(t)z + R(t).
dt
IIpuuem mopcTanoBka
1 P'(t)

.QZ'::l:L zZF = Q(t)+P—Yf)
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IPUBOJIUT ypaBHeHUe PUKKaTH K BUIY
2 =422+ Ry (t),
e

1 P(t)|" 1 P'(t)  P'@)°

Rl(t):i{Z Qt) + PlO) _§[Q’(t)+ P(t)  P(t)

SAe) YpaBHEHUE Ha3bIBaCTCAd KaHOHUYICCKUM YpPpaBHEHUEM Pukkarn.

Paccmorpum kaHoHHYeCKOe ypaBHeHHe Pukkaru co ciaydaitabiv koaddunuentom (¢, w)
¢+ 2%+ (at) +&(tw) =0 (3)
U HAYAJBHBIM YCJIOBUEM
2(0,w) = zp(w). (4)
Baech cayuaitablii nponece z(t,w) yuosiaerBopsier ypasHenuto (3) mouru Jyist Bcex w € Q  (Q—
BEPOSITHOCTHOE IIPOCTPAHCTBO).
[Tpu HEKOTOPBIX YCJIOBHsIX Ha ciydaiiHbiil nporecc &(t,w) onpejieanM MOMEHTHI ypasHeHust (3) ¢
HavYaJIbHBIMU ycjoBusaME (4).

CymiecTByeT ¢BsI3b KAHOHUYIECKOIO ypaBHeHus: Pukkaru n nuddepeHuaj pHoro ypaBHeHnusl BTOPOTO
HOpsIAKa ¢ TaKUM 2Ke KodddurmenToM. C IIOMOIIBIO 3aMEHbI

x
z=— 5
’ )
zajada (3) - (4) cBogures K uddepeHImaibHOMy YPABHEHUIO BTOPOTO HOPSIJIKA
d*z
o T (a) +Et,w))e =0 (6)
C HAYAJIbHBIMU YCJIOBHUSIMU
dx
x((),w) = 1:0(("))’ at = yO(w)7 (7)
t=0
riae ro(w) u yo(w) Takue, 9TO zg((‘:}% = zp(w). Ciryuaitablii nporecc z(t,w) yAOBIETBOPSET yPABHEHUIO

(6) mourn mist Becex w € Q.

2. MOMEHTBHI PEHIEHNA JTNOOEPEHIINMAJIBHOI'O YPABHEHUA BTOPOT'O ITIOPAIKA
CO CJIVHANHBIM KOSOPUIIMEHTOM

[Tycrs coyuaiinbiit npomece &(t,w) — HerayccoBcKuii cydyaitHbIil IIPOIECe, YI0BIETBOPSIONIHI yCI0-
BUAM

1. &(t,w)— wnenpepsiBHBIN ciy4vaiinbiii nporece, £(0,w) = 0, KoBapualmonHasi (QyHKIUs <
f(t’ ')5(7’, ) >= K(t’ T);

2. ¢(t,w) — menbra-KOPpeSMpPOBAHHBIN CJIydaiiHbIi MpOoIece, KoBapualmonHas MyHKIU KOTOPOTO

2
Q(t,5) = LEL) g‘;g’@
s

Wi £(t,w) — coaydailHblii IpONECe ¢ M3BECTHBIMU KyMYJISATUBHBIMU (DYHKIUSIMU K; (t1, ...,tj,t) =

sj(t)0(t1 —t2)---0(t; —t) (6(ti — tig1) — mempra-bynxuun, ¢ = 1,2, ..., j). IIpexnonaraem, 410 psin

=c(t,s)0(t —s) (c(t,s) =c(s,t)).

o0
> js;(t) paBHOMEPHO CXOIUTCH.
j=1

Pemenne z(t,w) 3amaqn (6) - (7) sBiasercs dyHKIMOHAIOM citydaiiroro nporecca £(t, w), MOMEHTBI
KOTOPOTO cpenHee My, (t) =< z(t,-) > u koBapuanuonnas dbyuknusa K(t,s) =< x(t,-)x(s,:) > .

st HaxoxKieHusi cpejiHero my(t) ypashenust (6) mepexojuM OT ypaBHEHHUsI BTOPOro mnopsijika (6)
K CHCTeMe JIByX ypaBHEHHi repsoro mopsijaka (yi(t,w) = x(t,w))

{% = yQ(tvw)7
&= (Rt w) (8)
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C Ha49aJIbHbIMHU YCJIOBHUAMMN

y1(0,w) =ao(w) =17, y2(t,w) = yo(w) = 43-

Takast cucreMa sIBJISIeTCS 9ACTHBIM CIydaeM GoJiee o0Ineil cucTeMbl JBYX YPaBHEHUI BTOPOIO TOPSIIKA,
K03 pUIMeHTb KOTOPOIl BO3MYIIEHBI M3BECTHBIMU HE3aBUCUMbIME CJIydailHbiMu mpoteccamu (9], [10].
Yepennsist cucremy (8), mosTyauM

{ d<dyt1> _ <y2(t )>’
d<d¢tz> = k2 <y(t,) >+ <&@t ult,) > . (9)

U3 cpesnero or npoussesieHust ciaydaiHoro mpoiecca §(t,w) u (QyHKIMOHAIA OT ITOrO MPOIEcca
y1(t,w) HyXkHO BBLIEIUTH cpegree < yi(t,-) > . Ucnonbsys dhopmynny uz [2], [5], momyanm

(5jy (tv')
<&(t,) ) >= Z j_1 <5§(t,.).1,5£(t,')>’

J=1

e
My (t,w) B
d(m1,w) - - 0&(T5, w)
BapUAaIMOHHbIE POU3BOJIHBIE J—T0 MOpsAKa. VICmoab3ys cucreMy HHTEIPAJILHBIX YPaBHEHU, SKBUBA~
JIEHTHYIO cucreme (8)

wtw) = y?<w>+(fy2<r,w>dr,

poltiw) = yg(w)—kzoftyl(ﬂw)dT—Ofty2(77w)§(77w)dﬂ

u ycaosue npuauHHOCTH: Y1 (¢, w) 3aBucnT (GYHKIMOHAJLHO OT NpeAbLIyINX 3HadeHnit &(z,w) Ha
untepBasie 0 < z < ¢ U He M3MEHSIETCHA NPU BApbUPOBaHUN (DYHKIMOHAJIOB BHE TOIO WHTEPBAJIA,
MOKHO T10Ka3aTh [6], 410
Sy (t,w)
&(t,w) - - 08 (2,

Torya cucrema JijIs HAXOXK/IEHNsI CPEJIHEro pellleHust ypaBaenust (6) mpumMeT Buj

w) = ]'yl (t,w).

d

<é,;1> = < y2(t, ) >, N

d .

dspz = g2 <y(t,) > - lesj(t) <y(t,) > .
J:

W, yaursiBas, 1to y (t,w) = z(t,w), nMeeM 00bIKHOBEHHOE A depeHnnaabHoe ypaBHEHHe BTOPOTO
HOPSIJIKA [T HAXOXKJICHUS CPETHErO My (1) :

d?>m, 9 >
72 + | A7+ stj(t) mg =0, (10)
j=1

HaYaJIbHbI€ YCJIOBUSA JIJIsI KOTOPOT'O UMEIOT BHJT

dmy
dt

=< ) >
. yo(-)

my(0) =< zo(-) >,

J1s1 HaXOXKJIeHUsl KOBApHalMOHHOH (yHkiuu pemenus upu ¢ > s §(t,s) =< z(t,-)x(s,:) >

ucrosb3yeM cucremy (8) . IlocienoBarenbHo yMHOXKast ypaBHeHus cucTeMbl (8) Ha y1(s,w) 1 ya(s,w)
U yCpeJIHsAs Oy IeHHbIE YPABHEHUST, TMEEM

% = Qle

% - _kz(jll_ < f(ta ')yl(ta ')yl <3a ) >,

dgi 5

ddt = (22,

o= —KPqia— < &t )yt yals, ) >, (11)

rie Gix =< yilt, Jyr(s, ) >, i, k=1,2.
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st cpennaux 3Hadenuit or npoussenenuit < (t,)y1(t, - )yi(s, ) > u
<& )yt )ya(s,-) > mmeem [9]

<6l (s,) >= 3 (1) < y<t7'>y1<s,->>7

S (G- DI\GE(E ) - 66t )
& s5(t) yi(t, )ya(s, )
<£( )y1( >—j:1 ]_1 < t,-)~-'(5§(t,')>’

rie ‘
! (yl (ta w)y1(87 w)) _

5E(t,w) - - 0E(t, w) =0, SE(t ) - ( ) = jly1(t, w)y2(s,w).
Torma cucrema (11) npurnMaer Bu

% = 6_?21,%

gt —k*qu1,

M2 = gy,

diza (12 1 N e (A

& o= —(k*+ lesj(t))qm, (12)

j=

Anajoruunyio cucremy mosydnM u st G =< yi(t, )yk(s,-) > (i,k=1,2) upm t < s.

?

HavanbupiMn  ycioBusiIMH  JiUIst 9TOH  CHCTEMBI sABJsoTCa aucnepenu  Gik(t,t) = qu(t,t) =
Dir(t) (i,k=1,2), Dia(t) = Da(t), Ias HAXOXKIECHUS KOTOPBIX MOIYIaCM CHCTEMY
dD
- = 2Dia(), N
G2 = KDu) + Do) + 2 3 + Vsja () Dia),
j:
dD
722 - 2D12(t)
nmn auddepeHnnalIbaoe ypaBHEeHne BTOPOTroO MOPsIIKa,
d®D1y =~ .. dDqs
S i+ s +Z]]+ '(t) | D12 =0

j=1
C HaAYaJIbHBIMN yCJIOBI/IHMI/I
dD
0 0 12 0 o/
D12(0) =< y7 (-)ya(+) >, o =<y (Jya () >
t=0

3. MOMEHTHI PEINEHUA TNOOPEPEHIWAJIBHOI'O YPABHEHUA PUKKATU CO
CJIVYANHBIM KOOPUILIMEHTOM

YcraHOBUM BbIpakeHne MOMEHTOB perenus: z(t,w) ypasHenusi Pukkaru (3) uepe3 MOMEHTHI perrie-
uust x(t,w) muddepennuanbHOro ypaBaerust Broporo nopsiika (6) my(t) =< z(t,-) >, Ky(t,s) =<
l’(t, ) - m:ﬂ(t)a .’L'(S, ) - mm(s) >

Ecmu T — CaydJaiiHas BeJWYUHA, TO Jjd (QYHKIUU OT 3STOH CAydalHON# BEJIUYUHLBI U =
o(z) (p(a) — cayuaitnas dynkmus na R') umeem

p(2) = p(ma) + @' (ma) [z — ma].
Torna
my = p(my).
Ecim D, — nucnepcus ciaydvaiiHoil Bequdunbl , To nucnepcust GyHKun u = o(x)
Dy =< [p(x) = my]* = [/ (ma) (@ — my)]? >= [¢(ma)]* Ds.
[Tycrs x(t) — cayuaiinas dyukuus u nycrs u(t) = @(x(t)). Nokaxkem, uaro

p(x(t) & @(ma(t)) + o (ma(t))[x(t) — ma(t)].



74

JleficTBUTEIBHO,

Tak kak

TO IIOJIyd9a€eM, 9TO

p(x(t) & @(ma(t)) + o (ma(t))[x(t) — ma(t)]. (13)
Orcroma umeeM cpejitee it GYHKIUU U OT caydaitnoi dbyuximun ()
M (t) = p(mz(t)). (14)
Haiitem koBapuarmonnyio dbynkmuio Ky, (t,s). Yaurssas (13) u (14), nmeem
Ku(t,s) =< [p(z(t)) — mu(b)]p(x(s)) — mu(s)] >~
< [l (ma(t))((t)) — ma(t)][ga(ma(s)) (x(s)) — ma(s)] >=
= Po(ma(t))pa(ma(s)) Ka(t, 5),

Ku(t, s) & @o(ma(t)en (ma(s)) Kalt, 5). (15)

Ham norpebyercst u = ¢(a) = Ina. Torna (o), = 1, u nz (14) u (15) umeenm
Kot
my = Inmg(t), Kyu(t,s)= &
Mg (t)ma(s)

Bosspamasich K ypaBHeHuto Pukkaru u ucnosb3ys (5), T.e. TO, 4T0

2 :
<) = Ty = MnG(t)'

HOJIy9aeM CpejiHee 3HAUCHUE ¥ KOBaPUAITOHHYIO (DYHKIIUIO peleHns ypaBaenns: Pukkarn (3):

B m;(t) o)~ 5?2 K, (t 8)
m(t) = ma(t)’ K(t,s) = 0t0s [ (1 )mx(s)] ’

riae my(t) u K;(t,s) - COOTBECTBEHHO CpejiHee U KOBapUAIlMOHHAsI (DYHKIIUS perenus: ypasaenust (6).

CIIMCOK JINTEPATYPHI

(1) Homros H.M. Bucwasa mamemamurka. -K.: Beima mxosa, 1998.

(2) Houckep M. 06 unmeeparax 6 gynkyuonasvrnuxr npocmparcmsazr// Maremaruka. -1967. -T.
11, Ne 3. -C. 128-164.

(3) 3axapos B.E., ®amuees JI.[. Vpasnernua Kopmeeza-de-@pusa - noane unmezpupyemas 2a-
MuabMOHo6a cucmema // OYHKIL. aHAIU3 U €ro

npuiioxkenus. -1971. -T. 5, Ne 4. -C. 18-27.

(4) 3emukua M.U. Odnopodnwvie npocmparcmesa u ypasuenus Pukkamu 6 6apuayuoniom ucuucie-
nuu. -M.: PakTopnas, 1998.

(5) Kismnkun B.J., Tarapckuit B.M. Cmamucmuueckue cpednue 6

dunamuveckur cucmemax // Teop. n marem. dusnka. -1973. -T. 17, Ne 2. -C. 273-282.

(6) Kosryn .M. Momernmuvie ypasnerus oaa cucmem duddhepeniuarvbnol YpasHenut, 603 MyuLeH-
HOLT HE2AYCCOBCKUMU CAYHaTHbIMU npoyeccamu,// Bucabik Knesckoro yuusepcurera. Cepusi:
dbusnko-maremarniaeckne nayku. -2002. Boir.1, Ne 4. -C. 186-191 (ma ykp. s3bIKe).

(7) Kypanr P. Humeepan Jupuzae u murnumarvroe noseprrnocmu. -M.: T, 1953.

(8) Harnard I., Saint-Auben Y., Snider S. Quadratic prendopotential for GL(N,C) principal sigma
models // Physic. D. -1984. -V. 10, Ne 3. -P. 394-412.

(9) Kovtun LI. On the moments of a two differential equations with stochastic perrurbations //
Spectral and Evolutions Problems. -1998. Simferopol: Tavria. -P. 146-449.



75

(10) Kovtun LI. On the moments of a two differential equations with stochastic perrurbations. 11 //
Yuensie zanucku TaBpuueckoro Har,. yaus. um. B.M.Bepuasckoro. -2003. -T. 16(55), Ne 1. -C.
182-185.

(11) Winternitz P. Lie groups and solutions of nonlineare differettial equations // In: Lect. Notes of
Phys. -1983. -V. 189. P. -263-331.

L.I.LKovtun., Math. Dept. of National Agricultural University, Geroiv Oborory str., Kyiv,
03041.

e-mail: iraQ@otblesk.com



METO/I MHOI'nX MACHITABOB JAJI4d ITPUBJIN2KEHHOTI'O
YPABHEHUNSA BYCCUHECKA

KopratokoBa C.A.
YOUMCKUN TOCYIAPCTBEHHBIN ABUAIIMOHHBINM TEXHUYECKUN YHUBEPCUTET
YoA, Poccus

1. BBEJIEHUE

B aTo0it pabote paccMaTpuBaiOTCsa ypaBHEHUS IBUKEHUS IIJIOCKUX BOJIH KHIKOCTH C BEKTOPOM CKO-
poctu V' = (v1,v2) B pABHOMEPHOM T10JIe CUJI TsizKecTH [1]:

Paa + E72‘f’yy =0 (1)
hy + hx¢x - 572¢y =0, nmpu y = h(t,x). (2)
1 1
(bt + §¢i + 5572(1)2 + gh = 07 upm y = h(t,.’lf), (3)

rie ¢(x,y,t) — norenrman ckopoctu: V = V¢, cBoboaHAs TOBEPXHOCTD 3a/1aeTcs ypasHenueM h(z,t) —
y = 0, ycinoBue HenmpoTeKaHWd Ha JHe o3HadaeT ¢, = 0 mpum y = 0, € = % < 1 — napamerp,
KOTODBIil IpeJrmosaraeTcss MajabiM, A — JymHa BosiHbl. Cucremy ypasaenuii (1)—(3) B manabHeiiem
6y/1eM Ha3bIBATH YPABHEHUSIMU (UJIH CHCTEMOI ypaBHEHHUIH ) MeJsiKoii Bojibl. OG0CHOBaHIE TEOPUU MEJIKOi
BoJibI 661710 ipoBeieHo JI. B. OBestnaukoBbiM B KHure [1]. OCHOBHBIM METOJIOM UCCIIEJ0BAHUS CUCTEMBI
YPaBHEHUI MEJIKOI BOJIbI SBJISIETCS METOJM, KOTOPBLI MCTOPUYECKH Ha3bIBAIOT MeToJoM Jlarpamxka.
CoryracHo 9TOMY METOJLY, 3AIUIIEeM TIOTEHITUAT CKOPOCTH B BUJIE PsIjia:
g2 et g8
¢ = Az, t) — gAm(t, z)y? + IAmm(t’ z)yt — EAmmm(t, o)y 4+ ..., (4)

[Moncrasum ganHoe pasmoxkenue B cucremy (1)—(3):
2
ht + hazAm + Azzh - %h2(14mzzhz
1 4 1
+ _A;cxxajh)z + €_h4(Aa:zxx:t + _Axxx:c:r;a:h) = 07
3 4! 5 (5)
1 2 1
At + 514;% + gh - %h(Axmt + AxAxxm - Aix) + 54h4(IAzxxxt
1 1
_A2 - _Aman:x:p = U.
+ 4w T g ) 0

[Tpeanonaras, aro dpopmysna (4) cupase/yiiBa He TOJBLKO B HEKOPOi OKpecTHOCTH Yy = 0, HO U BILIOTH
10 y = h, obpamenue dopmyiist (4) gaer:

2 54
A:¢+%M%fw%M%mﬁam (6)

Cucrema (5) 10CTATOYHO CJIOKHA BBUJY €e CUJIbHON Hesunefinocru. st ynpomenusi cucrembr (5)
ucrosib3yeM npubsmkenune Byccunecka mis h u ¢ [1]

h=ho+e’n, ¢ = —ghot + . (7)
Mopcrasiss (6), (7) B (5), noayaum

1 16
52 2 4 ho 2
e+ gn+ 51/)1 +e (hontd)x:{: + Ewmx) =0. (9)
Beenem obosnadenne oz, ) = o(eP), ecin BBIIOTHSIETCST PABEHCTBO
tim 29 _ g

e—0 P
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Yucsio p GyjieM HA3BIBATH MOPSJIKOM TOUYHOCTH BbIparkeHust «(z,e) 10 €. Tenepb, eciu Mbl BbIPA3UM
n u3 ypasHenusi (9) u mojcraBuM B ypaBHeHHEe (8), MbI IOJIyYUM TaK HA3bIBAEMOE HPUOJIUKEHHOE
ypaBrerue Byccunecka (€ TOYHOCTBIO JIO Y€TBEPTOTO TOPsIJIKA 1O €)

2

1 e“ |1
- Ewtt + howmm + g [ghggwmmmr - 2¢xwtm - wtw:m:

_}2 3 h 2
* 54 70(¢40¢t + 2¢:ca:a:7/}t:c + 2¢J:a:7/]t:caﬂ) o %%m%bg + g_g(wtthx)t + Ehgwxzxxa::c = 0. (10)

2. METO,ZL MHOI'X MACHITABOB JJId INPUBJ/IN>KEHHOI'O YPABHEHUA BYCCUHECKA

Meros MHOrIX MacITaboB ObLI OYeHb HOIYJISIpeH B ABaJaroM Beke. OH XOPOIINO OIMMCAH B KHUTE
Haiide [2]. Unes npuMeneHus: MeTo/ja MHOIMX MAacIITabOB K IPUG/IMKEHHOMY ypaBHeHHno Byccunecka
BO3HUKJIA B [5], IJie aBTOPbI PACCMOTPEIH JIAHHOE YPABHEHHE C TOYHOCTHIO JI0 IepBOro nopsijka. Ilpn-
MEHEHMEe MeTo/[a MHOIMX MAacIITaboB [03BOJISIET Y/IyUIIUTh Pe3yJIbTaThl, Oy YeHHbe B [4].

[Ipexxae veM NPUMEHUTH METOJI MHOTHMX MACIITabOB K MPUOIMKEHHOMY ypaBHEHHIO ByccuHecka,
yI006HO cuesiath 3ameHy B ypasuenuu (10):

Vhog' Vhog’ 9

B pesysbrare nosiyuaercst mpeobpasoBaHHOe ypaBHeHUe Byccunecka:

1 1
uxy =3¢ |:UXUXX + uyuyy — g(uX“YY +uyuxx)

2

—guxy(ux +uy) Fuxxxx +uyyyy —4uxyyy + uxxyy — 4UXXXY]

+e? |:2(UYY —uxx)(uyyy —uxxx)+ (ux + uy)(uxxxx + uyyyy) (11)
1

—g(ugguxx + U%UYY — QUXUY(UXX + UYy) + u%/uXX + u?xu;/y)

6
+S(UXXXXXX +uyyyyyy)| =0.

[Tepemnumem ypasaerue (11) ¢ TOYHOCTBIO 70 BTOPOroO HOPsiJIKA 110 €. Jljisi 9TOr0 BBIPA3UM U3 9TOTO
YPaBHEHUS Uxy B IIEPBOM IIOPsJIKE 110 E£:

1 1 1
uxy = 3¢ [UXUXX + uyuyy — g(UXUYY +uyuxx) Fuxxxx +uyyyy| = 56\1’7 (12)

u mozcTaBuM Bbipazkenue (12) B ypasnenue (11):

1 1 3
UXy 258\11 — EEZ(UX + UY)\I/ — EQ\IJYY + 582\11)()/ — 62\I’XX
+&2 [2(UYY —uxx)(uyyy —uxxx)+ (ux +uy)(uxxxx + uyyyy)

1
_6( Juxx +ubuyy — 2uxuy (uxx +uyy) +uduxx + ux2uyy)

(13)

6
+-(uxxxxxx + UYYYYYY)] .

5
BBenem mensiennble mepeMeHHbIe 110 (DOPMYJIaM:
1 1 1
T=5e(X+Y), Ti= 552()( +Y), Th= 552()( ~Y).

TOI‘,H,& IIPOU3BO/IHbBIE % n % COOTBETCTBECHHO 3aMEHATCA Ha

0 10 1,0 1,0

ox T2 T2 o T2 oy
ay "2%r "2 oy~ 2 ony
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Ypasuenue (13) B MeJJIEHHBIX [IEPEMEHHBIX C TOYHOCTBIO JI0 BTOPOTO MOPSIJIKA IIPUMET BUJI:

1 1, 1,
uxy + §E(UTX + uTy) + 58 (UTlX + ule) + 58 (UTQX — usz)
1,5 € 1
+ ZE Urr = 3 [uXuXX +euxurx + §5UTUXX + uyuyy

1 1 €
+ cuyury + §€u7uYy — g(uxuyy + cuxury + §u7uyy

€
+uyuxx +euyurx + §uTuXX) +uxxxx + uyyyy + 2e(uxxxxr
14
_ 1o U — 2P 32q .,y — 20 .
+ uyyyyr) 6€ (ux + uy) e Wyy + 2€ Xy — € V¥xx

+ &2 [2(uyy —uxx)(uyyy —uxxx)+ (ux + uy)(uxxxx + uyyyy)

1
2 2 2 2
— E(UXUXX +uyuyy — 2uxuy (uxx + uyy) + uyuxx + uxuyy)

6

+ g(UXXXXXX + UYYYYYY)]-

Bynem nckarh acuMnTOTHYECKOE PENEHNE YPaBHEHUS (14) B BUJE pAJa MO CTEIEHsIM €:
u=u"(X,Y,r,T1,Ts) + eu(X,Y, 7,11, Ts) + 2u*(X,Y, 7, T1, Tb) + o(c?).

[Mogpcraisist 910 Bbipazkenue B (14) u npupaBHEBas KOI(DOUIUEHTHI DU OJMHAKOBBIX CTEIEHSIX &,
MOxKHO T1oceoBareabuo naitu ul, ul, u?. B dopmyst 1t ul u u? MOTYT BXOAUTE WIEHBI, COepIKa-
e MuokuTenn Buga € X, €Y, e2X u €2Y, Koropele B JasbHeIIeM 6y/1yT HASBIBATHCS CCKYTSPHBIMI
wieHaMu. Hajimaume CeKyJISIpHBIX JIEHOB BBIHYKJAET HAC PACCMATPUBATH ACUMIITOTHYECKOE PENIeHUE
B obnacru, e X < 1/e,Y < 1/e. Yrobbl pacimmpuTh 06JaCTh NPUTOJHOCTH aCUMIITOTHYECKOTO Pe-
IIeHUsI, HeOOXOMMO [IPUPABHATH CEKYJIsIDHBIE UjIeHbl K Hyso [2]. B pesyibrare mosydaem cieyoriue

dbopmyist s u®, ul, u?:

uO :(Z(X, T, TlaTQ) + b(Y7 T, TluTQ)a (15)
1
ul = — g(aby+bax)+a1 —|—b1, (16)

1 1
u? :Z(by/aTdX + ax/deY) — 5(axb/2+ bia/2)

1 1
+ §(by/a§(dX +ax /b%dY) + %(byya2/2

)
+axxb2/2+ax/bbyde+by/aaXde)+Z(CLXXXb-i-byyya) (17)

13 1
— g(axbyy +byaxx) — 6 / /(axbn/y +byaixx + byyaix
+ axxbly)dXdY + ag + bo,
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rje ap,az 3apucar or X, 7, Ty, Ta, u by, be 3aBucar or Y, 7, Ty, Th (31ech wiensl Buja ay + by u ag + by
[PEJICTABJISIOT coDOii ObIIMe pelleHus JIHHERHOTO BOJTHOBOTO ypaBHeHus uyy = 0). Ycejaosue obparie-

HUA CEKYJ/IAPHBIX 9JICHOB B HYJIb JJa€T CUCTEMY, KOTOPYIO MbI BBIITUIIIEM WU PaCCMOTPUM OTAEJIBHO!

1
2
ar = S0x +axXXX

2
1 1a3 29 a2 39
§(QT1 —ar, +a1.) = 8% +2axaxxx + ﬁ% + 2—OCLXXXXX

+ §(a1xax +a1xxx)-

1, (18)
br = §by +byyy.
1 163 2002, 39
el _ Y 49 it ' SR
2(le +bp, + bir) 63 T by byyy + 59 T 2ObYYYYY

1
+ §(b1yby + biyyy).

Cucrema (18) cocrouT m3 JIBYX HE3aBHCHMBIX CHCTEM, OfHa — Ha (GYHKIUHA G U a1, Apyras — Ha
dyukmun b u by. Jlerko 3aMeTuTh, YTO HEpBasi YaCThb CUCTEMBI (18) sBIISETCS CIIeICTBHEM CIIe Iy IOMeit
CUCTEMbI ypaBHEHUIA:

1
ar = 56& +axxx (19)
1 1a3 a’ 3
lar —an) = i?X +axaxxx + EX + ZAXXXXX- (20)
1 1a 17a%yx 27 1
- . & kil — — . 21
501 53 +axaxxx + 1575 50 XX XXX + 2(a1XaX +a1xxx) (21)

Awnanormanas cucrema ypasuenuii na dyuknuu b(Y, 7,11, T5) u by (Y, 7,11, T2) ¢ TOIHOCTHIO /10 3HAKA
mMeeT TOT ke By, 4To u cucrema (19), (20), (21). Ypasuenus (19) u (20) sABISIOTCS TOTEHIMPOBAH-
opivu ypaBuenuamu Ka®-3 u Kad-5 coorBercrBenno. I3BecTHO, 9TO cuCTEMA, COCTOSINAsS U3 yPaB-
mennit Kn®-3 u Knd-5, coBmectna. /[yt Hee moCTpoeHbl pa3/inaHble KJIACCHI PEIIeHnil, B 9aCTHOCTH,
N-conmronnble pemtenust [3]. Hanpumep, oJHOCOINTOHHOE DellleHre a UMeeT BH/I:

a=2ktanh |k = + —k>+ ——2k*)|.

[ <6 54 810

Jlnst manHoit HyHKINM @ COOTBETCTBYIONIAs (DYHKIWS @] yJ/IOBJIETBOPSET JUHEHHOMY YpPaBHEHUIO B
JaCTHBIX IIpOI/IBBO,ZLHbIXZ

Ly 5 + c1(tanh 2)% 4 cp(tanh 2)* + c3(tanh 2)5, (22)

= 42k

_ X, 13,2, Th—-T51.4
riie 2 = k(g + gk +52k"), 1, c2, €3 — HEKOTOPBIC KOHCTAHTHL. DTO yPaBHEHNE PA3PENIIMO COTJIACHO
teopeme Komu-KoaJieBcKoii.

Hanomuum, uro ypasaenue (11) 6b110 OIyYeHO U3 ypaBHEHUsI MEJIKOH BOJBI ¢ TOYHOCTBIO JI0 BTO-
poro rnopska 1o €. Herpyano mokazarhb, 9TO BCIO 3Ty HPOIEIYyPy MOXKHO IIPOJIEIATh C IPUOINZKEHHBIM

ypaBHeHueM Byccunecka, pacCMaTpUBaeMbBIM ¢ TOYHOCTBIO J0 JII0OOr0 IOPAIKA 10 E:
1 2 n
quzéaal—i—s as + ...+, (23)

e «;,t = 1...,n — QyHKINH, 3aBUCIIIHE OT Ux, Uy, UXX,UYY - -.. [|pPUMEHsIsT METO, MHOTUX MAaC-
mTaboB K 9TOMY YPABHEHUIO, TTOJTYIAM:

U = CL(X,T,Tl,TQ .. +T2n_2) + b(Y,T,Tl,TQ c. +T2n_2)
1
- as(axb + aby) 4+ e(ar + by) + €2 (u® + ag + bo) + ... + (U™ + an + by),
re:

1 1
T = %(X+Y)v Ty = 552(X+Y)» Ty = 552(X7Y),...,
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1 1
Ton_3 = 58"(){ + Y), Ton—o = §€n(X — Y),

dbyukmmn a( X, 7,171, Ts, ..., Top—2) u b(Y, 7,11, Ts, ..., Ton—2) YAOBIETBOPSIOT CUCTEME, COCTOSIIIEH U3
ypasuenuit Ka®-3, ..., Kn®-(2n+1), n u’,i = 2,3,...,n, MOTYT OBITh HaiileHbI PEKypeHTHO. B Kaxk-
JIOM TIOPSIJIKE 110 € BO3HUKAIOT JIOMOJIHUTEIbHBIE HEU3BECTHBIE (DYHKITNH, KOTOPBIE HAXOJSITCS U3 JIM-
HEHHBIX yPABHEHUIl B YaCTHBIX ITPOU3BO/IHBIX:

Unr = Ap-1Xanx + apxxx +¥(a,ar,...an—1),

rae 1 — aHajguTHYecKasi (DYHKIINSA CBOMX apryMEHTOB. Pa3pemmMocTh 9TuX ypaBHEHUN CjeayeT, Ha-
npuMep, u3 Teopembl Komm-KosaseBckoii.

B zaksiodenme MOXKHO OTMETHTH, 9TO METOJ MHOTMX MACIITaADOB JJIsi YpaBHEHUI MeJKOW BOJIBI,
Ipeobpa30BaHHBIX B IPpUOJIMKEHHOE ypaBHeHnne Byccumecka, JaeT HOBOE aCHMIITOTUYIECKOE PeIleHHe,
KOTOPOE B HYJIEBOM IOPSIKE TOTHOCTHU IIPEJICTABSIETCS B BUJIE CYMMBbI (DYHKIIHN, YIOBIETBOPSIONINX
COBMECTHOII cucreMe ypaBHeHuii, cocrosimeii u3 ypasuenuit Knd-3, ..., Kn®-(2n+1). Merox Mmuorux
MacITaboB MOXKHO KOMOMHUPOBATH C MIPUOJIMKEHHBIM IPYIIIIOBBIM aHAJIN30M, YTO OYIeT PACCMOTPEHO
ABTOPOM B JTAJILHCHIIIEM.
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OB ABCOJIIOTHO PABHOMEPHOI1 CXOJANMOCTU PA3JIOXKEHUN
110 COBCTBEHHBIM ®VHKIINIM NHTET'PAJIbHBIX OIIEPATOPOB

B. B. Korues!
CAPATOBCKUI NOCYIAPCTBEHHBIN YHUBEPCUTET
CaAprATOB, Poccud

B cmamve yemanasausaemces ananoz meopemv, Caca 06 abcomommols crodumocmy mpuzo-
HOMEMPUUECKUT PAdos Dypve Oan passodcernuti no cobCmEeHHvM PYHKUUAM UHMELPANOHDIT
onepamopos ¢ A0pamu, JoNYCKAOWUMY DPA3PBLGHL NPOUSEOOHBIT HA AUAZOHANAL.

B nacrosimeii crarbe ycranasiaubaercst ananor reopembl Caca [1, ¢.609] 06 abcosoTHOl cxouMocTi
TPUTOHOMETPUIECKUX PAIoB Pypbe It pa3/I0KeHNit 110 COOCTBEHHBIM U ITPUCOCAMHEHHBIM (DYHKITHSIM
(c.1m..) mHTErpaJILHOTO OnepaTopa

1—x T
Af = / Al —:z,t)f(t)dt+oz/A(a:,t)f(t)dt, z € 0,1], (1)
0 0

rie dyuknus A(z,t) n+1 pas vHenpepsiBHO quddepentmpyema o x u oun pazno t mpu 0 <t < x < 1,

HpuyeM
S

oxs
Ssn—1 — cumBos KpoHekepa, & — MPOU3BOJIBHOE UHCIIO0, Takoe, 9To o # 1.

Omueparop (1) Brepsbie paccmarpuBasics: B [2]. Ou npeacrasisier coboii mpocreifinuii Buji nHTerpaJib-
HOT'O OIIepaTopa, siJiPo KOTOPOTro UMeeT pa3phiBbl (1 — 1)-0it ipousBoaHON Ha uHUAX t = x ut =1 —x.
st rakoro oneparopa B [3]| ycraHOBIE€HA PaBHOCXOJAUMOCTH DA3JIOKEHHH 10 C.I1.d. U 10 OOBIYHOI
TpUrOHOMeTpUYecKoil cucreme. IIpu o« = 0 myist Takux passioykenuil B [4] 10Ka3aH aHAJIOD TEOPEMBI

Burmynja |1, ¢.614| 06 abcoMIOTHON CXOAUMOCTH TPUTOHOMETpHYECKUX psijioB Dypbe.
(z—t)n~1

(n—1)! >
—AAg) 1 Ag ero pesombsenty @pearombma (E — e IMHETYHBIA 0epaTop, A — CHEKTPAILHBI TapaMeTp).
,HJI?{ OIIpeICJICHHOCTU CYHUTaeM, 9TO 1 YE€THOE. PaCCIVIOTpI/H\l CJIEAYIOIIYIO KpaeBYIO 3aJa1y:

0™ (z) — A\Dv(z) = BF (), (2)
Pu90)+ Qv (1) =0, (j=0,...,n—1), (3)

([ d O 1 a+l a+l B 0 0 (1 —pe B
mep‘(o d2>’B_2(a—1 1—a>’P_<p1 p2>’Q_<O o ) d=

=at+ldo=a-1,pp=1-ap=—-a-1, 'U(.%‘) - (vl(x),vg(ac))T, F(.%‘) - (f(x)7f(1 - x))T7 T =
3HAK TPAHCIOHUPOBAHMUSI.

Kak nokasano B [3|, ecsin oxHOposHast 3aja4a, cooTBercTByIOmas 3a1ade (2)-(3), umeer TOIBKO
HYJICBOE pelleHne, To Ry ) CyIecTByeT u

Ry f(z) = vi(z) + va(z).

Az, t)|t=g = 0sp—1 (s =0,...,n),

O6oznaunm uepes Ay omeparop suga (1) upu Ag(z,t) = a uepes Ry = (E-—

st yupornenusi 3anucu 1epeiijem ot mapamerpa A K g = (o + 1)A m p cHOBa 0603HA-
1
quMm depe3 A. Marpuna D upumer Buj (0 c? >, rae do = (a — 1)/(a + 1). Iomoxum
2

A= p" (0 < argp < 21/n, wj = exp(2mi(j — 1)/n) (j = 1,...,n), d = |do|"/" exp(iargda/n),
0 < argds < 2m. Pazobbem cexkrop 0 < argp < 27/n Ha CEKTOPBI ¢s—1 < argp < s
(s = 1,....m;0 = ¢o < 1 < ... < @y = 27/n) TakuM 06Pa30M, UYTOOBI KaXKIBI CEK-
TOp O00JIaJA] CJIEAYIONMM CBOHCTBOM: YUCIR W1, ...,Wn, dwi,...,dw, MOXHO NEPEHyMEpOBATH B
TAKOM TOPSJIKE W1,Ws,...,Wo,, UTO HPU JIOOOM p U3 PACCMATPUBAEMOrO CEKTOPA BBIIOJJIHSIIOTCS
HepaBeHcTBa: Repw; > 0 (j = 1,...,n), Repw; < 0 (j = n + 1,...,2n), upudem Ha OI-
HOIl m3 rpaHnul, cekropa Repw, = Repw,+1 = 0, a B ciayyae argde = 0 Ha 3Toil Ke TpaHuUIE

Ipagora sbmommena npu (UHAHCOBON mojmepkke rpanHta l[Ipesmmenta PP Ha mommep:kKy BeayImux HayJIHBIX
mkos (npoekt HIII-1295.2003.1), rpanta POOU (npoekt 03-01-00169) u nporpammbr "Yrusepcurersr Poccun" (mpoekt
yp.04.01.375).
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Re pioy—1 = Re pin42 = 0. Herpynuo Buznerb, uto m = 4 B ciaydae argdy > 0 u m = 2 B ciy4ae
argds = 0.

st onpegenennoctu pacemorpuM cekrop S = {p|0 < argp < p1} (Apyrue cekTopsl paccMarpuBa-
1oTcst anajornvno). B [3] mosyuena ciemyromas acumnrorudeckast popMysia 1jist XapaKTePUCTUIECKOTO
oupenesmnrens A(p) Kpaepoit 3amadn (2)-(3):

Ap) = (1= a®)p"™ Vp(p) + o(1)] exp ( Z%) ,

e p(p) = ag + a1 exp(—2poy) + agexp(—p(&n + Ony1)) + asexp(—2pon—1) + aq exp(—2p(On+
+@p_1)), upudem ag # 0.

Yaanum u3 S Bce Hy/IM KBa3UIOJIUHOMA (p) BMECTE ¢ KPYTOBBIMEU OKPECTHOCTSIMU OJIHOIO U TOTO YKe
JIOCTATOYHO MAJIOTO PAJUyca § U MOJIy IUBIIYIOCst 00J1acTh 0003HaunM Sg. BBesem Takke 0603HATCHES:

o(z,p) =exppdj(x —1), ecrm j =1,...,n;

o(z,p) =exppdjx, ecmn j =n+1,...,2n;
1
9@t p) = > wj (mel@,t) +y2,2(t 7)) exp pwj(z — t);
j=1

g2 (1'7 L, p) = Z Wi ('%Jg(l'v t) + ’727j€(t7 l‘)) exXp pdwj (:L' - t)7

npn—1d2 st

rae e(t,z) =1lmput < xe(t,z) =0mput>x; v, =1,7,; =0, ecit Re pwj < 0;v1; =0, 72; = —1,
ecn Repw; > 0; 15 = 1, 725 = 0, eciim Repdw; < 0; 15 = 0, Y25 = —1, eciim Re pdw; > 0;
d = |do|"/™ exp(iarg da/n).

Teopema 1. B obaacmu S5 npu docmamouno 6oavwu |p| das pewenua kpaesot sadavu (2)-(3) umeem
mecmo npedemasaenue

1
/GxthF()d
0

0 gi(z,t,p
ABAAIOMCHA NMUHETHOLMU KOMOUHAUUAMU 8CEE03MONCHUT npouseedenuli o(x, p)o(t, p) ¢ koadduyuenma-
MU, KOMOPBLE HE 3A6UCAT. OM T U t U 02PAHUMEHDBL NO P.

2de G(x,t,p) = g1(z,t, p) 0 +p " H(z,t, p), H(x,t,p) - mampuya, 2aemenmos Komopoti
)

B ocnose cpasuenus psija Qypoe dyukimm f(z) mo c.ar.d. oneparopa A u ee psija Pypwe 1o c.1n.d.
omeparopa Ay JEKUT Cemyiomast

Teopema 2. B obnacmu Ss npu bosvwuz |p|
Ry = Ry + Ro \T\D" 'SRy 5,
2de T - unmeepasvroili onepamop, A0Po KOMopozo ozpaHudero no p, D = d%, Sf=f1-ux).

B A-mtockocTy MOXKHO TTOCTPOUTH IIOCJIEI0BATEIBHOCTD ITPOCTHIX 3aMKHYTBIX KOHTYPOB [y, Ipoo6-
pa3bl KOTOPBIX B P-IJIOCKOCTH JIeXKaT B Ss 1 CoJiep:KaT BHYTPH cebsi HyJIn KBA3UIIOJIMHOMA ¢(p), IIprYeM
KaXKJIbIfl TaKO HOJIb MOMAJAeT B OJMH U TOJIBKO OJUH MIPoobpa3, a IUC/I0 ITUX Hy/Iel BHYTPHU KaXKIO0TO
pooOpa3a OrpaHUYeHO CBEPXY KOHCTAHTOH Ng.

Teopema 3. [Tycmo f(x) ydosaemsopaem yciosuam:
a) [(0) = f(1) =0;

5)2 w(Q)(f, =) < oo, 2de w(2)(f,%) - Kkeadpamuueckull modyss nenpepwernocmu f(x) npu ee

nepuodu%ecnww npodosdiceru;
00 1/n o0 1/n
8) aubo nglﬁ of |f(2)|? dz < oo, aubo > ﬁ ({ lf(1—z)]?dx < cc.

n=1
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Tozda cywecmsyem namypasvroe ky maxoe, 4mo

> max /(RA — Ro)f dA| < 0.
k>ko — T .

Cpasnenue psia @ypoe dyukiuu f(x) no c.in.d. oneparopa Ag ¢ € TPUTOHOMETPUIECKUM PsIIOM
Dypbe NPUBOIUT K CJEAYIOIIEH TeopeMe:

Teopema 4. [Tycmo f(x) ydosaemsopsem yciosuam a)-6). Toeda

13 teopem 3, 4 ciaemyeT OCHOBHOI pPe3yJIbLTAT:

o0

Teopema 5. ITycmo f(x) ydosaemsopaem ycaosuam a)-6) us meopemvt 3, a » , n(z) - ee pad Oypve
n=1

no c.n.gp. onepamopa A. Tozda cywecmsyem namypaavhoe N, namypasvrvie wucaa 1 < Np < N,

maxue, 4mo

Ni41
max Z Li(z)| < o0
0<a<1 | 4 SOnwa( ) )
k>ko j=1

ede ny = Ny + ...+ Np.

3amedanue. llpy HEKOTOPBIX 3HAYEHHUSIX (v, HampuMep, opu « = (0, MOXKHO yTBEPXKJIAaTh, YTO BCE
Np=1mu
max )| <00
223 on(o)] < oo

DTOT pe3ysbTaT YyCUIUBAET TEOPEMY, HOJIyIeHHYIO B [5)].
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Kornev V.V. On absolute uniform convergence of the expansions in eigenfunctions of
integral operators

The paper gives an analogue of Szasz theorem about absolute convergence of trigonometric Fourier
series for the expansions in eigenfunctions of integral operators which kernels have jumps of their
derivatives on the diagonals.

Keywords: integral operators, eigenfunctions, expansions, absolute convergence.



O PABHOCXOJVMMOCTU PA3JIOXKEHUN 110 COBCTBEHHBLIM
OYHKIINAM NMHTEI'PAJIBHBIX OITEPATOPOB C ITEPEMEHHBIMN
BEPXHUMM IIPEJEJIAMU MHTEI'PIPOBAHUA

KyBapauna JIII.
CAPATOBCKHUI I'OCYIAPCTBEHHBI YHUBEPCUTET,
CAPATOB, Poccus

B npocrpanctse Lo[0, 1] paccMoTpum MHTErpasbHbBIi oriepaTop
p(x)

Af(x) = / Alp(z), D) (1) dt, (1)

0

rae p(x) = ;x;_fl, a > —1. Ilpeanonaraercs, aro dyukuun A(x,t), Az(x,t), A(x,t), Ag(z,t)
HernpepsBHEL Ipnt 0 <t <z < 1|

o )

A =ty (G=0,1), (2)

9 - cumBosr Kponekepa. IIpocreiimmm omeparopom Buga (1) sBisiercs omeparop
p(z)

Aof(z) = / £(t) dt. (3)
0

Panee omneparoper Buga (1) B cayuae p(x) = 1 — x 6bumm paccmorperbl  A.IT.XpoMoBbIM.
B wactHOCTH, mOJNIyYeHBI (OPMYJIBI TOYHOTO OOpAaIleHusl olepaTopa, II0Ka3aHa PaBHOCXOIN-
MOCTh pasziioxkeHuii @ypbe M0 COOCTBEHHBIM U IMPHUCOEJIUHEHHBbIM (yHKIMsIM orepaTopa (1) mpu
p(x) =1 — x u B 06bIUHBI TpUroHoMmerpuueckuii psiyi Pypbe, Hanpumep, B [1].

B nannoii crarbe mokazaHa paBHOCXOJAUMOCTD Pa3JIOKeHUl nHTerpupyeMoil pyHKIUI 110 cOOCTBEH-
HBIM U TIPUCOEINHEHHBIM (hyHKIUsIM oniepaTopa A u "mpocreiiniero" oneparopa Ayg.

O6osnaunm uepes Ry = (E — M)A n RY = (E — M) 1Ay pesombsersr @pesrosbma orepa-
topos (1) u (3), coorBercrBerno. Bribop omeparopa mo3Bosmi cectu uHTErpo-auddepeHIuaibHoe
ypaBHeHHe s pe3osbBeHThl R K KpaeBoil 3ajade B IPOCTPAHCTBE JBYMEPHBIX BeKTOp—byHKIHil
Juist mubepeHIuaibHON CUCTEMBI TIEPBOIO MOPSIIKA ¢ TIepeMEHHBIMU KoM MUIMeHTaMu, & UMEHHO,

/(x) = AB(x)z(z) + B(z)F (), (4)
Qoz(0) + @12(1) =0, (5)

e @) = (§7 ) e = (1) @ = (g0) @ = Gl
F(&) = (f(@), Foa)T

Teopema 1. Ecau A makoso, wmo RY cywecmeyem, mo eexmop z(z) ¢ woopdunamamu z1(z) =
RYf(z), z2(x) = 21(p(2)) scasemea pewenuem sadavu (4), (5). Obpammno, ecau z(x) ydosaemeopsem
(4), (5), U COOMBEMCMEYIUL 6 00HOPOONAA KPALEAA 30044 UMEEM, TNOALKO MPUBUAALHOE DEULEHUE,
mo RY cywecmeyem u R f(x) = z1(x), z2(x) = 21 (p(x)).

[To pemenuto kpaepoii 3ajga4uu (4), (5) ompeessieM sIBHbIl BUJ| PE30JbBEHTbI R)(\). Jnst ynobcrsa
UBJIOKEHUS OT CIIEKTPAJILHOIO apaMeTpa A mepeiijieM K rmapaMerpy

e 2( \/a2 4/\20,—1—1))

a

Teopema 2. Ecau A maxoso, wmo A~Y(\) cyweemeyem, mo pesoaveenma R)(\) onepamopa Ag cywe-
CMBYEM, U CNPABECAUBO NPEICTNABAEHUE

15 = i (2 re@nte ) - st wm( D). )
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2de
r(z, 1) = (ax 4+ )P — (az +1)7H,
s(x,p) = (u+ 1) (az + D" + plaz + 1)~ HFD,

p(z) 1
nw i) == [ st ms @it = [ ot 0.0
0 T

T 1
wle i f) = [ gpstemf@i— [ D 0.0
0 p(z)

Buast gpubiii Buy (6) pesosbBentTnl RY, nomydaeM pssl OleHOK R B pasiMMHBIX 1IPO-
crpancTBax mpu |A|  — oo. IlpuBegem otm  omenkm Jim  caygas a > 0, B obia-

ctu Sy, momydaomieiics w3 moayminockoctn Rey < 0 ymajeHmeM  §-OKPECTHOCTH TOYEK
e ki

2 2@+ ) (et D)

Jlemma 1. B obaacmu Sz, npu Rep # —1 umerom mecmo oueHku:
IR flloo = Ol f1]2.);

IR Fllcfe.piey) = O(T(1s€) [1flloo):
IR f Iy = O (¥ (1,0) I fllLs)

1
0 — —
7l =0 ().

£
2de W(ji,e) = w(Rep—1,¢) +w(Rep+ 1), w(€,e) = L ((5;11) - 1), X(&) -~ zapaxmepucmunecran

pr = —

Pynryus ompeska [no,m] C (0,1).
[Tonydeno ypaBHeHUe, CBS3BIBAIOIIEE PE30JIBBEHTHI OITepaTopoB A u Ay.

Teopema 3. Ecau A maxoso, wmo pesoaveenma Ry f cyuwecmsyem, mo umeem mecmo npedcmas.ie-
Hue

Ry\f = (E — RIN2S) 'R,

ede Sf(x) = f(p(z)), Naf(z) = [ Na(z,t)f(t)dt, Na(z,t) = %Nl(:c,t), Ni(z,t) — adpo onepamopa

Ny =(E+N)"'—E, Nf(x)=[Ay(z,t)f(x)dt.

B 3aKJIIO9YEeHUE, ONECHUBaCTCA PASHOCTL PE3OJIbBEHT OIIEPAaTOPOB

Jlemma 2. B obaacmu Ss, npu Rep # —1 umeem mecmo ouenxa
HR)\f - R)?fHC[s,p(s)] = O(\I](Mvg) ‘P(N)O))HfHL1

Bce npuBesieHHbIe ONeHKH moJTydeHbl i caydas Rep < 0 (B obmactu Ss). AHasOrHdHBIE ONEHKH
UMeIOT MecTO U Jjisd ciaydast Rep > 0 B coorBercrByioneit obnactu Ss. He mensis oboznavenuii, 6yaem
cuuTaTh S5 00beanHEeHnEM ABYX 00JacTeil.

Teopema 4. /las w060t f(x) € L[0,1]
Jim ([ flloge, pey) = 0,

2de
1

2
[A|=r

Q. f (Rx — RY) f(x)dA,

U T maxroeo, ¥mo coomeemcmeyrowue U HALOOAMCA 6 S(;.



86

[Tockosbky €2, f paBHO PA3HOCTH YACTUIHBIX CYMM PA3JI0XKEHUI 110 COOCTBEHHBIM U ITPUCOETUHEHHBIM
dyurnusM oneparopos A u Ay Jisi XapaKTepUCTUIECKUX 3HAUEHU, TOMaJaonux B Kpyr A < 7, TO
TeopeMa 4 yCTaHABJIMBAET PABHOCXOJUMOCTD CHEKTPAJIbHBIX Pa3JIOXKEHUN.
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IJNIOCKUE BUXPEBBIE TEYEHUA B KAHAJIAX CO CJIOXKHOM
FrEOMETPUEN

A .H. MapkoBckuii, B.I'. JIEXKHEB
KyBAHCKUN 'OCYIAPCTBEHHBINT YHUBEPCUTET
KpracHOZIAP, POccusa

IIpedcmasaerna memodura MOCMPOEHUA NAOCKONAPANAENLHBIT SUTPESHLLIT MeueHull 6 02pa-
HuveHHuT obaacmazx. Ilpedarazaemes cxodswutica anzopumm. Jas mpybrxu muna Bewmypu
noAyueHo pacnpedeserue ckopocmed.

Ba/1aun 0 BUXPEBOM TEUECHHN B CJIOYKHBIX KaHaJIaxX (pyciax) BCTPEUYAOTCs M UCCJIELyIOTCS BO MHOTHX
TEXHNYIECKUX N MEJUIMHCKAX cucreMax. B crarbe 3ajada BEXPEBOTO TedeHHs! B OOJIACTH DPEIIaeTCs
MO/ie/TUpoBanueM (byHKIMH TOKa M MOCTPOEHNEM aJIrOPUTMOB JJIsi COOTBETCTBYIOIIX OOPATHBIX 33,141
JI0rapudMHIIECKOr0 IOTEHIINAIIA.

1. Pacemorpum Tedenne w(x) HeCXKIMaeMOi KIIKOCTH B orpanntdennoit obsacru D. Ilose ckopocreii
Tederusi W(x) JOIXKHO yJIOBIETBOPSTH CJIEYIONINM YCJIOBUIM &) — b):

a) divw(x) =0, x € D;

b) ma S 3amams! rpanndnse yeiaosus (S = 0D).

U3 ycnoBust a) caemayer, uro cymectByer dyuknus Toka V(z), takas aro w(xr) = {Vg,, -V, }.
YcioBue b) 3anmniercs B BuJie

U(z) = f(z), zeb. (1)

2. OyHKIMS TOKA MOXKET ObIThH IIPEJCTaB/ICHa B BUIE

W(a) = wozs — v + [ [ 9(9) B~ ) dy. € D, 2)
D

rae FE(x) — dyngamenranbioe penienne ypasaenus Jlamaca, dyHkims g(y) onuCbIBaeT MJIOTHOCTD
pacipe/iesierust Buxpeil B obsactu tedennss D. Oyuknuio ¢(y) Tpebyercst OmpesesnTh Tak, ITOOBI
BBINOJIHSAJIOCH TPaHUYHOE yciaoBue (1).

Mo2KHO TI0Ka3aTh, YTO IIOTHOCTH BUXpel ¢(y), obecreqnBaionias BbINOJHEHNE 3a/I@HHBIX TDAHNI-
ubix yesosuil (1) Ha S s dyunkuun Toka V(x), onpeessionas MUHIMYM CPeIHEKBAIPATHIECKOil

3aBUXPEHHOCTH
2
J = / / 9°(y) dy,
D
SABJISIETCH TAPMOHMYECKONH (PyHKIIMEN.

Teopema. [Tns dyuxiyn f(z) € Lo(S) pemenne 3anaun (1)—(2) cymecTByer u eMHCTBEHHO, Tje
g(y) — u3 mogupocrpancTBa rapmonndeckux byskiuit G(D) C La(D) n norennuman Pobena s
obsactu D He paBeH HYJIIO.

3. Ammpokcnmarmo g (y) wiorHocTu g(y) Gyem onpeessTh B BUje JUHEHHOM KOMOMHAIIY

M
M) =Y cwrmly), €D, Ym(y) = E(x™ —y), €D,
m=1

rJie ioceioBaTebaocTs {2 M _ | apnserca 6asucnoii [3]. Cripaseiuso crietyromee yTBepiK eHue [3].

JIemma 1. Cucrema dbyuknuit {7y, (y)}>°_; nmoana n auHeiino nesasucuma B G(D).
Paccmorpum mocsteroBaTeibHOCTD (DYHKITHIM

um(az)://’ym(y)E(x—y)dy, m=1,....M, xz€S8,
D

JJIsl KOTOPOIi ClIpaBe/InBO AHAJIOTUYHOE YTBEPZK/IEHHE.
Jlemma 2. Cucrema dbyskiuit { i, ()20, nosxa u uHeitno nesasucuma B Lo (.S).
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4. AyrropuTM IPUOIMKEHHOTO PEIIeHusl COCTOUT B cjepytomeM. s npubsimKkenust GyHKIIUNA TOKA
TIOJIOZKHIM

M
UM () = axy + g Cmbm(x), x €S,
m=1
Kosdduruenrsr ¢, onpenesnsiiorcss Mo rPaHUYHBIM YCJIOBUSIM IIOCPEJICTBOM PEIIEHUS CJIELYIOIIEei
3a/1a4un MUHUMu3anun s dyHknnonasa F(c)

M 2
F(c)=||Y|yp — axa — Z Cmptm (T)||

m=1

rjie ||-|] — nopma B La(S5).
Bamada V': waiitu
n = inf F(c)
(&

¥ MEEEMISHpYIone Kosbdumuentsl ¥ = (c1,ca, . .., Car).

Heobxomumoe yemoBue sKcTpeMyMa IPUBOINT K JIMHEHHOW crucTeMe ¢ Marpureit I'pama st imHeiHO
HE3aBUCUMON CUCTEMBbI (DyHKIHIA.
5. [Tnockmit Buxps. Pacemorpum dbyukimo Vo(x),

() = / / 0@ E@ —y)dy, zeD, (3)
D

VJOBJIETBOPSIONLYIO I'PDAHUYHOMY YCJIOBHUIO

Yolsp = bo, (4)
rie by = const. @yuxuuio Wo(x) MOKHO HOHUMATH Kak (DYHKIIUIO TOKA [IJIOCKOTO BUXps B obsactu D.
Asropurm onpesiesienusi byHkiwn Vo () HOJTHOCTHIO UICHTHYEH IPUBEJACHHOMY BbIIIE aJIOPUTMY st
dbyukun ¥(x).
6. Teuenne ¢ MUHUMAIBHON 3aBUXPEHHOCTHIO. [IpejicTaBuM BYHKIMIO TOKA B CIIELYIONEM BH/JIE

U(x) =¥(z)+ C¥y(x), =€ D, (5)

riae Uy (z) — aBisiercs perenneM 3agaqau (1)—(2), a dyukmus Wo(r) — pemennem 3agadn (3)—(4).
Koncranty C' onpeessieM 13 BapUaIlOHHON 3a/1av1 MIHUMHU3AINN (DYHKIOHATA

J(C) = / / 91(9) + Caoly)]? dy.
D

Herpymuo Bumers, uTo

= [ anwmtway) | [[ dway 1.
D D

7. Yucennslii sxkcnepumenT. PaccMoTpuM KaHas D, orpaHUYeHHBI CHU3Y U CBEPXY KPUBBIMU S1 U
So, KOTOpBIE 33JIaJIUM B IIapaMeTPUIECKOil (popme Crie Iy oM 0b6pa3oM:

xr1 = t, xr1 = t,
S1 = Sy = 2 t e [—3,3],

2 _
zo=e ' —2, To=2—¢€e ",

U COEJINHAIONINMI WX BEPTUKAJIBLHBIMU OTpe3Kamu [ u ls. Ob1acTh, orpanndeHHas KpUuBbIMu S1, So, [1
u ly onpejessier TpyOky Tuna Benrypu [2]. Tpy6ku Takoro Buja MCIOJIL3YIOTCI B PA3JIMIHBIX IPEIU-
3MOHHBIX TEXHMYECKUX YCTPOICTBAX, U BAYKHO 3HATH PacIpejesieHne cKopocTeil B Hux [4].

Oyukimio Toka V(x) Tedenus w(x) OymeM npeacTaBiadaTsh B Buje (5). 3a1aauM cIIeayoniine rpannt-
HBIE YCJIOBUSI: YCJIOBUSI HEIIPOTEKAHUS —

\Ij‘sl = _]., \II|SQ — 17

7 yCJIOBHE Ha BXOJle M BBIXOJEe PN 1 = +3 —

1 1
\IJ|11 = 51’2, \11‘12 = 5332;
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byHKINY, 33JaI01IIe YCIOBUASA BXOAa-BbIX0/a, COOTBETCTBYIOT JIMHEHHOMY MPOMUIII0 CKOPOCTEH HA BXO-
nie u BeIXoze. Perenne 3a71atu ¢ yKa3aHHBIME IPAHUYIHBIME YCJIOBUSMU OIPEJIE/ISIET BUXPEBOE TEUCHUE
B TpyOKe, IpaHuIibl S1 U So ABJISIOTCS JIMHUSMUA TOKA.
Huzke wa puc. 1 u puc. 2 npejcrasiiensl qunnn yposHst dyukiuii roka Wo(x) u U(z) cooTBETCTBEHHO.
OrmeTnM, 9TO puC. 2 WUIIOCTPUPYET CIEIUAJIBHOE PACIIPEie/IeHne CKOpocTeil B TpyOKe Tuna Ben-
Typu. PaBHOMepHOE pacrpejiesieHre JUHUI TOKA Ha BXOJE-BLIXOJE OIMPEIESISIOT MOCTOSHCTBO MOJLYJIS
CKOPOCTH Ha l] U Iy, TO eCThb OIPEIENSIOTC 38 JaAHHBIMUA I'PDAHUYHBIMA YCIOBUSIMU.

CIIMCOK JINTEPATYPHI
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Puc. 1. Jlunuu Toka miockoro Buxpsi (aunun yposHst dbyskimn ¥o(x))

2

Puc. 2. Jlunnm Toka B TpyOKe THIA Benrypu (munun yposus dyuxmun ¥(x))



ITIOCJIEAOBATEJ/IPHOE YTOYHEHUE OIITUMAJIBHOI'O 110 KOHYCY
PEIITEHNA B MHOT'OKPUTEPNAJIBHON 3AJAYE

MATBEEB B.A.
IICKOBCKUM I'OCYIAPCTBEHHBIN MEJATOTUYECKHUN YHUBEPCUTET,
IIckoB, Poccusa

B cmamve paccmampusaemcs MHO20KPUMEPUAILHAA 3adaua. dacmo e€ pewenuem cuuma-
tom onmumasvhoii no Ilapemo ucxod. Ho maxux pewenutd xax npasuso mnozo. Bosnuxnem
npobaema e20 ymounerus. Ha ocHoBAHUY OMHOWEHUA NPEONOUMEHUA NO KORYCY 6 KPUMEPU-
AADHOM NPOCTPAHCNEE ONPEIEAAEMCA ONMUMAALHOE NO KOHYCY DEULEHUE, 0L KOMOPO2O Na-
PEMOBCKUT UCTO0 ABAAECMCA YACTHYM CAYYaeM. C NOMOWBIO MOCAEIO8AMEALHOCTIU KOHYCOB
CMPOUMCH YMOUYHERHOE NO KOHYCY ONMUMANLHOE (MAKCUMAALHOE) DEWEHUE MHOLOKPUMEDU-
aAbHol 3a00MU. YCMaHaBAUBAIOMCA YCA0BUA CYUWLCMBO8AHUSA MaKk020 pewenus. IIpusodumces
MOOJCALHBIT NPUMED.

1. OITUMAJIBHOE 110 KOHYCY PELIEHUE MHOI'OKPUTEPUAJIbLHOM SAJAYN

PaCCManI/IBaeTCH MHOT'OKpUTEepuaJibHasdA 3aJa9a

(X, f(z)). (1)

3J1ech 3a/1aHO0 MHOXKECTBO JIOIMYCTUMBIX HCXOH0B £ € X C R™ u BbIJeJIleH KOHEUHBIN HADOD YKeJTaeMbIX
cBoiicTB mim kpurepues. Vcnosbsyem repmunosoruto u obosnadenns u3 |1, 2|. O6brano nHbDOpPMAIUIO 0
BCEX KPUTEPUSX OObETUHSIIOT B OJIHY, BEKTOPHYIO (DYHKIWIO Bhurphima f : X — R™ . m > 1. 3navuenus
9TON (DYHKIMK KaXKIOMY HCXOJLy CTaBsSIT B COOTBETCTBUE KOJUYECTBEHHYIO OIEHKY JIJIsl BBIJIEJIEHHBIX
ceoiicts f(x) = (f1(x), ..., fm(z)). He ymenbinas obimuocru, canraem, uro kpurepuu fi(x),i = 1,...,m,
SIBJIAIOTCSL TIO3UTUBHBIMU. TOrIa, HA Co/lepKATeILHOM yPOBHE, 11€JIh B MHOIOKPUTEPUAILHOI 3a1a4ue(]1)
COCTOUT B BBIOOPE TAKOTO MUCXOJIA, UTO JOCTABJISIET BO3SMOXKHO OOJIBININE 3HAUEHUsI OJHOBPEMEHHO BCEM
KOMIIOHEHTaM BEKTOPHON (byHKIMK BeIUTpHIIa ().
Hocrarouno obmumit moaxo/1 K onpejiesieHuto periennst B (1) mpejjiaraer OTHOIIEHUE TIPEJINOYTEHUST 110
KOHYCY B KPUTE€pPUAJBLHOM IpocTpancTBe R, m > 1. Jljisi cpaBHEHUsI BEKTOPHBIX UCXOJ0B PacCMaTpH-
BaeTCsI OTHOIIIEHHE [IPEJIIIOYTEHNS 110 KOHYCY. ByieM paccMaTpuBaTh BIYKJIbI, 3a0CTPEHHBIN, BBICTY-
naromwii, npocrpancTeernblii konyc K [3, ¢. 1075]. Konyc K nmopozxkiaer B BEKTOPHOM KpUTEPUATHEHOM
IPOCTPAHCTBE OTHOIIEHHE MOPsi/IKA (BEKTOPHYIO YIIOPSIOUYEHHOCTD) > MO IPABUILY

f2rge f-ge K. (2)

Taxkoit konyc K maspiBaioT KomycoM noMuHupoBanus B R, m > 1.
YacTo KOHYCOM TOMWHUPOBAHUS SBJISIETCA MHOTOTPAHHBIN KOHYC

K ={feR"Af = 0n}. (3)

3/ech TpelCTaB/Ie€HA CHCTEMa 1M ONHOPOJAHBIX HepaBeHcTB u (0, - HyJeBoit BekTop B R™.
BaduxcuposanaA - KBaJ[paTHas MaTpuUIla Hopsaka m. Byaem cunrars, uro marpuna A = (a45),1,j =
1,...,m gBisgercd HeoTpHIATEIbHOI, T.e a;; > 0. Kpome Toro, monaraem, uro marpuna A sBidercs
HEBBIPOXKIEHHON. BayKHBIM MpIMEPOM MHOTOIPAHHOTO KOHYCA SBJISETCS

P ={r e R"|Ex >0} ={rec R"|z; >0,i=1,...,m}, (4)

oupeJieJisieMblil eIMHIYHON MaTpuiieii . Vcnosib3oBanne BEKTOPHOI yIOPSIOUEHHOCTH (2) MO3BOJIsIeT
oupeesiuThb B 3aja4e (1) ucxo/ipl, onruMasibHble 110 Konycy K.

Omnpenesnenne 1. lcxon x* € X HasbIBaeTCd ONTUMAJIBHBIM 110 KOHyCy K B 3a/1ade BEKTOPHOI OIITH-
muzanuu (1), ecin Vo € X,z # o*,x —2* ¢ K. Eciu ji1s1 Konyca BbinosiHeHO BKJiodenne R7 C K, o
onTuMaJjbHoe pertenne x* € X OyjeM Ha3bIBaTh MAKCHMAJIBHBIM 110 KoHyCcy K.

Ompenesienne ONTUMATBHOTO IO KOHYCY PEIeHUsT sIBJISIETCS JOCTATOYHO obmmM. OHO BKITIOYAET
B cebst, Kak YacTHbIN ciy4aii, [lapero - omrumasbubie permenue. JleficTBUTEIBHO, TAKOe PEIIeHUE
[OJIyYaeTCsl B OLPEJIJIEHNN 1, e/ B KaueCTBe KOHYCa JIOMUHUPOBAHMSI UCIIOJIb30BaTh KOHyCe RZ u3 (4).
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Teopema 1. Ilycmov 6 mHozokpumepuasvhot 3adave (1) mmoorcecmeo donycmumvix ucxodose X C R™
Komnarmmo, eexmopnan gynruua evueporua f: X — R™ nenpepviena, Konyc 0oMUHUPOSAHUSA ABAA-
emes 6uNYKAvM, 3a0cmpénnvim, evicmynarowum ¢ R™. Tozda 6 (1) cywecmeyem ucxod, onmumans-
Hovt no xonycy K.

Jloka3aTeqbCTBO CJedyeT W3 CYIIEeCTBOBAHUS THIEpILIOcKocTH B R™, pasmensiomeil KOMIIaKTHOE
MHOXKECTBO X M COOTBETCTBYIONHUI KoHyC K.

Teopema 2. Paccmampusaemcs mHo20KpUMepuarvhas 3adava (1) u KoHycvr JoMUHUPOSBAHUSL
Ki, Kj. Hyecmoe X| C X, X5 C X wmuoocecmea ucrodos, onmumarvhoir no konycy Ki, Ko
coomeemcmeenno. Tozda uz K1 C Ko caedyem exmovernue X5 C X7 .

HeiicrBurensho, mycrs z* € X5, Torga, cormacuo onpenenenus 1, Vo # o*, x—x* ¢ Kj. ITo ycioBuio
K C Ko, snaunr x — 2* ¢ K. Iociennee osnavaer, uro x* € Xj. Cuenosarensno X5 C X, uro n
TPebOBaIOCH TOKA3ATh.

Teopemy 1 MOKHO IPUMEHUTH K MHOrOrpaHubiM KonycaMm u3 (3). Torga mosyuaem

Teopema 3. Paccmampusaemces mro2okpumepuasonas 3adava (1) u mmuozoeparmovid xKonyc domunu-
posarua K = {x € R™|Azx > 0, }c neompuyamenvnotc mampuyet A (3). Toeda onmumanvroli no
KOHYCY UCTO0 ABAAOMCA onmumasohvim no Ilapemo.

Taxum 06pazoM, ONITUMAJIBHOCTE 110 KOHYCY SBJISIETCS YTOYHEHHEM onTuMaJbaoro 1o Ilapero perre-
uus. Takoit 1m0/IX0/1 TO3BOJISIET COKPATUTDL MHOYKECTBO MPETEHACHTOB Ha, ONTUMAJbHBIN nCcxod. B Toxe
BpeMsI MIPEJIIOUTEHNE TI0 KOHYCY TTOPOXKIAeT ONPEIeIEHHBIE BOIIPOCH], CBSA3aHHBIE ¢ HAMJIYYIIINM pellie-
ureM 3ajaan (1). Bo-niepBbix, Kakue cBOCTBa, KAKON COJEPIKATEbHBI CMBIC UMEIOT OITHMAJIbHbIE
10 KOHYCY PEIIeHUs, IeM OHU BBIJIEJISIIOTCS CPEJIM MapeTOBCKUX perteruit. Bo - BTopbix, Kakum obpa3om
BBIOMpATH KOHYC JIOMUHUPOBAHUS, BE/Ibh TAKUX KOHYCOB O€CKOHETHO MHOTO. B - TpeTbuX, KaK YTOUHSATD
OIITUMAJIBHOE 110 KOHYCY pellleHue, eCId TaKUX PEIIeHnil JOCTaTOYHO MHOTO.

PaccMoTpuM KOHYC JOMUHUPOBaHUSI, PEJICTABJIEHHBIH MHOTOIPAHHBIM KOHYCOM (3) ¢ HeoTpuraTe/ib-
HOIf HEBBIPOK/IEHHON KBajipaTHO! Marpuneit A = (a;j),%,j = 1,...,m. He ymenbiras obmuocTn MOXK-
HO CYMUTATh, YTO MATpHUIA A sBJsleTcsi cToXacTudeckoii |5, ¢. 381]. V rakoit marpuiibl

m
da=1i=1,...,m. (5)
j=1

[Tpou3BOJILHYIO HEOTPUIATEIHHYIO HEBBIPOXK/IEHHYIO MATPHILY MOYKHO HPUBECTH K yCJIOBUIO (5), BbI-
HOCSI M3 KAYXKJOW CTPOKM COOTBETCTBYIONIUI MHOXKHUTENIb. XOTS MATPUIA TIPU TAKOM TPeoOpPa30BaHIN
U3MEHUTCsI, HO KOHYCBHI JJOMUHUPOBAHUS TSI UCXOTHON U TTPeoOpa3oBaHHON MaTpHUIl OYIyT COBIAIATD.
Paccmorpum Tpou3BOSIBHYIO - VIO CTPOKY CTOXACTHIECKON MaTpuisr A

m
(aﬂ,aig,. . .,aim),Zaij = l,aij Z O,i = 1,. Lo, Mm.

j=1
[Ipu onpesiesieHny ONTUMAJIBHOCTH IO KOHYCY 3JIEMEHTBI 3TON CTPOKHU YMHOXKAIOTCsSI COOTBETCTBEHHO Ha
3HAYEHUsI KPUTEPHUEB, IIPeJICTABJIEHHBIE B BEKTOPHOI (DYHKITMHU BBIMTPHIIIA U CKJIAAbIBAIOTCS. KaxKmast
cTpoKa MaTpuisl A maér HOBbIH i-blif KpuTepuil F;. Ilpm stom smement0 < a;; < 1 3To0it cTpokm
sIBJIsSIeTCsT "BeCOBBIM KO3 pUImeHTOM" ) T.€. MHOXKUTEIEM I BECOM C KOTOPBIM UCXOJIHBIA KPUTEPUit
fi(z) BxomuT B HOBBIH KpuTepuit Fj(x)

Fi(z) = ainfi(®) + apfo(z) + - + Gim fm (2).

Ecnu j-piif snemenT B -0#f CTpOKe MaTpHIbI paBeH HyJo, T.e., a;; = 0, To HOBbIA KpuTepuil F; ne
3aBUCUT OT STOIO II€PBOHAYAIBHOIO KpuTepust f;(x).
Kaxkmast ctpoka cToxacTudeckoit MaTpuribl A onpesiesisieT HOBBIM KpuTepuii. B aToM KpuTepun yInThI-
BaeTCsT OTHOIIIEHNE K IPUHUMAEMOMY PEITIeHnIo. B Toyke BpeMsi COBOKYIIHOCTE CTPOK MaTPHUITLI A mpeI-
CTABJISIET HEOMPEIETEHHOCT OTHOCUTEIBHO 001eil nToroBoit mnean. CTPOKU MATPHUITEI MOXKHO TIPE/I-
CTABJISITH, KAK MHEHHUsT HECKOJBKUX IKCIEPTOB OTHOCUTETHLHO MTOTOBOM METN. DKCIEPTHI IO PA3HOMY
BUJISIT KOHEUHYO I1€JIb, I09TOMY CTPOKH MaTPUIIbI JINHETHO He3aBUCUMBI (MaTPUIIA SIBJISIETCST HEBBIPOXK-
JleHHOM ). B ToxKe BpeMsi MHeHMe 9KCIIePTOB sBJIAeTCsl BaXKHOi mHMOpMaImeii 1 1103B0JIsieT COKPATHTD
MHOXKECTBO IIPETEHIEHTOB Ha HAWJIydIllee pPeIleHne.



92

2. YTOUYHEHUE ONTUMAJBHOT'O MO KOHYCY PEINEHUSA

OnTuMaIbHOCTE 110 KOHYCY MTO3BOJISIET YTOYHUTH ONTUMabHOE 110 [lapeTo perenne B MHOTOKpHUTE-
puasibhoit 3aade (1). Eciim pacemaTpuBarh MHOrOTpaHHBIH KOHYC, OHPE/IEJEHHBIN HEOTPUIIATEILHO
MaTPHUIEH, TO COOTBETCTBYIONINE ONTUMAJIBHBIE PEIIEeHNs, COTJIACHO TeopeMe 3, sIBJISIOTCSA ONTUMAJIb-
vbiMu 110 [Tapero. Vcmonmb3oBanue TaKOro MHOTOIPDAHHOTO KOHYCA MO3BOJISIET YTOYHUTDH ITAPETOBCKUE
periennst. [Ipu 5T70M BBIOOP KOHYCA MOXKHO OCYIIECTBIISTD [EJICHAIIPABIEHO, BBIJIEIsisl JIYUIINE PENIeHUS
U UCKJIIOUAsl U3 PACCMOTPEHUSI 3aBEIOMO HellpueMJieMblie. JeficTBUTE/IbHO CTPOKH MATPUIIBI, OIIPEIeIsi-
IOII[e MHOTOTPAHHBIN KOHYC, 3a/1aI0T BECOBbIE KOX(MMUITUEHTHI JIjIst UCXOIHBIX KpuTepueB. OnuruMalib-
HOCTB 110 KOHYCY BBIJIEJISIET U3 ONTUMAJIBHBIX 110 [lapeTo perreHunii ydiine OTHOCUTEIbHO STUX HOBBIX
KPUTEPUEB.

DTOT MOJMXO/] [TO3BOJIET CYIIECTBEHHO CY3UTh MHOYXKECTBO ONTHUMaJIbHBIX 110 [lapero pernenuit. Ho
9TO He CHUMaeT 1pobjieMy yTouHeHus. OUTUMAJIBHBIX 110 KOHYCY PEIIeHU MOYXKET OBITh JOCTATOTHO
muoro. Torja yToyHeHue 10 KOHYCY MOXKHO IIPUMEHHUTb HECKOJIBKO Pa3, MOCJIEIOBATEIHLHO YTOUHSS
(yyammasi) perienue. PaccMoTpuM cireyIoniyio moc/ie0BaTeIbHOCTD Y TOTHEHHI.

IIycrn

A, Ag, AL 1 €N (6)

MOCJIEIOBATEILHOCTD HEOTPHUIATEIBHBIX, HEBBIPOXKJIEHHBIX, KBAJIPATHBIX, CTOXACTUYECKUX MATPHIIL.
Kaxkiast u3 MmaTpuir ocJieI0BaTeIbHOCTU Oy/IeT YTOUHATH ONTUMAJILHBIE 110 KOHYCY perenusi. O6o3Ha-
anM depe3 K xouyc u3 (3) m X] C X cOOTBETCTBYIOIIEe MHOKECTBO ONTHMAJIBHBIX [0 STOMY KOHYCY
pertennii. IToT KOHYC omnpeneaéH marpureit Ay u3 mocienosarensuoctu (6). Obosnadnm depes Ko u
X5 C X KOHyC M MHOXKECTBO ONITHMAJIbHBIX 110 HEMy pelleHuil Jjsi Marpunbl Ag - Ay, sBistromeiics
nponsseenneM marpur] Ay u A; u3 nocegoBarenbrocT (6). AHAJIOTHYHO JUIst HATYPAIBLHOTO N 060-
3HaunM K, u X} C X KOHyC U MHOYKeCTBO OITHMAJIBHBIX II0 9TOMY KOHYCY DeIIeHUil, OIpeIe/éHHbIX

marpuneit Ay, - Ap—1 - ... A1, COCTaBIEHHOI KaK IIPOM3BE/ICHUE MATPHIL U3 IIOCIe0BaTeIbHOCTH (6).
PeSyﬂbTaTOM ABJIAETCA HOBasd ITOC/TICIOBATEILHOCTE MATPUIL
Al,AQ'Al,...,An'An,1-...-Al,..., n € N. (7)

J1st KazK 101t MATPUIIBI U3 [TOCJIE0BATEIBLHOCTH (7) OHpPEIeJIEH MHOTOIPAHHBIN KOHYC AHAJIOTUIHO (3) U
MHOKECTBO OINTHMAJIbHBIX 110 9TOMY KOHYCY pelenuii (ompe/iesierne 1) B MHOTOKpUTEPUAIBHOI 3a1a4e

(1).

Teopema 4. [Tycmv mampuyvt Ai,i € N u3d nocaedosamenvrocmu (6) A8AAOMCA HEOMPUUATMEADHDL-
MU, HEBBIPOHCICHHBIMU, HEPASAOHCUMBLMU, CMOTACMUYECKUMU. T020a 0AA M100020 HAMYPLALHOZO N
a) mampuya Ap - Ap—1-. ... A1 u3 nocaedosamesvrocmu (7) A6AREMCA HEOMPUUAMENLHOT, HEBLIPOIHC-
denHotl, HePasAoHCUMOT, CMOTACTNUYECKOT;

6) 0aa KOHYCOB, COOMBEMCMEYIOUUT IMUM MAMPUYAM, Umeem mecmo exmoverue Ky, C Kyy1;

8) OAst COOMBEMCMBYIOUWUT MHONCECTNE ONMUMAALHBIT NO KOHYCY pewenul 6 3adave (1) umeem me-
cmo exmouenue Xy D X5 .

[TynkT &) ciejpyer U3 npaBHJIa YMHOMKEHUsI HEOTPHUIATEbHBIX MarTpull. Muororpansseiii kKounyc K,
OIIPEJIEJISIeTCsl KaK pPelleHre OJHOPOIHON cucreMbl HepaBeHcTs Ay, - Ap_1-...- A1 -x > 0,,. MHOrorpas-
HBI KOHYC K41, KAK PeIleHne COOTBETCTBYIONIEH CHCTEMBI OJTHOPOHBIX HEPABEHCTB, €CTh CIEICTBUE
moceHelt cucTeMbl, Tak Kak Apt1 - Ap - Ap—1-...- A1 - & > 0p,. Hamomanm, 9T0 9716 MEHTHI MATPHUITEI
A;,i € N meorpunaresbhbl. [TosTomy mmeer mecto BKIOUeHue kKoHycoB K, C K,y1. Hakonen, B)
CJIeIyeT U3 TeopeMbl 2.

Host marpuier Ay, - Ap—1 - ...+ A1 u3 Teopembr 4 BepHbl ycsoBusi Teopembl Ppobennyca [5, c. 355,
MMEHHO, BBIIOJIHEHA,

Teopema 5. [Tycmv mampuyv, A;,i € N u3 nocaedosamesvrocmu (6) A6AAIOMCA HEOMPUUATIEADHDL-
MU, HEBBIPOHCOEHHBIMU, HEPASAOHCUMBIMU, cmoxacmuveckumy Tozda cyuwecmsyem npedes nocaedo-
sameavrocmu mampuy, (7), m.e.

lim An'An—l'---'Al :AO-

n—oo

Mampuua Ay ABAAEMCA NOAOHCUMENLHOT, BBIPOHCOEHHOT C PAH20M PABHLIM 1, 8CE CMPOKU MAMPULDL
PaABHYL MEHCAY CO60T U CYMMA INEMERMOE KarHcIOU cmpoky, pasHa 1.
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HOC.He,Z[Hee ABJIFAETCA OCHOBaHMEM JIJIsl YTOYHEHUA OIITUMAaAJIBHOI'O PpEIIeHUd B MHOFOKpI/ITepI/IaﬂbHOﬁ
zazmaqe (1).

Onpenenenne 2. PaccmarpuBaercsi MHOrOKpuTepuaibHas 3agada (1) u mocsieroBaTesbHOCTb HEOT-
PHIIATEIHHBIX, HEBBIPOXK/ICHHBIX, HEPA3JIOKIMBIX, cToXacTudeckux marpur (6). Ilycrs mabop umcesn
a=(a1,a2,...,am), Y 101 a; = 1,a; > 0, upeacraBiseT CTPOKY HPEIEIbHON MaTpUIbl Ay U3 TeOpeMbI
5. Torma ucxom

" € arg glé}(c(alfl () +azfo(z) + ...+ amfm(x)) (8)

Oy/ieM Ha3bIBATH YTOIHEHHBIM 110 IIOCIEA0BATEILHOCTH MATpuUIl (KoHycoB) (6) onTHMAIbHBIM (MaKCH-
MAaJIbHBIM) PEIeHIeM MHOTOKPHTEpHAIbHOM 3a1a4an (1).

Teopema 6. [Iycmv 6 mnozoxpumepuasvnotl 3adave (1) mmoorcecmeo donycmumvix ucxodose X C R™
KoMnaxmmo, eexmophan gynxuua evuepoiwa f @ X — R™ nenpepvisna, x6adpammvie MAmMpuybl no-
padka m 6 nocaedosamevrnocmu, (6) ABAANOMCA HEOMPUUAMEALHBIMU, HEBLPONCOCHHDMU, HEPA3AO-
orcuMbLMUY, cmozracmuveckumu. Toeda 6 zadave cywecmeyem ymounénnoe no nociedosamesdbHoCU
mampuy, (konycos) (6) onmumanvroe pewerue.

CyimecTBoBaHne YTOYHEHHOTO 110 TOCJIEI0BATEILHOCTH MATPUIL PEIIEHUsT CJIEAYeT UX KOMIIAKTHOCTH
MHOXKECTBa JOIyCTUMBIX 1cx00B X u Henpepbisuoctu dbyukimu f(z) = (a1 fi(z) + asfo(z) + ... +
am fm(2)), T @ = (a1,a2,...,0m), Y rrya; =1, a; > 0, ecTb cTpoka HpeneabHOil MaTpunsl Ay 13
TEOPEMBI 5.

Teopema 7. Ymounénunoe no nocaedosamenvrocmu mampuy (6) pewenue xx € X asasemes onmus-
MAALHOM (Makcumarvrowm)no Ilapemo pewernuem mnozoxpumepuasviot sadawu (1), 6oaee mozo, ono
ABAACTNCA ONTNUMANDHOM (MAKCUMAALHYM)NO A1060MY KOHYCY, ONPEIEAEHHOMY MAMPUUET U3 nocae-
dosamenvrocmu, (7).

Yrounenne ontumasbHOoro 1o Ilapero (mo KoOHyCy) pelleHHsi MHOTOKPHTEPHAJIBHON 3a/1atdu
(1)0Hpe,£LeJIHeTC${ [10CJIEJOBATEIbHOCTBIO MATPUILL (6) B gacrHOCTH Takas 1moc/earoBaTe/ IbHOCTD MOXKET
COCTOSITH U3 IOCTOSIHHBIX MaTpuil, To-ecTb A; = A,i € N u A npousBosibHasi HEOTpPUIATE/bHASI,
HEBBIPOXKIEHHASI, HEPA3TOXKNMAas, CTOXaCTHIeCKas KBaJpaTHasl MATPHUIA Hmopsaaka m. Tormga mociemno-
BaTeJIbHOCTb (7) COCTaBJISIIOT HATYpPaJbHbIe cTerleHn MATpullbl A.OTMeTuM, 9TO CTPOKH IpeesIbHOM
MaTPHILI U3 TEOPEMBI D JIJIs IIOC/IEI0BATE/ILHOCTH, COCTABICHHON 13 CTeleHell NCXOMHOM MaTpullbl A,
€CTb JIeBBIIl COOCTBEHHBIN BeKTOp Jijisi MaTpuilbl A. CyMMuUpysl pe3yJibTaThl JJIsT JTAHHOIO YaCTHOTO
cjydas I10J1y4aeM

Teopema 8. [Iycmwv xeadpammas mampuya A nopadka m AGAAEMCA HEOMPUUATIEALHOT, HEGBLDOIIC-
dennoti, nepasioocumoti, crmoracmudeckot. Tozda
a) cywecmeyem npeden Nocaedo8aMEALHOCTNU,

lim A" = Ag;

n—oo

6) npedeavnas mampuya Ay ABAAEMCA HEOMPUUAMEALHOT, HEGVPONHCOENHOT, HEPA3AONCUMOU,
CMOTACTNUYECKOT U 6CE CMPOKU IMOT MAGMPUUDL PABHDL NAEBOMY COOCMBEHHOMY GEKMOPY a =
(a1, as,... ﬂm%Z?ilai = 1,a; > 0, omuocauwemycsa x MAKCUMAALHOMY COOCMBEHHOMY 3HAYEHUIO
A=1;
¢) daa nocaedosamenvrocmu mampuy A", n = 1,2,..., coomeemcmeyouas nocaedosamesbHoOCmb
MH0202paHHbIT KonycosK,, n = 1,2,..., onpedeaénnan anaroeuuno (3), ydosaemeopaem uyenouxe
BKANOYERUTL

KicKeCKsC---CK,C---CKy;
d)coomeemcmeyouLas nocALd08AMENHOCTND MHONACECTNE, ONMUMAALHULT No Konycy Ky, n=1,2,...,
pewenutl 6 3adave sexkmoprolt onmumudayuy (1) ydosaemeopaem 6KA0OUEHUAM

XiD>Xg2X3D---DX,)D---DXj.

IIpumep. [lycts B ABYXKpUTEpUaIbHOI 3a1a4e (1) MHOXKECTBO JIOMYCTUMbIX Hex00B X = Rx U =
[0,1] x [0,7/2]. BajiaH BEKTOPHBIN KpuTEpHii

f(r,0) = (fi(r,0), fa(r,0)) = (rcoshd, rsinb).
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1 f2
/2 E(0,7/2) B(1,7/2)
QO, 1) M@V, 2\VT3)
1
P23 P2\W5, 1\V5)
C(1,1/4) N4\V17, 1\V17)
0 1A(L0)r 0 1R(1,0)f1

Puc.1 Puc.2

Bxaech gonycrumble ucxonsl (r,6) € R x U = [0, 1] x [0, 7/2] npexncrasienst na puc.l. IIpennonara-
eTcs, 9TO B JIByXKPHUTEPHAJILHON 3aja9e NCXOJ BBIOMpAeT Tak, YTOObI TOCTABUTH BO3MOXKHO GOJIBIINE
sHaveHnst obonMm Kpurepusim: fi(r,0) = rcosd u fo(r,6) = rsinf. S3nadenus KpuTepues MOKA3AHBI HA
puc.2. 3aJilaH MHOTOTPAHHBINH KOHYC JIOMUHUPOBAHUST

K:{xeR%Ax:(i f)(ﬂcl)zog}. ()

T2

OTmMeTHM, 9TO B JIAHHOM CJIydae Ba)KHOCTH (BEC) KPUTEPHEB OIEHUBAETCSI IIEPBBIM IKCIEPTOM B OTHO-
meHny 3:2 ¥ BTOPLIM 9KCIIEpTOM B oTHOIIeHnH 4:1. B 3ayade TpebyeTcst HANTH MCXO/IBI, ONTHMAIbHbIE
OTHOCHTEJIBHO KoHyca K, B coorBeTcTBHu € onpe/ienenuem 1.

PaccMoTpuM OIEHKH JIOIyCTUMBIX MCXOJIOB, IPEJICTaB/IeHHble Ha PUCYHKe 2. PacrnosioKum KOHyC J0-
MUHUpOBaHIA B R? Tak, 9TO €ro BepIIMHA COBIAJAET C ONEHKOH HEKOTOPOro McXola. Eciu B aToM
cllydae MHOYKECTBO TOYEK KOHYCA He I[IEPECEKAeTCsl ¢ MHOMKECTBOM OIEHOK BCEX JIOMYCTUMBIX HCXO-
JIOB (3a MCKJIIOYeHHeM OOIIell BEpIIMHBI), TO COOTBETCTBYIOIMH MCXOJ SIBJISETCS ONTUMAJIBHBIM 110
konycy K. B coorsercTBHM € 9THM ONTUMAJBHBIE 110 KOHYCY HCXOJbI PACIOJIOXKEHBI Ha cTopoHe AB
(puc. 1) n ux omenku wa gyre RNPMQ (puc.2). B srom ciayuae r* = 1. Beiaesum na gyre omen-
K, ONTHMaJIbHbIe 110 Konycy. OHn pacnosioxkensl Ha ydactke qyru NM (puc.2) u KoopAmHATHL TOUEK
NN, ) = @/V17,1/V17) u M(fM, fM) = (3/v/13,2/+/13)). Ha ayre NM (puc.2) npeicTaByieHsr
BC€ OIIEHKH, OIITUMAJIbHbIE 110 KOHYCY. DTHM OLEHKAM COOTBETCTBYIOT OLTHUMaJIbHbIE ncxo/bl. Ha pucyH-
ke 1 a1 ucxonpl cocrasisior orpe3kok CD u koopauuars Touek C(1,arctan1/4) u D(1,arctan2/3).
B jlaHHOM IIpHUMepe MOJIyYeHbl BCe MaKCUMAaJIbHbIE 110 KOHYCY K HCXOJibl

(r,0%), r* =1, arctan 1/4 < 0* < arctan2/3.

Onn uzobpazkersr orpeskoM C'D Ha puc.l. MHOXKECTBO COOTBETCTBYIOIIIX OIEHOK

(fi, f3) € {(r*sin@*,r* cos 6%)|r* = 1,arctan 1/4 < §* < arctan2/3}.
yKazanbl jgyroit N M Ha puc.2.
OrmeruM, 9TO B JIAaHHON MHOTOKpHTEpHAJbHON 3ajade (9) MaKCHMAaJbHbIE 10 KOHYCY PeIleHUs

ABJISIIOTCA yTOUHEHNEeM MakKcUMaJdbHBIX 1o Ilapero pemenwuit. leficTBUTEIHHO TapeTOBCKUE HMCXOIIBI
mpecTaBisioTcest orpeskoM AB ma pucynke 1 u ux onenku - Beeit ayroit RNPMQ na pucynke 2.

IIpomomkuM paccMOTpeHNE ABYXKpUTepHUaIbHOU 3ama4un. s Heé KoHyc nommHupoBanus K mpen-
crasiiet B (9). Ero MOXKHO 3a/71aTh € TIOMOIIBIO CTOXACTUIECKON MaTPHUIBI, KOTOPYIO, TAKKe 0603HATNM

A

K:{:L“GR2|A:C:<Z§ f?§><§;>202}
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Haitnem mpesest mociie10BaTeIbHOCTH MATPHUIL

lim A" = AQ.

n—oo
Haubosbmee cobcrBennoe 3HavdeHne Marpuilbl A ectb A = 1. OnpenesinM COOTBETCTBYIONINN JIEBBII
COBCTBEHHBII BEeKTOD &1 = (x1,22),21+x2 = 1,2; > 0,7 = 1,2, U3 perenHus CUCTEMBI JIByX yPABHEHUIT
—2\5z1 + 4\bx2 > 0,
2\5:171 — 4\5%2 Z 0.

Homyuaem, 27 = (2\3,1\3). Torga no Teopeme 8 maTpuna
Ao — < 2/3 1/3>'

2/3 1/3
B coorsercrBum ¢ onpejiesieHneM 2 yTOIHEHHBIM 110 KOHyCy K MaKCHMAIbHBIM pelieHreM MHOTOKDH-
TepUAJILHOI 3aa4u Oy Iy T PeIeHns 3a/Jadl MaTeMaTHIeCKOrO IPOrpaMMUIPOBAHNS (38,1898 MaKCHMI-
3aI1n)

([0,1] x [0,7/2], 2rcos + rsinf).

3/ech MakcUMaJIbHOE 3HaUYeHue JocTuraercs npu r® = 1,0® = arctan 1/2. D1u xe 3HaueHus 6yayT J10-
CTaBJISITH €JMHCTBEHHOE yTOYHEHHOE MaKCHMAJIBHOE 110 KOHYCY DEIeHHe JIBYXKPUTEPHAJILHOM 3a/1axH.
Dro perenne pecTaBiaeHo Ha pucyHke 1. Torga yToYHEHHBIN MAKCUMAJIBHBIN 0 KOHYCY BEKTOPHBII

Borpbin Gyer f* = (ff, f3) = (2/v5,1/4/5). Ou npuseén B KpUTEPUATLHOM IIPOCTPAHCTBE Ha
pUCYHKE 2.
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O BAPOBCKOW KATETOPU OJHOT'O ®YHKIIMOHAJIBHOT'O KJIACCA

HoBukos B.B.
CAPATOBCKUI I'OCYJIAPCTBEHHBI YHUBEPCUTET, MEXAHUKO-MATEMATUYECKUI ®AKYJIBTET
CAPATOB, Poccud

1. BBEJEHUE.

IMycts o, > —1 u {P,E“’ﬂ ) () }22, - HOCIIeI0BATE/IBHOCTD MHOIOUWIEHOB SIKOOU, OPTOHOPMEIPOBAH-
HbIx Ha orpeske [—1,1] ¢ Becom w(z) = (1 —2)*(1+x)% ; -1 < Tpp < Tp—ipn < ...<Tip <1-m#ymm
MHOTOUIEHA Péo"ﬁ) (x), IpOHYMepOBaHHBIE B MOPsijIKe yObIBAHMSI.

[Iycre, nanee, f € C[—1,1]. O6o3nauum vepes

n
oA () = Y P @), a = / f@) PP @y (e)da,
qacTuIHyto cymmy psia Oypbe-Akodbu dyukiun f, a depes

" ) P (@
LA (fox) = 3 Fleeall (@), 1P (@) =~ = ’
Pt P, /(-Tk,n)(‘r - xkv”)

- Muorousen Jlarpamska, unrepnosupyonwmit f B y3nax {Tgn i

W3BecTHO, 9TO B ACUMITOTUYECKOM MOBEJECHUU IIPH 7 — 0O IIOCJIEI0BATEILHOCTEN {U,&a’ﬁ )( f,x)} n
{L, P (f, 2)} umeercs: MuOrO 0611Er0. OTUACTH 5TO OO BICHIETCS CXOACTBOM KOHCTPYKIIIH HOJINHOMOB
Una’ﬁ)(f,x) u L, P (f, x), KOTOpoe HPUBOAUT K ToMy, uro Jyisi dbyukimit f € C[—1,1] ¢ mocrarou-
HO "XopomuMn" CTPpyKTYPHBIME CBOICTBaMU 006 ITOC/IeI0BATEILHOCTH PaBHOMEPHO cxojisiTcsi. [IIupoko
M3BECTHBIMU [IPUMEpaMM KJIaccoB Takux GyHKuuii sisisitorcss Gynknuun f € C[—1,1] orpanundeHHoii
Bapualu nin GyHKIUY, yIoBIeTBopsitomue yeiaosuo Juan-JTunmmna (em. Hanpumep, [1]).

Bmecte ¢ Tem, Jyist Ipon3BOJIbHOM HenpepbiBHOM dyHkmu f, naxe npu o = = —1/2, cxonu-
_1_1 1_1
MOCTB JIHOO PACKOAMMOCTDH OJIHON M3 IIOCJIE[0BATEIHLHOCTE {O‘ﬁl . 2)( frx)} wm {L,C272)(f,2)}

HUKaK He BJusieT Ha nosejieHune apyroii. B 1938 romy I1.9paem u I'.I'prorBasby |2 mocrponiu npu-
mep dyukipn f € C[—1, 1] mig KoTopoii 1oc/ie/10BaTeIbHOCTD {an(_%’_%)(f, x)} cxomures Ha [-1,1]
PABHOMEPHO, TOTIa KaK {Ln(_%’_%)( f,x)} Bcrogy HeorpanuvyeHHO pacxoauTcs. Vmeer MecTo u, B HEKO-
TOpPOM cMbICIe, "cummMerpuunoe yTBepK ierue [3]: cyiecTByer HenpepbiBHAst DyHKIWMsL [, 715l KOTOPOii
{Ln(_%’_%)(f, x)} paBHOMEPHO CXOJUTCH, a {an(_%’_%)(f, x)} pacxoaurest B Touke (TouHee, B [3| pac-
CMOTPEH TPUTOHOMETPUYECKUil CiIydail, KOTOPBIil JIEMKO MePEeHOCUTCs Ha 00CY K IaeMblii 3/1eCh CJydaii
anrebpanueckoro uHrepnognpoBanus u psjaa Pypoe-Uebbiiiesa).

B cBsi3u ¢ aTUM, IIpecTaB/IsieT HHTEPEC BOIPOC O XapaKTEPUCTUKE B T€X UJIM WHBIX TEPMHUHAX MHO-
xkecrBa dyukmuit f € C[—1,1], mas KoTopbIx paBHOMepHO cxoauTcsi Kak psij Pypbe-Akobu, Tak u
UHTEPIOJISIIMOHHBIH nporiecc Jlapan:ka ¢ y3jaaMu B HyJISIX MHOMOUIEHOB fIkoOu. B macrosieit crarbe
HOJIyYeHa XapaKTepUCTUKa YKA3aHHOTO MHOXKECTBA B TEPMHUHAX O3POBCKOI KaTeropuu.

I[Iyctb -1 <a<b< 1 a> -1, 8 > —1 - upousBosibHble pUKCUpOBaHHbIe dncyia. OOO3HATNM
aepes U = U(a, b, a, §) muozkecrso dymxmuit u3 C[-1,1] ¢ paBHOMEPHO cxomsmuMcs Ha, [a, b] psgonm
Dypoe-Akobu, a uepes S0 = S(a, b, o, B) - muoxecrso dyukuuit f € C [—1, 1], 1151 KOTOPBIX PABHO-
MepHO Ha [a, b] CXOIUTCsT MHTEPIOJISIIIMOHHBIN [IPOIIECC {L;O‘”6 )( f,x)}. Jlerko mposeputs, aro U8 1
S(@8) GyryT HOPMIPOBAHBIME IPOCTPAHCTBAMIL, €CII OIPEIETATH B HIX HOPMEI |5], COOTBETCTBEHHO,
COOTHOIIEHUSIMU

= e,
“ =5,
TTonoxkum 7

ACP:— { e Cl=1,1): Tim [|f = LEP () leap = Tim |1 = o™ (£, g =0 3.
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Teopema. Muooicecmeo AP asasemea mmoocecmeom nepsoti kamezopuu Bapa xax 6 npocmpan-
emee U@D) max u 6 npocmparncmese S npu mobwz a, 3 > —1.

2. BCIIOMOTATEJ/IbHBIE YTBEPK/IEHUA.

(a

Jlemma 1. Onepamop Ly, ’5), deticmeyrouud uz U0 ¢ U@P) n e N, auneen u oeparuen.

Jlokasamenvemeo. Jluueiinocrs ouesmuna. Y6emumcs B orpanmdennocri. Ecou f € U@P) 1o

= i o < o =
HfHC[a,b] L 1 Tn (f:+) Clad] = np (f ) Cla) 11l
IIO3TOMY
|z, < O =
8 [ (@8)
. < .
<>HU_ 1l O,
k=

Muoxxurens 1pu || f||;; He 3aBucHT OT f, OTKyza U CJIeLyeT OrPAaHHYEHHOCTH OIlepaTOpa Lﬁf“’ﬁ ),
Jlemma 2. Onepamop 07(10"’8), deticmeyrowuti u3 S(@B) g §(@B) n e N, auneen u ozparunen.

Joxasameavemeo. CHOBa B IIPOBEPKE HYKIACTCS TOJILKO OrpaHmIeHHOCTb. st oot f € S(@f)
uMeeM

1 lopan = Jim 282070

O = I1fls (1)

Cla,b] — Cla,b]

Torna

B

S

n 1
- / F) P @@y [P @) <
1

n 1
<ot Y- | [ [F 2 @@ asl | A7 @) < 1115,
k=0 |7

rie koncraaTa C He 3aBucuT oT GyHKIWE f. OrpaHIIeHHOCTD O'»Sl 6) JTOKa3aHa.

Jlemma 3. ITpocmpancmea S8 u UB) aeamomea noawvmu 6 emvicae nopm ||-||g u |||y, coom-
6EMCMEEHHO.

Jlokasamenvemeo. Jlokazxenm nommory S0 Tycrn {fe}e, CS (@8) _ npoussonbuas dyHIaMEH-
TaJIbHAS 110 HOPME ||-|| ¢ mociegoBaTenbHOCTD. [lockomnbKy st sroboit f € S (@8) gepro (1), u3 yna-
mertamproctn B S crenyer dynmamentamsrocts B Cla, b]. Tak kax Cla,b] - momHoe, cymecTByer
byuxmus f € Cla, b] raxast, aro { fx 152, C S5 pasnomepro cxomures k f. Yoemumes, uto f € S(@5),
Baduxcupyem € > 0. B cuny pasromepsoii cxomumoctn { f}7°, K f cylecTByer HOMep My, HaUHHAs
C KOTOPOTO

1f = fmllcan <e/4, m=mo. (2)

ITockomeky { fi}72, dynmamenTanbha B S (@8) | maiinercst Takoii HOMep M (MOYKHO Cpa3y CYAUTATH, ITO
m > myg) Takoi, 94TO JJI BCEX V > M

sup [ LG () = LED fo )|, < e/ 3)

Cla,b]
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o (0%
W3 paBHOMEPHO# CXOIUMOCTH K [y, IIOC/IEI0BATEIHEHOCTH {L% B )( fm, ) }02, chaeayer cylmecTBOBaHIe
HOMEpA, N, JAJIst KOTOPOI'O

|6 = iy < 18 @)

IIpU BCeX 1 > Ng.
a’
Haxkomner, orpanntueHHOCTE OllepaTopa Lg f) Cla.b] — Cla,b], n € N, u paBHOMepHasi CXOIAUMOCTb
{fe}72, obecneunBaioT CyIecTBOBaHNE HHJEKCA U TAKOI'O, YTO

HLW)(f, )= LA, )H - HL%“’ﬁ)

- Jv a < e 4- 5
s I = ol </ 5)

HC[a,b]HC a,
Homep v MOKHO BBIOpATH HACTOJILKO OOJIBIIMNM, 9TO JJIs Hero Oyaer BobimosHeno (3). Vrak, canraem,
9TO 110 € BBIOPAHBI HOMEpa M, N, V, rapaHTupyiomue Boimoaaerue (2)-(5). Umeem

|25 = £y < W = Pl + [ EE G ) = 202

+
C[a,b C[avb]

LD G = iy + VG = LG <

a7b] C[a,b]

Otcioza cireyeT paBHOMEPHAST CXOIUMOCTD {L%a’ﬁ)(f,,,x)} K f(z) n f e S@h),
Yoemmmvcst B tom, uro |[f — fillg — 0, mpu kK — oo. Hdma € > 0 maiizem k Taxoe, 4TO
| fr — fmllg < €/2 mnst Bcex m > k. Jnsa xaxnoro n € N mogbepem HOmep p(n) > k Takoii, 9To

HLS’"ﬁ)(f, ) — L%O"B)(fp(n), < g/2. Torna GyaeMm umerhb

) HC[a,b]

I1F = fells = sup |[L00(1,) = LoD ()|, < sup [ 260 gy, ) = L)

Cla,b] Cla,b]

o sup | LD (fyguy, ) = LED (S )| <o
n C[aab]
Takum o6paszom, S(@P) - nosmoe npocrpascrso.
AHAJIOTHYHO JOKA3bIBAETCS TIOJHOTA 1pocTpancTsa U(®F)

JIemma 4. [7] ITycmv o« > —1,3 > —1. Toeda cywecmeyem nenpepvishas na ompeske [—1,1] dynx-
yus f maxas, 4mo nocaedosamesvbHOCD UHMEPTOAAUUOHHDIT MHO20YAEHOE {Lﬁ?’ﬂ )( f,)} pacrodumes
noumu 6crody wa [—1,1], u, 6 mo orce epema, pad Pypve-Hrobu dynkyuu f crodumces pasHOMEPHO K
f ma aobom ompeske [a,b] C (—1,1).

3. JJOKA3ATEJIbCTBO TEOPEMHI.

U3 reopembr Banaxa-IIIreiinraysa ciemyer [6], 9T0 10CIE10BATENILHOCTD JIMHEHHBIX OMPAHIUYEHHBIX
OTIepaTOPOB, JeHcTBYIOMNX n3 OaHaxoBa MPOCTPAHCTBA X B HOPMHPOBAHHOE MPOCTPAHCTBO Y, CXO-
auTces ubo Ha BceM X, ub0 Ha HeKoTOpoM MHOXKecTBe Xo C X mepBoii kKareropuu.B cuiry jsemmbr 4
Bce npocrpancTso U(®P) He sBiisieTcst MHOKECTBOM CXOMMMOCTH K €AMHIYHOMY OIIEPATOPY HOC/IEI0BA-
TEJIbHOCTH OIIEPATOPOB {Lﬁf’ﬁ )} HU 1pu Kakux a > —1, 3 > —1. [losromy jy1a obocHOBaHUS TOTO, YTO
A@F) xak nommuoxecrso U®P) | pmeer nepByio KaTeropuio, J0CTATOYHO IPUMEHHTD JIEMMY 1.

JokazxkeM rerepb, 4ro A8 myeer nepsyio kareropuio B S(*P). B cuny semmbl 3 1pocTpaHcTBO
S(@B) gpnsercst momHbIM. Ucnonb3yst, ¢ HajIesKauMi U3MEeHEeHUsIME, MeTOJ PaboThl |3, MOXKHO 110-
Ka3aTh, YTO JJIsi JIOObIX (BDUKCUPOBAHHBIX a, b, —1 <a <b< 1, a > —1, § > —1 u x¢ € [a,b] cymme-
cryer byuknus [4] f € C[—1, 1], s KOTOPoit HHTEPHOIAMOHHEI Tporiecc Jlarpamxka {Lfla’6 )( f,x)}
paBHOMEpHO cxonuTest Ha [a,b], a psamg Pypoe-Skobu pacxoaurcss B ToUuke zg. Takmm obpasom, Bce
npocrpancrso S(®F) He sBiIsSIeTCS MHOKECTBOM CXOMMMOCTH K €IMHHYHOMY OIEPATOPY IOCIEN0BA-
TEIBLHOCTH {07(10"5 )}. [TockoMBbKY 9TH OMEpPATOPHI JTUHEHHBI U OTPAHUYEHBI B CUTY JIEMMBI 2, OHU MOTYT
CXOJIATCST TOJIBKO Ha HEKOTOPOM MHOzKecTBe mepsoii kareropun B S(®#) . Teopema nokazama.



(1]
2]
3l

[4]
[5]

[6]
7]
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KBA3UMABTOMOAEJIBbHOCTh COBCTBEHHBLIX 3HAUYEHUI,
COOTBETCTBVYIOIIINX BOJIHOBBIM C®EPOVNJIAJIbHBIM ®YHKIINAM

C. JI. CKOPOXO/I0B
BIl PAH
MockBA, Poccusa

Paspaboman 6bicok0OmMOUHBLT GHAANUMUKO-YUCAEHHDBIT MEMOD PACHEME COOCTMBERHBIT 3HaAYe-
HUG A (C), COOMBEMEMBYIOUUT EOIMAHYMBIM U CTLAIOCHYMBIM CHEPOUIANLHBIM BYHKYUAM.
Memod ucnoavayem adexsammvie pasnodicenus u annpoxcumavuy Iade. Ilosyuenvt Hoswvie 3a-
KOHOMEPHOCTIU NOO0OUA Ay 1 (C) OAA PABAUMHBLT NAPAMEMPOS T, T U C, NOZBOAANOULUE BBECTNU
Ot A nonAmuUE K8A3UABMOMOJEALHOCTNU 8biCOK020 NoPpAdKa. ObuwupHble YUCAEHHDLE PACHEMbL
NOKA3aNY BBICOKYIO APPeRmusHocmsd Memoaa.

1. BBEJIEHUE

Boustnobie cdepouanbuble (DyHKIME BO3HUKAIOT IIPU PEIICHUH BOJHOBOIO YpaBHEHUS B Chepou-
JAIbHBIX KoopjauHaTax (cM. [1], [2] u murupoBanuyto Tam juTepaTypy), OlpeiessieMbIX MapaMeTpoM ¢
— XapaKTEePUCTUKOI BBITSTHY TOCTH / critocHy TocTH ceponia. C UCIoIb30BAHIEM PA3eIeHus TIe€PEMeH-
HBIX 3aJ1a9a IPUBOJAUTCS K HAXOXKJIEHUIO CIETHOINO MHOXKECTBa COOCTBEHHDBIX 3HAYEHUN N\, U COOCTBEH-
HbIX dyHKIWi Sy, (1) — orpaHnYeHHBIX HA oTpe3ke ) € [—1, 1] pemennii cunryssiproii 3agaan Hrypma-
JnyBuiist st qudppepeHuaibHOr0 ypaBHEHHsI BTOPOTo TOPsiKa. JIjist BHITSHYTBIX U CILTIOCHYTHIX
cbepOnIOB 3TH 3aJ1a9K IIPUHATO CTABUTH OTJEJIBHO.

3amaga P;. st BEITSIHYTOTO ceponia HEOOXOIUMO HAWTH COOCTBEHHBIE 3HAYEHUST A 1 COOCTBEHHBIE
dbyukiu S(n) — orpanuuenusle Ha 1) € [—1, 1] pemenus: ypaBHeHust:

d d m?
an (1*772)61—775(77) + )\*02772*1_—772 S(n) =0. (1.1)
Oynknus S(n) umeer Tpu ocobbix Touku: 7 = {—1, 1, co}. Byuem paccmarpuBarh aHATUTHIECKYIO
BerBb yHKIWMK S(n) B ee 3Be31e Murrar-JIedduepa (cm. [3]), To ecTh B III0CKOCTH KOMILIEKCHOTO 7)
¢ aByMsl paspesamu 110 BemectBerHoit ocu: {n : n < —1} u {n : n > 1}. Ilapamerp BBITSIHYTOCTH
cdeponsia ¢ CUNTAETCH 3aJIaHHBIM BEIIECTBEHHBIM YHCIOM, OH CBSI3aH C XapaKTEePUCTHKON cemeiicTBa
COPOKYCHBIX JIIUIICOB U CO(OKYCHBIX TUIIEPOOJI, 0OPA3YIOMNX BLITAHYTHIE CepouiaaibHbIe KOOPIU-
HATHI, CJIEIAYIOIINM 00pa30M:
fk
Cc = 7,
rje 2f — paccrosinue MexKy (DOKyCaMu ceMeiiCTBa ITUX SJUIAICOB U TUIEPOOI, a YUCI0 k — ImapaMeTp
B UCXOJIHOM TPEXMEPHOM ypaBHeHuu [ebMroibia;

V20 4+ k2® =0,

pellieHrie KOTOPOT'O ¢ IOMOIIBIO METOA PA3/Ie/IeHUs IIEPEMEHHBIX B CPePOUIATbHBIX KOOPINHATAX IIPH-
Bo/WT K ypasuenuio (1.1).

Besimunna m B ypasHenun (1.1) cumraercs 3aJlaHHBIM HEOTPHUIATEJLHBIM IEJbIM IHCJIOM, M =
0,1,.... Uckomble cobcTBEeHHBIE 3HAYEHUST A Oy/IeM HYyMEpPOBATH C ITOMOIILIO WHIEKCA 7, IPUYIEM IIPU-
HATO CUUTATHL N > M 3aBUCUMOCTH A OT IapaMeTpoB ¢, m, n OyaeMm 0603HATATH

A=A, n(c), n=m,m+1,....

Cobersennsie dyuxuuu S(n) = Sy, n(c; 7) HA3BIBAIOTCA BBITSHYTHIMU YIVIOBBIMU ChEPOH/IATLHBIMI
dbyHKIWAMI, NX HOPMUPOBKa MOXKET BBIOMPATHCs pasaudHbIMU criocobamu (cM. [4]).

Bamada Ps. st criocHyTOro cdeponia HeoOXoauMo HalTH cCOOCTBEHHbIE 3HAUEHUSI A\  COOCTBEH-
uble dyakmun S(1) — orpanndennsle Ha 1) € [—1, 1] pemennst ypaBHenust:

d d m?
— a1 -)— 2n? — =0. 1.2
P ( n)dnS(n) +{A+cn T S(n) =0 (1.2)
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Oynknus S(n), pemenne (1.2), nmeer Te ke camble ocobble Toukn 11 = {—1, 1, co}, ee Gyzem pac-
cMaTpuBaTh B Takoil ke 3Be3ne Murrar-Jleddiepa, napamerp CIUIIOCHYTOCTH ¢ CUNTAETCS 38/ IAHHBIM
BEIIIECTBEHHBIM YUCJIOM U OLPEJIENISIeTCs] aHAJIOTUYHO CJIyYalo BBITSIHYTOTO ceponia. SHAYeHUs m, N
U A\p,n(c) umeror npexnuit cmbici. Cobersennsie dyukuun S(n) = Sp p(¢; 7)) HA3BIBAIOTCS CILIIOC-
HYTBIMI YIJIOBBIMU cheporIaibHbIMU (DYHKIUAME, UX HOPMUPOBKA TaKasl XKe, KAK M JJIsl BBITSHY THIX
yroBbIxX yHKnmii (cm. [4]).

Ypasrenue (1.2) ceazano ¢ (1.1) ¢ TOMOMIBIO COOTHOMEHHS ¢(1 1) = T iC(1.9).-

BerrsimyTsle u - crmocHyTble  yriioBble  (yHKOUE Sy, p(C; 1)  00JAZAI0T  CBOWCTBOM — HYE€THO-
CTU/HEYETHOCTH B 3aBUCHMOCTU OT YETHOCTH 3HadeHus (n — m): upu derHoMm (n — m) dyHKIums
S, n(c; ) deTHAS, IpU HEYeTHOM (N — M) — OHA HEYeTHAsl.

OnuuMm n3 MerTonoB pemtenus 3amad Py u Py asisercs Meros (HasoBbIX QYHKIHMIA B COYCTAHUN C
MEeTO[AMH JIOKAJIBHOI'O [EPEHOCa IPAHNIHBIX YCJIOBHA 13 0coObIX Touek (cM. [5], [6]).

Hpyrum noaxonom k pernennio 3agad Py u Py ssiisercs npencrasienue byHknun Sy, ,(c; 1) B Buze

ps/ia 110 npucoenHeHHBIM GyHKImaM Jlexkanapa nepsoro poxa P (1) (. [1], [4]):

Sm,n(c; n) = Z " () Pryr(m) 5

r=0,1

rJle CyMMUPOBaHUE IIPOBOJUTCS 110 YETHBIM JUOO 10 HEYETHBIM 3HAYEHUSM I' B COOTBETCTBHU C U€T-
HOoCcThIO (N — m). Uckomble koaddunumentsr d""(c) yI0BIETBOPSIIOT TPEXUIEHHOMY DEKYDPPEHTHOMY
ypasHeHuio (cM. [4])

agdy2 + (b, — A)dy, + exdr—2 =0 (1.3)

C 33J]AaHHBIMU 3HAYCHUSIMU G, by, €r. YCI0BUE BBIIECIUMOCTU OFPAHUYIEHHOIO IPU k — 0O pereHus dy
[PUBOJIUT K TPAHCIEHIEHTHOMY ypaBHeHuio V (A) = 0 jiist C4eTHOr0 MHOYKeCTBa KOPHEH A,; GyHKIus
V() BKIIO4aeT KOHEYHYIO 1 GECKOHEUHYIO Ienmble gpobu (cm. [4]).

Pemmenne ypasuenuss V() = 0 ¢ momorpio ureparnuonaoro meroa Heiorona Tpebyer BbIYUCICHUS
npoussoauoit V() u smanus "xopomero" HavaIbHOrO NPUOIMKEHUS A9 k kopuIO \,. OgHAKO 06-
IIUPHbBIE YUCJICHHBIE SKCIIEPUMEHTBI TOKA3aJIU, YTO OUE€Hb YaCTO CXOAUMOCTb MeToa HhioToHa K KOpHIO
Ap C HY>KHBIM HOMEPOM 71 OBIBA€T OYEHb IJIOXON — METOJ, CXOJIUTCS K KOPHIO C IPYTUM HOMEPOM, JarKe
HECMOTPS Ha IPE3BLIYANHYI0 OJTM30CTh HAYAILHOTO TPUOTHKEHUST AO) g MCKOMOMY 3HAYEHUIO \y,. [Ipu-
YHHA ITOrO KPoercsi B ToM, 4To MyHKIws V (A) B OKPECTHOCTH KOPHS A;, MOXKET UMETH II0JIIOC [IEPBOTO
MIOPSIKA, CBSI3AHHBIN C HAJUYIUEM B 9TOW OKPECTHOCTU HYJIS 3HAMEHATE sl OMHOW M3 IEMHBIX JIpobeii.
Takoii nosoc mopoxkjaaer HeorpaHudeHHocTh dyHknun V(A) u ee "Gapbeprocts" (barrier-type) B
OKPECTHOCTH KOPHS Ap, UTO YaCTO U IPUBOJIUT K CXOAUMOCTH UTEPAITMOHHOIO METO/a K OIHOMY U3
COCeTHNX KOpHEH Ap41,.. ..

10601 3bheKTUBHO BBIUUCIATE npou3Boanyto V/(N) B Merone HpioToHa 1 06ecneqnTsb CXoqmMocThb
uTepanyii K Heo0OXoIMMOMY KOPHIO A, ObLIT pa3paboTan MHOI MOJIX0/T U BBISIBJ/ICHBI HOBbIE 3aKOHOMEPHO-
CTHU B HOBEJIECHUN COOCTBEHHBIX 3HAYCHUI Ay, = Ay (€). DTH 3aKOHOMEPHOCTHU CBSI3AHBI CO CIIEIUABHBIM
3aKOHOM 110100ust PYHKIHUIL Ay, (€), 9TO MOXKET OBITH HA3BAHO KBA3HABTOMO/EILHOCTLIO (IIPUMED Ta-
KOT'O 110/1001sI B MEXaHUKE XKUJIKOCTHU CM. B [7], Ipu pacuere coOCTBEHHBIX 3HAYCHUI ypaBHeHNsT MaTbe
—cM. B [8]).

2. METO/J PEIIEHNA

Tovmozxum o6e wactn (1.1) ma (1 —7?) u moTy9nM ypaBHen#e ¢ MOJMHOMHAATBHBIME KObMOUIAEH-
ramu. Tasnee ucnosnbsyem npejcrasienue (cm. [1])

S(n) =1 -7

YIPOITAIOIIee BUJ, yPABHEHUS JIJIsT S (n):

3

S(),

(1=1%8"(n) —2(m+1)nS'(n) + [\ —m(m +1) — %] S(n) = 0. (2.1)
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2.1. OkpecTHOCTH 0Cc0060i1 Toukm 7) = 1. B okpecrHocTn Toukm 77 = 1 wieMm perreHue S (n) =
Si(n) B Buge:

Si() = A4Ui(n), Ui =Y _&(1-n*,  [1-n <2, A5 — Const. (2.2)
k=0

Paanyc cxopmmocTn pasnoxkennsi (2.2) paBeH JBYM — T. €. PACCTOSIHUIO OT TOYKH 7] = 1 710 0coboii
roukn 1 = —1. Juddepennupys pasnoxenne (2.2) aa pasa, HAXOAUM HpejacTaBieHus s S1(n)u
ST (n). Hoacrasusist atu pasnozkenus B (2.1), npecrapissi Bce MHONOY/IEHBI B BUJIE CYMM II0 CTEIIEHSIM
(1 —n)* u cobupas BMecTe Bee wiens! npu crenensx (1 —n)F, moaydaem coornomenue s Kodhbdu-

[IICHTOB S
2k(k +m)s), — [(k+2m)(k — 1) + m(m + 1) + ¢* — A]8j_1 + 2¢°5—2 — *Sj_3 = 0. (2.3)

Ypasuenue (2.3) siByisiercs: 4-X 9JIEHHBIM DEKYPPEHTHBIM, PelliaTh ero HeoOXOUMO B CTOPOHY yBe-

JImdeHust Homepa k, mojaras

So=1, S 1=89=523=0. (2.4)
[Tpu k = 0 ypasuenue (2.3) c¢ ycioBusivu (2.4) mpeBpariaercsi B TOXKJIECTBO, a npu k > 1, B cuiy
JIMHEHOCTHU U ojiHOpOAHOCTH (2.3), 0bIIee ero perieHne OnpeIeieHO ¢ TOYHOCTBIO JI0 MHOXKUTEJIsI, ITO
OTpaskeHo B mpejcTaBieHu (2.2).

Torza, Berauciss KodGOUIUEHTDI S 1 UCTOAB3Y P (2.2) U ero IPOU3BOIHYIO ISt Sy (n) m §i (n),
COOTBETCTBEHHO, MOJIY M [IJIs1 JTI000it Touky 1 B Kpyre |1 —1n| < 2 cxofsimeecs pasiozkeHue. ACHMIITO-
TUYeCKast TP k — 00 CKOPOCTh CXOJMMOCTHU 3TUX PSIJIOB PABHA CKOPOCTHU CXOMMOCTH I'€OMETPUIECKOTO
psizia co 3HaMenaresem |1 — n|/2.

2.2. OKpecTHOCTh PEryasipHO TOYKH. B okpecTHOCTH peryisipHoit Touku 19 # {—1, 1} pere-
une S(n) nuimemM B BUJE:

=AY Sm—m)*,  In—ml <min(jm—1|, [m+1)),  A—Const. (2.5)

Paanyc cxomumocTn passoxkenust (2.5) paBeH pacCTOSHUIO OT 7] J0 OsmzKaiimieit ocoboit Toukn 1 = 1
wm = —1.

Hubddepenrupyst (2.5) mBaKapl U npejcTaBisis MHOMOWIEHbl B (2.1) B BHIE CyMM O CTeleHsIM
(n —no)¥, maxomum cooTHomrenne 11 KOIDDUIIEHTOB S

(L—ng)k(k—1)8, — 2no(k — 1) (m+k—1)5p—1 + [A\=m(m+1) —c*ng — (k —2)(k+2m —1)] 5o —

—277062:9},3 — 02F§k,4 = 0. (2.6)
Pemars ypaBHeHUE (2.6) HeO6XOJ:LI/IMO B CTOPOHY yBeJIMYCHUA HOMEDpa k, I1oJjiarast
5.1=539=53=5,4=0. (2.7)

ITpu k = 0 u k = 1 ypasuenne (2.6) ¢ yciaoBueMm (2.7) yAOBIETBOPSIETCS IPH JIOOBIX So U S1, TIOITOMY,
B CHJIy JIMHEHOCTH 1 ojHOpoaHocTH (2.7), obiiee ero perrenne ¢ ycaosueM S, = 0 upu n < 0 6yzer

cyMMoii s = Ay E{k ) + Ags) 32 JIByX OA3UCHBIX PEIEeHU C yCJIOBUSIMU
sV=1,3"=0, P=033=1, PV=5®=0, n<o, (2.8)

1) 2)

rae 5, u s, upu k > 2 naxomarca u3 (2.6), (2.8), a Ay, Ay — Const. AcumnroTnyeckas npu k — 00
CKOPOCTB CXOJUMOCTH psiffa (2.5) B TOUKe 7) paBHA CKOPOCTH CXOAMMOCTH I€OMETPHYIECKOIO Psijia CO
3HaMeHaTesieM |1 — 1g|/ro, Tae ro = min(|no — 1|, |no + 1|).

2.3. OkpectHOCTL Toukm 7 = 0. JI/151 BBIIE/ICHIS YCTHBIX M HEUCTHBIX pemicHuii S(n) Hambosce
yZI00HO cTpouThb pasioxenue B Touke 7y = 0. 3 (2.5)-(2.8) cuemyer npejicraBieHne 4eTHOrO Séev) (n)

U HEYIEeTHOTO §éOd) (n) perrennii:

[e.e]

§(()ev,od) (7]) _ AOUéev,od) (7]) 7 e'u od Z ev, od) k’ |77| <1, Ay — Const , (29)
k=
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(k= DED 4 = m(m+ 1) — (k —2)(k + 2m — 1)]5° — &5 = 0, (2.10)
s =1, =0, =0, FdY=1, 3F®P=0 r<o0. (2.11)

2.4. CmmBka penrenuii. [ljist nosydennst riakoro Ha orpeske 7 € [—1, 1] pemenust S (n) Heob-
XOJMO HOCTPOUTH B Touke 1) = 0 pasnoxenue (2.9) mst So(n) = AoUp(n) u ero npoussoguoii Sy(n),

3aTeM ocTpouTs pastoxenue (2.2) B rouke n = 1 aus S1(n) = A1U) (1) 1 nponssomHoit :5”\1 (n). Beibpas
B nepecedennn D,

D={n: <1} {n: 1—nl <2},

obJracTell CXOMUMOCTH 0OOUX PA3JIOKEHUN HEKOTOPYIO TOUKY 1), JOODHEMCS COBITQJIEHUS B 1) = 1)y 3HA-
YEeHUN pEeNIeHrusd U NPOU3BOTHON:

AoUo(n:) = A1U1 (1) AoUp(ns) = A1U (1) - (2.12)

Orcroza u u3 ypasaenusi (2.1), nuMeromiero Bropoii mopsijiok, cpa3y CJIe/lyeT COBIAJIEHUE B TOUKE 1) = 1)
U BCEX IMOCJIEYIOMIX TPOU3BOTHBIX, §én) (ns) = §§n) (%), n > 2. Takum 06pa3oM MbI UMeeM HEOOXO/IH-
MYIO IVIaJIKOCTh PelIeHUunl §0 (77) u §1 (77) BO BceM niepecedenun D u, 3Ha9uT, BO BCeil paccMaTpuBaeMoii
IUTOCKOCTH C pa3pe3aMu.

[Tepsoe ycioBue B (2.12) Jierko peanusyercsi ¢ MOMOIIBIO BBIOOpA HOPMUPYIOIIUX KOHCTAHT Ay u3
(2.9) u Ay u3 (2.2). lus jpocruzkeHnst BToporo yciaosust B (2.12) ciyzkur napamerp A, BApbUPYst KOTO-

PbIii MBI HAXO/MM HCKOMbIE COOCTBEHHbIE 3HAYEHUS Ay, () € 38 JAHHBIM HOMEPOM 7.

2.5. Boibop Hamaydineii TOYKU CIHUBKU. Pa3jiodkeHnusi Jjisd YeTHBIX WU HEYETHBIX PEIIeHUi
S(n) ¢ nenrpom B Touke 7 = ) HMEIOT HCHY/ICBBIM Kaxpli BTopoii koadduruent 5 (cm. (2.10),
(2.11)), mosromy B TOuKe CriuBKY 7, € D paszsoxkenus (2.11) OyLyT UMeTh ACUMITOTUIECKYIO CKODOCTh
CXOJIIMOCTH I'€OMETPHHYECKOro Psijia co 3HaMenareseM |1, |2, Paznoxkenne (2.2) ¢ menrpom B 7 = 1 B 3T0i
JKe B TOYKE CIMUBKHU 1), € D Oymer mMeTh aCHMITOTHYECKYIO CKOPOCTH CXOJMMOCTH T€OMETPHIECKOTO
psizia co 3namenaresieM |1 — n,|/2. Boibepem Takyio TOUKY 7o € D, B KOTOPOii COBOKYIIHAsI CKOPOCTD
CXOJIUMOCTHU O0OOUX PA3JIOKEHUIT SIBJISETCS HANTY UIIeil:

1- .
TNopt max( %, ]77*]2) — min. (2.13)

Yenosue (2.13) npuBoauT K ypaBHeHHIO (1—1)y,) /2 = ngpt, peleHreM KOTOPOTO SIBIISIETCS Topt = 1/2.
Bei6op 9T0ii TOUKE CHIMBKU 1), = 1/2 obecriednBaer acCUMITOTHIECKYIO CKOPOCTH CXOJMMOCTH 000UX
pasioxkennii (2.2) n (2.9) Kak y reoMeTPHIECKOrO psiia CO 3HaMeHaTesleM ¢ = 1/4, TO ecTb OdYeHb
OBICTPYIO CXOTUMOCTD.

2.6. Boruuciaenue mpou3BogHoil B MeTojsie HpioToHa. Mteparnmonnsrit merox HeioToHa, ciry-
JKAIWi 17T HAXOXKJIEHUsT HyJIsl JIOCTATOIHO Iia ko pyHkimu $(\), BKIIOUAET BbIUUC/IEHNE 3HAUCHUT
®(A\) u npoussozHoii P ’(N):

A+ A\ (n) q)(/\(n))/cp’()\(n)). (2.14)

[Tpoussoguyo ®’(\) GyjaeM BBIYUCIATH HE € IIOMOIIBIO PA3HOCTHBIX IIPOU3BOJHBIX, & HAa OCHOBE
COOTBETCTBYIOIINX Pa3JIOZKEHUII.
Kak cnenyer uz n. 2.4, dbyskmueit ®(A) B maHHOM ciaydae sIBISETCS CKAYOK [TPOM3BOJIHBIX

Ao 0Up(A; m)/0On u Ay OU1(A; 7)/On B TOUKE CIIUBKH 1) = 1)y

oUy(N\; m) A oUL(\; )
0o —F— - A ——

PN =A
( ) on n="nx on n="nx

: (2.15)

rJle HOPpMUPYIOIe KOHCTAHTH Ag u A,
Ao =Ui(Ayms), Al =Uo(Xs ni)

06eCIIeINnBAIOT TOXKIECTBEHHOE BBIIIOJIHEHIE [IEPBOro yeaosus B (2.12).
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[TpousBojuble 1o aprymenty 7 B (2.15) HaxousTcst ¢ noMomnipio jauddbepeHInpoBaHus CTeeHHbIX
passioxkenuit (2.2) u (2.9), a mHeobxomumasi B (2.14) npoussognas ®'(\) BKIOIAET CMENIAHHBIE TPOU3-
sogmbie 02U (\; 1)/0NIn u O2UL(X; ) /ONOn:

OPUp(\; 1. _ _ DU (N; s S _
o Z i DL L Sl
k=1

BHaveHns Ipou3BOIHBIX S () 1 57 () naitnem, auddepenupys o X ypasuenns (2.3) u (2.10):
2k(k +m)sy, — [(k+2m)(k — 1)+ m(m+1) + - ASh_1 + 26%5) o — *5) 3+ 81 =0,

k(k—1)55 + [A=m(m+1) = (k—2)(k+2m —1)]5}_y — ¢*§}_4+ 342 = 0,

a Taxke yciaosua (2.4) u (2.11). DTo npuBomuT K MCKOMBIM pazsoxkenusam s 02Uy (\; 1x)/ONIn u
0?U1(\; mx) /0NN, acuMITOTHYECKAsT CKOPOCTh CXOJMMOCTH KOTOPBIX DaBHA, KaK U B CIydae PasJio-
skernit (2.2), (2.9), ckopocTH CXOMMOCTH M€OMETPUIECKOrO psijia CO 3HaMeHaTeneM ¢ = 1/4.

2.7. UcnosbzoBanue annpoxkcumaruii Ilame. g yckopeHus: cXoauMOCTH TTOCTPOCHHBIX pPa3-
JIOXKEHUI OYeHb y/I00HO ToJib30oBarhes ammnpokcuMarmsvu [lage (em. [9], [10]). Ilo passoxkennuto
U(z) = >3, ukz® smech crpoares parmonanbhbie anmmpokenmammn [N/M]y = P(2)/Q(z), P(z) =
po+prz4 ... +pn2YN, Q) =1+qz+...+quzM, rakue uro

U(z) — P) = O(MN+ 2 0. (2.16)

Yesoue (2.16) mpuBOIUT K CHCTEME JIMHEHHBIX aaredpanvecKux ypaBHEHHil Jjisd KoaddurmenTon
MHOTOWIeHa (Q(z); 10 HAlIEHHBIM @) JaJiee OLpejessieTcss MHOrowIeH P(z).

Hanbosee momyssipubiMu u3  ammpokcumManuii [lajge sBisiorcs auaroHasbHbIE AIIPOKCUMAIUN
[N/N]u, xorjma cremern muorouneHoB P u @ cosnagator: N = M. DT annpokcuManuy 4acrto obec-
[EeYNBAIOT B NPHUKJIAJIHBIX 33 a9ax ObicTpyio cxoaumocThb [N/N|y k dyukimn U(z) #a 60IbImx KoM-
[aKTaxX z—IJIOCKOCTH Ipu yBesmdennn cremenn N (cu. [9]).

ITpoBeieHHbIe OOIIMPHBIE YUC/IEHHbIE SKCIEPUMEHTBI, & TAKKe OIBIT BBIYHCIEHU: J3eTa-dyHKIIN
Pumana (cm. [11]) m BBICOKOTOUHOrO pactdera COMMTOHHLIX pemtenmit (cm. [12], [13]) mokasamm, arTo
Hanbostee 3P PEeKTUBHBIM SIBIISIETCS UCIIOJIb30BaHue annpoxkcumarmu Ilaje He JjIs BCero McxoJHOIo
Pa3JIOXKEHNUsI, & JIJIST €0 YaCTH:

= e = zunz +WLZ L, (2.17)
n=0

HaYaJIbHBIN OTPE30K PsIfa IIPU STOM sIBHO cymmupyercs. [una L 93Toro orpeska onpeessieTcs: NCX0os
U3 yCJOBHs, YTO OTHOIICHHE KOI(DMUIMEHTOB U, 41 /Uy, CTPEMHUTCS HPH yBeJUYeHUN L K Olpe/iesieH-
HOMY TIpeniesy to. 3HadeHUe tg SIBJISIETCS KOPHEM XapaKTepPUCTHYECKOTO YPaBHEHWUsI, COOTBETCTBYIO-
IIEr0 PEKYPPEHTHOMY YpaBHEHUIO Jjist KO3 DUImeHToB u,. Tak, ecan 1jisi JUHEHHOrO OIHOPOIHOTO
(p + 1)—4IeHHOrO PEKYPPEHTHOIO ypaBHEHUSI

p—1
hm(k)Uk+m + Uk+p = 0, (218)
m=0
CyIeCTBYIOT KOHE€YHbIE IIpeae/Ibl
hp = lim hp(k), m=0,1,...,p—1, (2.19)
k—o0

TO Xapakrepucrtuiaeckum st (2.18) Gyger ypasHeHue
p—1
> ht™ 17 =0. (2.20)
m=0

Toryia Ipu HEKOTOPBIX JIONOJHATENBHbBIX YCIOBHUIX HA Ny, (k) cupasemuBa Teopust [Tyankape u Ilep-
pOHa 00 aCHMIITOTHYECKOM IIOBEJIEHUH pellleHnii pa3HOCTHBIX ypaBHeHuii (cum. [14]), cormacio KoTopoii
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cymiecTByer p pemienuii ypasHenus (2.18), /st KaxK10ro u3 KOTOPbIX BEPHO

(m)

A an _
klg{)lo uém) =tm, m=1,....p, (2.21)

rje t,, — KopHu MHOrodaeHa (2.20).
(m) ()

Cpenn BCex perienuii u,, ~ caMbIM OBICTPOpPACTYIIUM OyJIeT pelreHue u, ~, COOTBeTCTBYyIOIee Hau-
BOJIBITIEMY TI0 MOJLY/IIO KOPHIO t,,, TO €CThb

(+)
u
lim L — ¢ |t = max(|t1], ..., [tp]). (2.22)

g,

(*)

Toryia, B CHJTy YHCIICHHON HEYCTONMMBOCTU BCEX JIPYTUX PEIICHHIl, PACTYIIUX Me/JICHHee, YeM U,
JHCIIeHHOE pellleHne ypaBHenus (2.18) ¢ o6bIMI HadaIbHBIME JAHHBIMA Ug, . . . , Up—1 OyIeT 0013 1aTh
cpoiicTBoM (2.22). TTockosbKy KoabOUIMEHTB! Sy, U S MCIOJIB3YeMbIX HaMu pasjioxkenuii (2.2) u (2.9)
yaoByieTBopsitoT ypasHenusM (2.3) u (2.10), umerorum obmuii By (2.18), To ncnoassys (2.18)—(2.22)
HAXOJIUM IPEJIEIbI JIJIsi OTHOINIEHUH

_ . _
lim 25— = g P2 (2.23)
k—oo Sk 2 k—oo Sk

OrmeruM 371ech, uro ypasaerue (2.10) sIBJsIeTCsI TPEXUIEHHBIM C IIIATOM 2, IO3TOMY BO BTOPOM COOT-
HomieHun (2.23) umeeM B HOMEpax S TakKzKe mar 2.

Tenepb, umesi npejenbl (2.23), Mbl ucnoab30Badu pasbuenue (2.17) jyisi pasimoxenuit (2.2), (2.9)
U UX IIPOU3BOJHBIX IO apI'yMeHTy 7) U IapaMmerpy A. Ijmaa L oTpeska psia sIBHOIO CyMMUPOBaHUSI
BBIOMpAJIACh TaKOM, YTOOBI OTHOIIIEHHUE COCeTHUX KoaddurimenToB ¢ Homepamu L+ 1 u L coBmamao ¢
U3BECTHBIM TIpejiesioM (2.23) ¢ orHocuTesbHOM norpermHocTbio MeHee 20%. Torja, Kak 6bLI0 HOKa3aHO
YHUCJIEHHO, JIJIsl BTOPOii CyMMBI B (2.17) 9acTo 0Ka3bIBaJIOCh JIOCTATOYHBIM UCIOJIB30BAHMSI IPOCTEHIINX
JTuaroHasIbHbX annpokcuManuit [age Tuna [2/2)y wn [3/3]y mas nonydennst 10 u 6osiee BEPHBIX Jec.
3Ha4. IUGP BBIUUCIAEMBIX DYHKINI.

2.8. CiaoxkHoCcTh MeToaa. PaszpaboTaHHbIN MeTOI 00JIaIaeT JUHEHHON CI0XKHOCTBIO, TO €CTh IPH
YBEJIUYIEHNN § UCKOMOI'O OTBETA YMCJIA BEPHBIX Jiec. 3Ha4. nmudp B q pa3, Do = qD1, Bpems paboTobl
MeTOo/a TaKKe yBeJuduBaercs B ¢ pas3, 1o = ¢11. D10 cieayer u3 reOMeTPUIECKOr0 XapaKTepa CXO-
JUMOCTH passioxkeHuii (2.2), (2.9) u ux NpOM3BOJIHBIX, a TakyKe U3 PEKyPPEHTHBIX ypaBHeHuil (2.3) u
(2.10), Korya /ISl BBIYUCJEHUs] OUepeIHOr0 KoadduimenTa HeoOX0[MMO UCIIOIB30BATE JIUITh TPH HJIH
JIBa, TPEIbITYIINX.

OO6mmpHbBIe YUCIEHHBIE SKCIIEPUMEHTHI TIOATBEP/ NN JTUHEHHBI XapaKTep CJA0YKHOCTH IIOCTPOEHHO-
ro Meroja ¥ nokaszasu, 4ro dysxims P(A) ckauka npoussogHoil (2.15) He obiajaer HEraTUBHBIM
cBoiicrBoM "GapbepHocTr", mpUCyImM HenHbIM JIpobsiM. Ilosromy cxomumocTs MeToma HbioToHa st
pacuera kopueil dynxiun $(\) OKa3bIBAETCsI OUE€Hb XOPOIIEH /sl IMUPOKUX UHTEPBAJIOB HAYAJIbHBIX
npubmmxennit A(©)

3. KBABUABTOMO/IE/ILHOCTH COBCTBEHHBIX 3HAYEHMI BBEITIHYTHIX
OYHKIINT

o a
3.1. Paznokenmne npu MajibIx c. /ljis coOCTBEHHBIX 3Ha4eHnit )\55721(0), COOTBETCTBYIONIUX BbITH-

aytbim ("prolate") cdepommanbubiv dbyuknusiM S(n) u3 (1.1), ©3BECTHO HECKOJIBKO MEPBbIX KO3hhU-
[IUEHTOB CTENEeHHOIo pasJyioxkenus (cum. [4])

1[ ~@m-1(2m+ 1)]

2 @n—1)2n+3) |’ (3-1)

[o.¢]
T 2k
)\%7%(6) = E lopc™™ | lo=n(n+1), lo =
k=0

B [4] nanbl Takke 3Havenus ly, lg, lg. Tlomcrasisis pasioxenue (3.1) 1 aHAJIOIMIHOE PA3JIOXKEHUE IS
Bcex BesnunH dj B ypasHenue (1.3), MOXKHO IOJIyYUTH SIBHBIH BHJ[ IIOCJIELYIONUX KO3hMUIMEHTOB
logp = log(m,n), k > 4. TpynoemKocTb HOJOOHBIX PeOOGPA30BAHUN CTAHOBUTCSI OIPOMHOI, HOITOMY
9TH CUMBOJIbHBIE ITPE0OPa30BaHUsl IPOBOIUINCH B CUCTEME KOMITBLIOTEPHOH anredpsr Maple.
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. )
Kpyr cxomumoctn pasmoxennii (3.1) u nosoxenne ocobbix Touek GyHKIM A\m, »(c) B HacTOsIIIEE
BpeMsd HEU3BECTHDLI, UCCJIEIOBaAHUE 3TUX BOIIPOCOB IJIAHUPYETCA IIPOBECTU B 6yﬂyﬂle1\/1.

o s
3.2. AcumnroTnyeckoe pasJioXkeHue nmpu OoJsibmiux c. st 3nadennit )\%)7%(6) npu GOJIBITHAX
BEJIMYUHAX € TIApaMeTPa BBITSHYTOCTH CPEPONIa M3BECTHO TAKIKE HECKOJIBKO MEPBBIX KOIDPUITHEHTOB
ACHMIITOTHIECKOTO pasyioxkenus (cum. [4]):

AP (o) = Tk —6 i
() cq+z o + O(c™), ¢ — 00, (3.2)
k=0
re
2 ¢+5 q 2 9
g=2(n—m)+1, o =m” = o, rlza(32m —q¢°—11); (3.3)

B [4] nanbr Takxke ko3 DUIUEHTDI T2, T3, T'4, T'5.

3.3. IIpocreitnias KBa3maBTOMOAEJIbHOCTDH )\,(ff,)l(c). IIycte n > 0 u ¢ > 0. Beestem nepeMeHHY IO

d o dhopmyie

l
o(d) = god (3.4)
U paccMoTpuM (DYHKIUIO @%T%(d} OT HE3aBHCUMOIO IIEPEMEHHOr0 d — CYHepIIO3HIINIO Agﬁ%(c) u c(d):
1 1 l
L (d) = T M) ocld) = = AI (T d). (3.5)
’ lo ™ lo ™" \q

rae lp n g ompenenens B (3.1) u (3.3).
Ucnons3ys pasnoxkenus (3.1), (3.2) u csasnu (3.4), (3.5), MOXKHO HOJIyYUTH CJIELyIOIINE CBOCTBA

dbyukmn CD%T% (d):

o) (d) =1+ zgé—g >+ 0(dY), d—o, (3.6a)
) (d) = d + 7;—0 FOdY), d— oo (3.60)
0

Ha ®ur. 1 npusemennbl rpaduKn pacCINTAHHLIX JIeCITH (DYHKIUI @gﬁ?%(d) npu PUKCUPOBAHHOM

m = 10 u paznuaabix mapamerpax n = 31,32,...40. I'paduku cranoBsarcs Bce OirKe APYT K APYTy
[IpU YBEJIUUICHUN 3HATCHUS 7.
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Ha ®ur. 2 npusemensr rpadukn gecatn QyHKIINAMR @%T}z(d) IIPU COOTHOIIEHUH N = 3Im u m =
11,12,...,20.

U3 (3.6) BuHO, 9TO B pas/IOXKeHHsIX @gﬁ%(d) B OKpecTHOCTsX To4YeK d = 0 u d = 00 JuIIb KO-
3¢ uUIIeHTH IPK IIABHBIX WIEHAX HE 3aBUCAT OT IapaMeTpoB m U n. Bropble K03DOUINEHTHI 3TUX
Pa3JI0KEHUN UMEIOT CJIEYIONINe TIPeIesibl Ipu (PUKCUPOBAHHOM 1M U N — 0O:

T
Takum o6pazoM, MoOCTpoeHHbIE (DYHKITIH @Sﬁ,,)l(d) 006/1a1a10T KBa3HMaBTOMOIEILHOCTBIO TIOPSITKA,

O(d?) npu d — 0 mw O(1) ipu d — oo.

3.4. KsasuasromoiesbaocTb nopsizika O(d?), d — 0 u O(d~?), d — oo. Uccrenyem Kpasmas-
o T
TOMOJIEJIBHOCTD (DbyHKIHIT )\%’721(0) 6oJ1ee BBICOKOT'O TIOPSIIKA, KOIVIA Y COOTBETCTBYIONIEIO PA3JI0ZKEHMUST
upu d — 0O TPHU HEPBBIX KO3 UINEHTa HE 3aBUCAT OT M U M.

IIyctb n > 0 u ¢ > 0. BBesiem niepemeHHy0 d, OMUCHIBAIOILYIO TAPAMETD ¢ BBITIHYTOCTU chepounia;

o d ] : (3.7)

lo
d = 2q[14—n2
c(d) q [+1+51d+d2

riae ¢ 3a1an0 B (3.3), a 3Hadenust ; u ) oupejeanm najee. Bompoc 06 oxHozHadHOoCTH TIpU ¢ > ()
dbyukunu d(c), obparnoit k 3aBucumoctu (3.7), 06Cy UM HO3XKe.

Teneps paccMoTpum QyHKITUIO Qfgr%(d) HE3aBUCHMOI0 IIEPEMEHHOTO d — CYIEePIIO3UIUIO )\%T%(c) u

c(d) u3 (3.7):

r r T lO (65} d

Ucnonbayst pasnoxkenus (3.1), (3.2) u casu (3.7), (3.8), MOXKHO HOJIyYUTH CJIE/LYIONINE CBOCTBA
dbyukIMN \I/%T) (d):

v (d) =1+ zzé—g >+ 0(d®), d— 0, (3.94)
Wi (d) = d + (al + T—O) + (@ - alﬁl)d‘l +0(d™?), d— . (3.9b)
’ lo 2

Teneps B 3aBucumMoctu (3.7) BbIOepeM JBa mapaMeTpa o U [31 TaKuM 00pa3oM, 4TOObI B PA3JI0KEHUN
(3.9b) kosdbdburmenTs! pu crenensx d° u d~! He 3aBECEM OT M U N, HAIPHUMED, HOIOXKUM UX PABHBIMU
HYJII0. DTO JaeT

P B =——" (3.10)
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)

" (pr
Ha ®ur. 3 mpusenensl rpadukn paccIuTaHHBIX Jgecatn Gynknuit Yy, n(d) npu duxcupoBanHoM
m = 10 m paz/myHbIX MmapaMeTpax n = 31,32,...40; 3Tu napamMeTpbl aHAJOTUIHBI BAPUAHTAM JIJIsI

dyHKIIiT @%T,)L(d) na Qur. 1.

Ha ®ur. 4 npusemensl rpadukn gecaTn QyHKIIHAA \I’%TZL(d) IIpA COOTHOIIEHNN N = 3ImMm U m =
11,12,...,20; >Tu napaMeTpbl AHAJOTUIHLI BapUAHTAM s DyHKII @gﬁ% (d) na ®ur. 2.

T
Takum obpaszom, mocTpoeHnble OYHKIIAN \I/%%(d) 00/1a1a10T KBa3WABTOMOJICTBHOCTHIO ITOPSIIKA

O(d?) mpu d — 0 u O(d~2) npu d — oo. Cpasuenne rpacduxos na Pur. 1 u dur. 3, a TakxKe Ha

T
Qur. 2 u Pur. 4 nokasblBaer, YTO HOBble (DYHKIUN \Ilgﬁ,)z(d) 3HaunTeIbHO "citabee" 3aBuCAT OT Hapa-

METPOB M 1 N, 9eM (pyHKIN @%T%(d) n3 . 3.3.

4. KBABUABTOMOAEJBHOCTb COBCTBEHHBLIX 3HAYEHUI CILJIFOCHYTBIX
OYHKIINI

(ob)

4.1. PazJioxkeHue Ipu MaJIbIX ¢. J{j1sT COOCTBEHHBIX 3HAYEHUIT Ay, 1 (C), COOTBETCTBYIONIHUX CILIFOC-
uyTbiM ("oblate") cdeponnanbabiv dyukimsm S(n) uz (1.2), crenennoe passioxenue cosnajaer ¢ (3.1)
¢ yaerom samennt ¢2 — —c? (cm. [4]):

o0
M) = S (1) lage. (4.1)
k=0
4.2. AcumMniToTuveckoe pasJioXKeHue mpu 6oabmiux c. s snadennii )\q(ﬁ%(c) 1pu OOJIBITUX Be-
JIMIUHAX TApaMeTpa ¢ CIUTIOCHYTOCTH ¢(hepOoria M3BECTHO TaKKe HECKOJBKO MEPBLIX K0P PUITMEHTOR
ACHMIITOTUYIECKOrO pasyioykenusi (cm. [4]):

4
t
(0b) (¢} = —c? 4+ 2¢(2 1 i 5 4.2
Ah(e) = =%+ 2c(2v +m + )+kZZOCk+O<c ), c— oo, (4.2)
rie
v=|[n—-m)/2], to=—2viv+m+1)—m-—1, (4.3)

a [-] — mesnast gacre uncia. B [4] nanbl Takzke koadduimentst ty, ta, ts, ty.
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(ob)

4.3. IIpocreiimas KBa3UaBTOMOJAEIBHOCTD Ay, 1 (c). Ilycts n > 0 u ¢ > 0. BBesiem nepemenuyio

d o dopmyie
= Vlod (4.4)

U paccMoTpuM (DyHKIIUIO @%?%(d) OT HE3aBUCUMOIO [IEPEMEHHOT0 d — CYIEePIIO3UIIUIO Al b) n(c) u c(d):
1
B (d) = T X () o eld) = - A (Viod) (145)
0 0

rie lg onpegeneno B (3.1).
Ucnonbayst pasnoxkenus (4.1), (4.2) u csasu (4.4), (4.5), MOXKHO HOJIyYUTH CJIE/LYIOIIHE CBOICTBA

dbynkmn @572?21 (d):

) (dy =1—lyd* + 0(d*), d— 0, (4.6a)

m,

2(2v +m + 1)
Vi

I'paduku dynxmmit <I>( %) n(d) TP PA3IMYHBIX M U N HACTOJBKO YK€ OJIN3KHU, KaK TpaduKkn <I>(p ) n(d)
na @ur. 1 u Qur. 2.

U3 (4.6) mMmeeM, 9TO B PA3JIOKEHUIX @gﬁb%(d) B OKPeCTHOCTsIX ToueK d = 0 u d = 00 JiuIb KO-
3¢ duUImeHTs IPpK IMIABHBIX YJIEHAX HE 3aBUCAT OT IapaMeTpoB m U N. Bropble KOIMMUIUEHTHI ITUX
PAa3JIOXKEHUN UMEIOT CJIELYIOINE TIPEAEbI IPU (PUKCUPOBAHHOM M U 1 — OO:

o) (d) = —d? + d+0(1), d— oo, (4.60)

1 2(2 1
lim (—ly) = — =, hmwzg'
n—00 2 n—00 ‘/l(]

(ob)

Taxum obpasom, nocrpoenubie GyHKIHH Py, 7 (d) 061878107 KBa3HABTOMOIETBHOCTHIO TTOPSIKA

O(d?) npu d — 0 u O(d) pu d — 0.

4.4. KazuasromoiesbaocTb nopsizka O(d?), d — 0 u O(d™!), d — oo. Uccrenyem Kpasmas-
. ob
TOMOJIEJIBHOCTD (DbyHKIHI Aﬁnlb(c) 6oJ1ee BBICOKOT'O TIOPSIIKA, KOIVIA Y COOTBETCTBYIONIEIO PA3JI0ZKEHHUST
upu d — 0O TPHU HEPBBIX KO3 UINEHTa He 3aBUCAT OT M U M.

ITyctb m > 0 u ¢ > 0. BBesiem nepemennyio d, ONMMUCHIBAIOILYIO TAPAMETD € CILIIOCHYTOCTH chepounia;

md
lod 1 : 4.7

=V Trandr & 14 ppd+ d? (47)
3HAYCHUS 7] W (4] ONpenesnM najee. Borpoc 06 oxxosnadanoctu npu ¢ > 0 dyuxmun d(c), obparHoit
K 3aBucumoctu (4.7), obcy M mosKe.

(ob)

Paccmorpum dyukimio Wiy, p(d) HE3aBUCHMOTO IEPEMEHHOT0 d — CyNepPIO3UIIIO )\53%(0) u c(d) u3

(4.7):

1 Y1 d
W) (d) = — A& d) d|1 4.
(@) = o M) o eld) = LA (Vo [L+ ) (48)
Ucnonb3yst pasnoxkenns (4.1), (4.2) u cBasn (4.7), (4.8), MOKHO TOJIYIHUTDL CJIE/YIONIHE CBOWCTBA
dbyukmn \ng?%(d)

U0 () =1—1lyd? +O(d®), d—0, (4.9q)

2v4+m+1 2v1(2v+m+1) o 9 1
g T O oy — — .
Vi 1)d ( an + lo temin 71) +0(d™), d y ;Z)

Broibepem B 3aBucnmoctn (4.7) mapamerpsl 1 B (1] TaKUM 00pa3oM, 9ToObI B passoxkenun (4.9b)
ko3 bunuenTs! pu crenexsx d u d° He 3aBHCEIN OT M U N, HAIPHMED, HOJOKIM HX PABHBIMU HYJIIO.
dro naer, ¢ yaerom (4.3),

Tl (d) = —d® + 2(

2u+m+1 m+1—1v2—w+m+1)2
M=, = . (4.10)
\/l() 2(2V+m+ 1)\/l0




110

Ha ®ur. 5 u @ur. 6 upusesens rpabukn jgecsatu GyHKIui @gﬁb%(d) u3 (4.5) u \I/ﬁ,if’)n(d) u3 (4.8) nupu
COOTHOITIEHUH N = 2mM 7 Pa3JIMIHBIX ITapaMeTpax m = 5,6, ...14.

Takum obpaszom, mocTpoeHHble DYHKIIAN qfﬁsz(d) 00J1aTaI0T KBAa3MABTOMOIETFHOCTBIO TIOPSIIKA
O(d?) mpu d — 0 u O(d™!) npu d — 0o m onm 3HaumTenbHO "crabee" 3aBHCAT OT MApaMeTpPOB M
u n, 9eM PYHKIUHI @%?%(d) u3 1. 4.3., 94TO TMOJTHOCTHIO AHAJIOTUYHO CJIYYAI0 BBITAHYTHIX CHEPOUIaihb-
HBIX (DYHKIMIA.

5. BAKJIIFOYEHUE
(ob)

.
UccnenoBanubie QyHKINI wﬁﬁ%(d) u Uy, n(d), KaK cjegyer u3 ux MOCTPOEHUSI, He SIBIISIIOTCS €/IMH-
CTBEHHBIMI BO3BMOXKHBIMI KBa3UABTOMOJIEIbHBIMI 3aBUCAMOCTSIMU, ONUCBHIBAIOIINMI COOTBETCTBYIOIINE

COOCTBEHHBIC 3HAYCHUS )\%Tzl(c) u )\52?21(0). Bri6op 3uatenuit koadduimenTos pasnoxkenns B (3.90) nupn
crenenax d’ u d~! u kosddbummentos pasnoxenus (4.9b) upu crenensx d' u d° He paBHBIME HYIIIO, &
PaBHBIMU JIDYTUM, HE 3aBUCSIIUM OT 71 U 1, KOHCTAHTaM, IPUBOJNUT K HOBOW KBa3HMaBTOMOJIEIBHOCTH
TOTO 7K€ TOPSIJIKA.

Uccrenosanuslie 3apucnmocrtu ¢ = ¢(d) suga (3.7), (4.7) Takzke sIBISIFOTCS JIUIIb YACTHBIME IIPHME-
pamu GoJiee 06IIell PAIOHATIBHON 3aBHCHMOCTH

ap+ ard + ...+ agd”

d) =d
e(d) 1+ Bid+ ... + Bpdk

(5.1)

Bapbuposanune crenenn k parmonangbaoil dyuknum (5.1) n kosdbdunuentos «; un [3; 1m03BOIA-
er nobutbest Bce Gostee BbIcokoro mopsiaka O(dP) mpm d — 0 m O(d™9) mpn d — oo Jys KBa-

3MaBTOMO/IE/ILHON 3aBUCUMOCTH HOPMHUPOBAHHBIX COOCTBEHHBIX 3HAYEHHIN \Ilgﬁle(d) = %)\%T%(c(d)) u
b b
%%(d) = %Ag&%(c(d)), COOTBETCTBYIONIUX BBITSIHYTHIM U CIUIIOCHYTHIM C(hepOnIaibHbIM (DYHKITHSIM.
(o)

MccnenoBanne OCTPOEHHBIX (DyHKITHI \Il%r% (d) m ¥y, n(d) mpu d > 0 BHE OKpecTHOCTEH TOUeK d = 0
1 d = 00 MOXKET OBITH OCYIIECTBICHO dncienHo. Kak mokazasm mpoBeieHnbie B 1i1. 3.4 u 4.4 obmupHbIe
BBIUHC/IATEIbHBIE SKCIIEPUMEHTHI, 9TH (PYHKIINNA TaKxKe 06J1agatoT B 970l "mpoMexkyTounoit”" obactu
Bce Oostee c1aboit 3aBUCUMOCTBIO OT ITapaMeTpPOB M U 1.

Bompoc 06 oppoBpemMeHHOM MOCTpoeHun ofHO3HadHON npu ¢ > 0 dyukimun d = d(c¢), obpaTHOil K
¢ = c¢(d) u3 (5.1), To ecTb 0 MOKazaTenneTBe HepaBeHcTBa ¢’ (d) > 0 pu d > 0, OKA3BIBAETCS CIIOKHBIM.
Ero uccienosanue mpeanosaraeTes MpoBeCTH B Oy IyIem.
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[Tomumo  panumoHasbHOW 3aBucuMmocTu  Buaa (5.1), CBs3bIBAIOIEH HapaMerp ¢  BbITSHYTO-
cTH/CITIOCHY TOCTH chepOorIa 1 KBA3UABTOMOJIE/IbHYIO MEPEMEHHYIO d, BO3MOXKEH IIOUCK ITOi 3aBu-
cumoctu ¢ = ¢(d) u B kiacce apyrux dyuxiuii. OcHoBHBIE TpeboBaHus K 9TOH (DyHKIMH OCTAIOT-
Csl IPEXKHUMH. BO-NIEPBBIX, HE3ABUCUMOCTH OT MAPAMETPOB 1M U N OOJIBIIOrO Yucia Ko dumenTos

o () _ 1y (pm) (ob) _ 1y(ob)
pazioxkenust pynkuuit Wi n(d) = -Am,n(c(d)) 1 ¥ n(d) = -Am,n(c(d)) npu d — 0 n d — oo.
Bo-Bropbix, oiHO3HaUYHOCTB 00paTHOil K ¢ = ¢(d) dyukuuu d = d(c) upu ¢ > 0.
T ob

ITonyuennsie B . 3.4 u 4.4 KBa3UABTOMOIEILHLIC 3aBUCUMOCTHI ‘I/,(ﬁ,%(d) u ‘I!,(mzl(d) ObLLIN UCIIOJIb-
30BaHbI JJIT HAXOXKICHH aJIEKBATHOIO HAYAILHOIO MPUOJIMKEHUsT B UTEPAIMOHHOM MeToe HpioToHa.
ITo BLIMHC/IEHHBIM 3HAYECHUSIM Ay, (€) IpH (DUKCHPOBAHHBIX 3HAYEHUSIX M H 7, C HOMOIILIO (hOPMYII

(3.8), (3.10) u (4.8), (4.10) onpejensiiach ampoOKCUMAIIUs )\52())7710(00) JIUIST HEOOXOIMMBIX [TapaMEeTPOB
mo, g 1 Co.

OG6upHBIe pacdeThl 3HAUEHHIT Ay, 5, (€) TPOBOAUINCEH B CHCTEME KOMIILIOTEPHOI ayire6psr Maple-9.5
quist mapamerpoB 0 < m < n < 200 u ¢ € [0,500], 94TO COOTBETCTBYET BBICOKMM TapMOHHKAM JIJIsI
CIJIBHO BBITSIHYTOI'O U CILIIOCHYTOTO ceponioB. ToUHOCTD BBIYUCEHUN IIpU 3TOM jocTuraja H0-tu
BEPHBIX JIECITUIHBIX 3HAYAIUX TUPP.

Kak mokaszanu pacuersl, npubJnzKenue, MOJIyIeHHOe Ha OCHOBE Pa3spabOTaHHON KBa3MaBTOMO/IE/Ib-
HOCTHU, B OOJIBIITUHCTBE CJAYyYaeB 00ECIeUYnBaIO0 OBICTPYIO CXOIUMOCTbL K KOPHIO C HY2KHBIM HOMEPOM.
[To-BumumoMy, mocTpoeHre KBa3MaBTOMOJIETLHOCTHA O0Jjiee BHICOKOI'O TIOPsiJIKa MOXKeT JaTh elle bojiee
TOYHYIO AIIPOKCUMAIHIO COOCTBEHHBIX 3HAYECHHI \p, p(C) U, TAKIM 06pa30M, elle 3HATHTEIbHEE YCKO-
PUTDH CXOAUMOCTb UTEPAITMOHHOTO METOJIA.

Pa6ora Bbiosinena npu ¢dbunancoBoii nojyiep:kke PODU (koxpr npoexros 04-01-00723, 04-01—
00773) u npu nojuepxkke [Iporpammer N° 3 dbynpamenranbubix uccaenosanuii OMH PAH.
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HEJIOKAJIbHBIE KPAEBBIE 3AJJAYN JIJ151 HEIIPABUJIBHO
QJIVINIITNYECKNX YPABHEHVN BTOPOI'O 1ITIOPA/IKA B
EAVNHNYHOM KPYTE

H. E. ToBMACsAH, A. O. BABASH
['OCYOAPCTBEHHBIN MHXKEHEPHBIN YHUBEPCUTET APMEHUU
EPEBAH, APMEHUS

B pabome usyuaromes HeAoKaivHE KPaesvie 360a4U AL HENPABUALHO INAUNMUNECKUT YPas-

HEHUT 8MOoPo2o Nopadka 6 eduruunom xpyze. Ioayuenv, Heobrodumvie u AOCMAMOYHBLE YCAO-
suA, obecnevusaroOuue Hemepogocms darnvill 3adavuu. IIpu 6vnoAHeHUY IMUT Ycaosull onpe-
0ENEHO KONUMECTNEO AUHETHO HEZABUCUMDLT DPEWEHUT, 00HOPOOHOTE 3a0aMU U YCAOBUA PA3PEULU-
MOCTU HeodHOPOIHOT 3adayu.

§1.ITocranoBKa 3a1a4u u POPMYJIUPOBKA PE3yJILTATOB
IIycrs D = {z||z| < 1} - eauHm4HbIi Kpyr KOMIUIEKCHOH utockoctu u I' = 9D - ero rpanuna. B
obactu D paccMOTPUM 3JUIMIITUIECKOE YPABHEHUE BTOPOTO MOPSIKA
Aty + Bugy + Cuyy =0, (z,y) € D, (1)

rie A, B, C - KOMILIEKCHBIE IOCTOSHHBIE, TAKIE, UTO XapaKTepucTuieckoe ypasuenne A+BA+CA2 = 0
He MMeeT JIefiCTBUTEIbHBIX KopHeil. Perenue ypasuenusi (1) npejoaraercst IprHAJIEKAIIM KJIACCY
C1®) M C%(D) u ua rpanune I' yaoBIeTBOpseT yCI0BIIO

ou ou ou ou
— b— (2, —y) +d—(z,—y) = F I, 2
o (z,y) + °E (z,y) + 5, (z,—y) + 55 (z,~y) (z,y), (z,y)¢€ (2)
3Jech a, b, ¢ u d - KOMILUIEKCHBIE TIOCTOsIHHBIE, F' - 3a/1anHas Ha [ QyHKIUS, yIOBJIETBOPSIOINIAs YCIOBUIO

Tennnepa, a % = % (a% — ia%) u % = % <% + i%) - KOMILJIEKCHBIE OTepaTopbl JuddepeHIupoBa-

uusi. Ilycrs (zg,y0) — dukcupoBanHasi Touka rpanurpl I'. Bygem mpeanosarars, 9ro B 9TOH TOYKE
Hen3BecTHas DYHKIMSA U YJIOBJIECTBOPSET JIOMOJHUTEIbHBIM YCIOBUSIM

o, (0, yo) + Buz(zo, yo) = Q1,  u(zo,y0) = Qo- (3)
Bﬂer QO nu Ql - HpOHSBOJIbeIe KOMIIJICKCHBIE HOCTOHHHI)IG, a IIOCTOAdHHBIE (@ U /8 y,HOBJIeTBOpHIOT
COOTHOIIIEHUIO
at+c b+d
det ( 0 ) £0, (4)

Eciu a u b unu ¢ u d obpamaiorcs B HyJib, 10 3a1a4da (1), (2) npusogurcs kK 3azade Ilyankape s
ypasHenusi (1) , KOTOpast JiJIsi HEIPABUIBHO SJIMIITHYECKOrO ypaBHeHust (1) He siBJisieTcsl HETEPOBOIi
(em. [1], [2]). HerepoBocTb 0b1miei T0KaIbHO MPaHIYHOl 3a1auu jiiist cucteMbl (1) ¢ eficTBUTe IbHBIME
kovddunmentamu 6blia uccsegoana B [3]. B Hacrosieit pabore no kosbdunuentam ypasaerust (1)
U TPAHUIHOIO yCJI0BHs (2) Onpeesisiiorest yeJaosusi HereposocTr 3aa4u (1), (2), (3) a Takzke onmcana
s dexTuBHAS TIPOIEIyPa PEIIeHns TaHHON 3a1a4M.

st bopMyJIMPOBKY TI0JIyYEHHBIX Pe3yJIbTaToB peobpasyeM ypasaenue (1), UCHOIB3Ys KOMILJIEKC
Hble onepaTopnl auddepentupoBanusd. [Ipemgnonmaraercs, 9T0 KOPHE A1 U A3 XapaKTEPUCTUIECKOTO
ypaBuenusi A + BA + CA?2 = 0 ynosiersopsior yciaosmio SA; > 0, SAg > 0, TO ecTb, ypaBHEHHe
HeIPaBUJIbHO dJumnTudeckoe. [lpu srom ypasaerue (1) MOXKHO IPEJICTABUTH B BUJIE

d 0 d 0
——p== ||z —vs=—|u=0, (z,y) €D )
(az “az> (62 az> (=.9) €D, ©)
re [t U V TaKhe KOMILIEKCHbIe ducia, 4to |p] < 1 u |v| < 1 (umeem (cm. [2] c. 188) p = Zﬁi nv=
Ziz ). B nasbreiimem, Bmecro (1) 6ymem ucrnosb3oBarh npejicrasienue (5). B pabore jokaspiBaercs

CJIeIyIolIee [IPEJITIOKEHIe
Teopema 1. 3adaua (5), (2), (3) asasemea nemeposoti mozda u mosvko mozda, koeda ad — be # 0.

[Tpu BBINOJIHEHUH YCJIOBHsI T€OPEMbI | B SIBHOM BUJIE OLPEJE/ISIIOTCS PEIIeHUs OJHOPOIHOM (1mpu
f=0uQo=Q1=0)3amauu (1), (2), (3) u ycjaoBusi pazperuMoCT HEOJHOPOIHON 3a/a4u.
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§2. 'panuyHas 3amava it ypasueuus (1), Kkorga A\ # \o.
Paccemorpum 3anaay (5), (2), (3). B srom naparpade uccieayem cirydaii, Korja KOPHU XapaKTePUCTH-
YEeCKOro ypaBHEHHs IPOCTHIE.

Jloxasamenvcmeo meopemov, 1. Ilycrs p # v. B nanbreiimewm, npu |§] < 1, 6ygem obosnauars D(0) =
{z + 0z|z € D}. Obee pemenne ypasaenust (5) npejcraBuM B BH/Ie
u(z,y) = ®(z +p2) + ¥(z +v2) + Co, (z,y) €D, (6)
rjae ® u U - dyskiuun, anagmurudeckue B obnacrsax D(p) u D(V) cOOTBETCTBEHHO, YIOBIETBOPSIIOIINE
coorromenuto ®(0) = ¥(0) = 0; Cy — KomIuIeKcHas nocrosianasi. Jlist onpeyenenus: pyukuuit ¢, ¥,
nozcrasuM (6) B rpanuuHoe ypasHenue (2). [oayaum upu (x,y) € T
e®'(z + pz) + fY' (2 + vz) + g®'(z + pz) + W' (z + v2) = F(z,y), z=x+1y. (7)
3xecn
e=a+bu, f=a+bv, g=c+du, h=c+dv. (8)
Ormermm, 9To Tak Kak @' (2 + pz) = (u — v) " H(ul — vul) , To bynxmusa @' yaosrersopsier yCaoBHIO
lenbaepa na I' | anasornanoe ycnosue Bepro mist W', B monorpaduu [1] mokaszano, ato B 9T0M Coiyuae
dbynknun & u ¥ MoxKHO mpeJcTaBUTh Ha OKpyzKHOCTH I' B Buje
& (5 + 12) = w(z) + w(uz), V(s +v7) = $(z) +$(v3), z€T. 9)

Baech w u 1) - aHajuTudeckue B D (yHKIMM, 10 KOTOPLIM OJHO3HAYHO ompeienstorcs ® n U/ .
Pasznaras stu dyHkiuu B crenenHoit psij, mosyunm (z € I')

o0 o0 o o
O (2 + pz) = 240 + Z A2t + Z AppFzF, W (2 +vZ) = 2By + Z By2* + Z B/ zF. (10)
k=1 k=1 k=1 k=1
Oyuknuio F' Takxke pazinoxkuM B pan Pypoe na I’

F(xvy) = Z Qk:zk‘

k=—o00
[ToscraBuM 5TH pas3/IoXKeHus B TpaHUIHOE ycsioBue (2) u npupaBHsaeM Ko3bOUIMEHTHI TP OIMHAKOBBIX
crerneHsix z u Z. [loqyauMm oHO ypaBHEHUe Jijisl OIpeiesIeHnst IBYX Hem3BecTHBIX Ag n By
(6 + g)Ao + (f + d)B() = O.5q0. (11)
[Ipu k£ > 1 nostyaum cucremMy JBYX ypPaBHEHWIA JJisl ONMPEIeJeHIsT TOCTOSTHHBIX Ak, Bj:
(e + guF) Ak + (f + h*)By, = gy,

(g + ep) A + (h+ f1*)By = q_i. (12)
Ecsmm BBeCTH 0603HAMEHUS

(e f (01 [ O
2= (5 1) =(Va) a=(5 )

TO OCHOBHasl MaTpuia cucreMbl (12) npumer Buj
X, =Q+JOAF, k=1,2,.... (13)
IIpu k — oo, yunrsiBas coorHomenus |p| < 1, [v| < 1, umeem
det X, — det Q = (ad — be)(v — ).

Orcroma cpasy CJejyer, 9o yCJIoBIe TeopeMbl 1 HEOOXOAMMO U JOCTATOYHO JIJIsl HETEPOBOCTH KPAEBOii
sagaqn (5), (2), (3). O

[Iycts 10 yemoBue BoimosiHeHo. Torma det X MoxkeT oOpaTUTBCS B HOJIb TOJBKO JJIsi KOHETHOIO
MHOXKecTBa 3Hadenuil k. Ilycre det X3, = 0. IIpn srom meobxommmo rankXy, = 1. B stom ciydae
oznHopoaHas cucrema (12) umeer ojHO JMHeiHO He3aBHCcHMOe perenne. KaxKoMy TakoMy DEIIeHUo
COOTBETCTBYET HEHYJIEBOE pellenne oAHopoanoil 3ama4n (5), (2), (3), Koropoe sIBJISE€TCsS MHOIOUICHOM
nopsijka ko + 1. asee, uctionbsyst (11) u nepsoe yciosue (3), st onpejiesieHnst NoCTOsHEbIX Ag 1 By
HOJIyLH/IM CI/ICTeMy

(e +9)Ao + (f +d)By = 0.5qo,
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[o.¢] o0 o o]
(Oé + ,B,LL)AO + (Oé + ,BZ/)B() =0.5 (Ql — Z Akz(’f — Z Ak,ukz_ok — Z Bkzg — Z Bkukz_ok> .
k=1 k=1 k=1 k=1
13 (4) cremyer, uTo 3Ta cucTeMa OfHO3HAYHO paspemuma. [locrosuanyio Cy onpesessieM U3 BTOPOTO
ycsosust (3).
Urak, nosydaem, 4ro ogHOpojaHas 3a1a4a (5), (2), (3)umeer

oo
K = (2 - rankXy) (14)
k=1
JIMHEHTHO HEe3aBUCUMBIX perrennii. /[y paspermmMocTu cOOTBETCTBYIONIECH HEOIHOPOIHON 3aJa49n IPa-
Bast 9acThb (2) — dyuknus F — 10/KHA YIOBIETBOPATD TAKOMY K€ KOJMYECTBY YCIOBHUII OPTOrOHAJb-
voctu. Takum 00pa30M, MOJIyUeHa CJIeIyIoINas TeopeMa

Teopema 2. Ilpu ycaosuu ad — be # 0 3adava (5), (2), (3) asasemesa @pedzorvmosoti u kosuwecmeo
AUHETHO HEBABUCUMDLT pewienutl coomeememeyouet, 001opodnot 3adaqu onpedeasemes no Gopmyae

(14).
§3. 'panuyHas 3a/1aya B cjy4dae KPATHBIX KOPHell XapaKTepUCTUYECKOTO ypaBHEHUsI

Tenepsb sokaxkeM Teopemy 1 B cilydae KpATHBIX KODHEH.
1. IIycrs = v # 0. B aroMm ciyuae obiiee pemnienue ypaBHeHust (1) MOXKHO IIPeJICTABUTH B BHJIE

([41)

0
u(z,y) = ®(z + pz) + %\Il(z—i-,ué) + Cb. (15)
Baecy © u U - ananurnieckne dyuxipn B odracta D(u), takne, aro ¢(0) = ¥(0) =0, % — omepa-

Top nuddepeHipoBanus 1o aprymenty ¢(z = re'?); a Cp— nocTosiHHast, o/JIezKAaInasi Olpe/Ie/IeHUIO.
Ormerum takxke, 9to ecan u(x,y) oupenessiercs dopmyloit (15), To

0
u(z, —y) = ©(z + pz) — %‘I’(Z + pz) + Co.

[Tocste mopcranosku dyukuu (15) B rpanntaHoe ycaoBue (2), HCIOIB3YsT COOTHOIIEHHUE JJIsl OIEPATOPOB

O, 5,2 (om [4])
Hktm o l 9 . l Hk+m
9zkgzm (%) - <% + (k _m)”> 9zkgzm

950 920 Oz
/ = a . / _
(a+ b (= + uz) + ((a ) +ila - bu)f) V(x4 p2)+

IIOJIy1IUM

+(e4 dp)®'(z + pz) — ((c + du)% —i(c— du)1> V'(z + pz) = F(z,y) (16)

upu (z,y) € I'. lpegcrasum &’ u U’ Ha OKPY’KHOCTH € HOMOIIBIO AHAJIUTUYECKUX B Kpyre DyHKIui w
u ¢ mo dopmyie (9). [Ipu srom, Tak Kak (9) Bepuo na I', To

0 _ . _ _ 0 _ o

G+ 02) = (0 (2) = e (), W2 ) = (2 (E) e ().
Paznarast dyHkum w u 1) B creneHHoil psiJi, moayduM BbipaxkeHue, anajgorndnoe (10). Beegem 060-
3HAYEHUS

e=a+bu, fo=a—bu, g=c+du, ho=c—dpu.

AHaIoruuHO TPEBIIYIIEMY CJIydaro, MOJICTaB/IsAs pa3jioxKeHus Teijopa B rpanudnoe yciosue (2),

U IpUpaBHUBas KO3(MPUIMEHTHI IPU OJMHAKOBBLIX CTEIEHAX z W Z, upu k > 1 HOJIyduM CHCTEMY,
anasornanyto (12), ps onpesjesnenus: koaddurmentos Ay u By :

(e + guP) Ay + i(ek + fo + (ho — gk)u*)Bi, = g,

(9 + eu™) Ag +i(ghk + ho + (fo — ek)u*) By = q_i. (17)
st onpenenenust Ag u By, Kak U B IPeJbIILYINEM ciydae, oJaydaeM ypasHeHue, anagorunduoe (11):

(e +9)Ao +i(fo + ho)Bo = 0.5o. (18)
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Marpuna Xo cucrembr (17) umeer Bu

e i(ek+ fo) i(ho — gk) \ _
X(]k:<g z'(gk:+h?))>+uk<g Z-(fg_gk)>zpk+ﬂkwk- (19)

Tak Kak Bropoe ciaaraemoe B (19) crpeMuTcst K HyJIIO CO CKOPOCTBIO GECKOHETHO yOBIBAIOIIE reoMeTpu-
veckoii mporpeccun (|u| < 1), ndet P, = —2iu(ad—be), To 3anaqa (5), (2), (3) 6yxer HeTepoBoit Tora 1
TOJIBKO TOIVIA, KOT/Ia BBIIOJIHsIETCs yeaoBre TeopeMbl 1. Teopema 1 Bepua u B 9ToMm ciaydae. Janee, ecan
ad—bc # 0, To rank X < 2 TOJIBKO Jyis KOHeUHOro uncia k. Eciu npu sekoropoMm kg rankXog, = 1, To
onHopojHas cucreMa (17) mMeer HeHysIeBOe pellleHne, KOTOPOMY COOTBETCTBYET HETPUBHAJIBLHOE Pellle-
Hre ofHopoAHoi 3ama4an (5), (2), (3). Ilpn sToM BO3BHHKAET yCIOBHE PA3pEIINMOCTH COOTBETCTBYIOMIEH
HEO/IHOPO/THON 3a/1a4i (CBSA3b MEXKIY Gk, U (—k,). Oupenenus Ay u By, kosddurmentsr Ag u By u
nocrosinayto Cy Tak ke, KakK U B CJIydae IPOCTBIX KOPHEl, HCHob3yst (4), OHO3HATHO OIpeIessieM 13
(18) m (3). Urak, mosyteHa ciemyomast

Teopema 3. Ecau 6 (5) p = v # 0, mo npu ycaosuu meopemov. 1 3adava (5), (2), (3) aeaaemcs
Ppedzoavmosot u Koauwecmeo K Aunelino HE3aBUCUMBIT peutenuti coomeememeyouets 00HopooHotl
3adavu onpedeasemcs no gopmyae

K = 2(2 — rankXoy).
=1

IIycts Temeps 1 = v = 0. B 3TOM citydae aHAJIOTHYHO JIOKA3bIBAEM TeopeMy 1, a TakKe CJIeIyrolee
YTBEPKICHHE

Teopema 4. [lycmov svinoarero ycaosue meopemovr 1 v p=v =0 . Ilpu ycrosuu
ad —be # ¢ — a?, (20)

3adaua (5), (2), (3) 00nosnauno paspewuma. Ecau amo ycaosue ne GbiNOAHEHO, MO OAA PA3PEULU-
MOCMU HeodHopodnot 3adavu (5), (2), (3) neobrodumo u docmamoywno, wmobv, epanuwnas GYHKUUA
F ydosaemeopana odnomy ycaosuro opmozonasvrocmu. Coomeememsyrowas 00HopodHas 3a0a4a npu
IMOM UMEETN, 00HO NUHETHO HEZAGUCUMOE PEULEHUE.

§4. Hacrusbiit cay4ait rpanugHoii 3agaun (1), (2), (3)

B kauecTBe MILTIOCTPAIK MOy YeHHBIX PE3Y/IHTATOB PACCMOTPUM YACTHBIN CJIyvaii MPaHUIHON 3a/1a4u
(1), (2), (3). ITycrs dyuKIws u — pentenne ypaHenusi (1) — ua rpanuie I' yioBierBopsieT ycioBuo

So(e) ~ g @ ) = F), (z) €. (1)

3yechb r — nocrosinHast, a F' yiaosierBopsier ycioBuio Lesbjiepa #Ha I'. BblsicHuMm, Kakoit BUJ pUMYT
pe3yJIbTaThl MpeIblIynux maparpados s rpanndHoii 3agaan (1), (21), (3). Hdua dopmynuposku
COOTBETCTBYIOINIUX PE3YJIBTATOB OTMETHM, 4TO ycsoBue (2) comajaer ¢ (21) mpu

a=1, b=1, ¢=—-ri, d=ri. (22)
CrenoBarenbHo, TeopeMa 1 mpuMeT BH/T
Teopema 5. 3adaua (5), (21), (3) asasemcea nemeposoti mozda u moavko moeda, xozda r # 0.
Hauee, ycaosue (20) mpuHAMAaeT BHI
r2 4 2ir +1#0, (23)
U, CJIeJIOBATEJLHO, Pe3yJIbTaT, aHAJOTHYHbII TeopeMe 4 hOpPMyIUPYeTCcs CIIeLy oM 06pa3oM:

Teopema 6. [Tycmor #0up=v=0. IIpur # —i(1+£+/2) sadaua (5), (21), (3) 0drosnanmo paspe-
wuma. Beaur = —i(14+/2), mo daa paspewsumocmu neodnopodnoti sadavwu (5), (21), (3) neobxrodumo
u docmamoyno, wmobv, eparuvnas ynkyua F ydosaiemeopania 00HOMY YCA08UIO 0PIMO2OHANDHOCTIU.
Coomeemcmsyrousas 00HopodHas 3a0aua NPu 3MoM UMEEM 00HO AUHETHO HE3ABUCUMOE DEUEHUE.
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Tenepsb uccseyeM BOIPOC OJHO3HAUHON paspermumoctu 3ajaqau (5), (21), (3). U3 reopem 2 u 3
cJiejtyet, 9To Jilsl OJHO3HAYHOM paspemmmoctu 3aja4n (5), (21), (3) HeobxouMa U JOCTATOYHA HEBbI-
poxkjierHocTb Marpur, Xy u Xog npu k= 1,2, .. .. Vcnons3yst paBeHCcTBa

det Xy, = (eh — gf)(1 — p"vF) + (ef — gh) (V" — i),
det Xop, = i((eho — gfo) (1 = p**) = 2(e* — g*)kp"),
a Takzke TO, 4To u3 (22) u (8) cieyIoT COOTHOIIEHNS
e=1+4p f=1+v, fo=1-pn,
g=—ri(l—p), h=—ri(l—v), hy=—ri(l+ ), (24)
IIOJIyIaeM CJIEYIOILYI0 TEeOPEMY

Teopema 7. ITycmo r # 0. 3adaua (5), (21), (3) npu 1 # v 00n03HawHO paspewsuma mo20a U MosvKo
moada, xo20a

(1= @)1 = ) — )2 20 — ) (L= g )+ (L )L+ )0 — ) £0,  (26)
npu k =1,2,.... Ecau p=v # 0, mo daa odnosnaunoll paspewumocmu 3adavwu (5), (21), (3) neobxo-
Jumo u docmamovwro, 4mobv.

(1 — 1) %kp™ 12 4+ 20(1 — p®)r + (1 + p) 2kt £ 0, (26)
npuk=1,2,....

Paccmorpum ypasuenue (25). Ecin uF =¥ 10 5710 ypaBHeHNE He MMeeT OTIIMYHLIX OT HYJ/Isl pelle-

ruit. Ecom sxe ¥ # vF) To (25) nmeer apa ommmanbX or Hyns pemrenns. O6osnaunm M — MHOMKECTBO
OTJIMYHBIX OT HyJIsl PelleHuit 3roro ypasaenust npu k = 1,2, . ... U3 (25) caenyer, uro M upejcrasiis-
er coboii Ioc/Ie0BaTEIbHOCTD {7 }§° Takyto, 410 |rokt1| — 0, a |rex| — oo mpu k — oo. Ilycrs N —
MHOKECTBO HEHYJIEBBIX TOYEK KOMILIEKCHON IJIOCKOCTH He mpuHajexanmx M. B ciayuae p=v # 0
muOkecTBa M u N oupeselisieM aHAJIOIMMYIHO, UCIOJb3Ysl ypaHeHue (26) (910 ypaBHeHHe pu Beex
k > 1 umeer 1Ba HEHYJIEBBIX DEIICHUsS U IOCJIEIOBATEIBHOCTD {7 }7° mmeer To ke cBoiictso). U B
ciydae g = v = 0 u3 Teopembr 6 umeem, uro M = {—i(1 £+/2)}.

Urak, okoHUaTEJILHO HOJIydaeM, 4ro 3a1a4da (5), (21), (3) oqHO3HAYHO paspermMa Torga U TOJbKO
Torna, korma r € N.

PaccmoTrpum ofrriee rpaHuydHOE yCJIOBUE

ou ou ou
%(x,y) +pa—y(9:, y) — Ta—y(x, —y) = F(z,y), (z,y)el. (27)

IIpeamonozkuM, ato 7 # 0 U BBIACHUM, /IS KaKuX r IpH (GUKcHpoBanHOM p 3a1ada (5), (27), (3)
OZIHO3HAYHO paspemnma. s sroro ormernm, 4T0 yciaosue (2) coBmagaer ¢ (27) npu

a=1+pi, b=1—-pi, c=—ri, d=rt. (28)
CireoBaTe/IbHO, UCIOJIB3Ysl HpejcTapjenue st det Xp u det X, moyaaeM Teopemy, aHAJOTTIHYIO

Teopeme 7

Teopema 8. [Tycmwv r # 0. Badava (5), (27), (3) npu p # v 00H03HAWHO PaspewuMa MO20d U MOALKO
moada, xo020a

(1= )1 =) (* = p*)r? + 2i(w — ) (1 = ")+ (4 p+ pi(1 — )%
x(14+v4pi(l—v)@W* —pk)#£0, k=1,2,.... (29)

Ecau p = v # 0, mo daa 00nosnawnot paspewumocmu 3adawy (5), (27), (3) neobrodumo u docma-
MmowHo, 4MmoobvL

(1= )2k~ r? + 201 = ¥ )r + (1 + p+ pi(1 — ) k™~ #0, (30)

npu k =1,2,.... lIpu pp = v = 0 daa 0dnosnauwnot paspewumocmu 3adavwu (5), (27), (3) neobrodumo
u docmamouno ycaosue (23).

B sT0M Cilydae TakkKe MOXKHO OLPEIEIUTh MHOXKECTBO N, TOUEK ' TAKUX, ITO IPU (PUKCHPOBAHHOM
p 3amada (5), (27), (3) oqHO3HAYHO paspemMa TOTrJa I TOJIbKO Torna, korga r € Np. 3 (29) u (30)
caestyet, 9To N, Ipu T000M p BMeeT CTPYKTypy MuHOXkKecTBa, N. OTMeTnM Takxke, 9To npn jt = v =0
YCJIOBHsI OJIHO3HATHOI Pa3penmMOCTH He 3aBUCST OT P.
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HOPMAJIBHOCTD SJIJIUIITUYECKOTI'O
OYHKIIMOHAJIBHO-IJNPPEPEHIITNAJIBHOT'O OITEPATOPA C IBYM#4
ITPEOBPABOBAHUAMUN ITEPEMEHHBIX

BaroosiOMEEB E.M.
Poccunickuil YHUBEPCUTET [PY>KBbl HAPO/IOB,
MockBA, Poccusa

B HeJiMHEHHBIX ONTUYECKUX CUCTEMAaX C IPeoOpa30BaAHUEM TOJIsi B JIBYMEPHO# 0OOpATHOI CBS3U BO3-
HUKAIOT PA3JUIHbIE PETy/IsSIPHBIE IEPUOUIECKUE SBJICHUS, KOTOPhIE HA3BIBAIOT ‘MHOTOJIEIIECTKOBBIMU
BosiHamu” |1, 2|. DTu cBETOBBIE CTPYKTYPBI UCHOJIB3YIOTCS B COBPEMEHHBIX KOMIIBIOTEPHBIX TEXHOJIOIH-
SAX JIJISE CO3/IaHUS ONTUIECKUX aHAJIOIOB HEHPOHHBIX ceTeil. Maremarudeckasi MOJIE/Ib YKA3aHHON cucTe-
MBI OIMCBIBAETCS OndypKaIyeil IepuoinIecKux PereHnii KBa3uJInHEeTHOro 1apaboInIecKoro pyHKIIN-
oHATBHO- (D GEPEHINATBLHOIO YPABHEHUsT ¢ TPe0OPA30BAHIEM TPOCTPAHCTBEHHBIX TEPEMEHHBIX ¢ ().
B pab6orax |3, 4| sra 3agaua paccmarpuBasach B ciaydae, Korja obaactb () — KpPYr WM KOJIBIO, a
npeobpasoBanne ¢ — BpalieHne Ha Hekoropbii yrou . Coywaii, Korga obsacts @ C R? u mpeo6-
pa3oBaHUe ¢ IPOU3BOJIbHBI, paccMaTpuBaJicsa B paborax [5, 6]. B arux crarhsx mpemmosaragocs, 9ro
JIMHEAPU30BAHHBIN SJITHITAYECKUN (PYHKITHOHATBHO-TH(MMEPEHITHATLHBIN OepaTop — HOPMAJIbHBII.
B pabore [7] 6buin 101y 9€HbI HEOOXOAUMBIE U JOCTATOUHBIE YCJIOBUSI HOPMAJILHOCTH YKA3aHHOTO OIIe-
paropa B TepmuHax obsractu (Q C R™ u npeobpazoBanus g. Bosee obmmit ciiyvait 6e3 mpeainoIoKeHnst
HOPMAaJIbHOCTH JINHEAPU30BAHHOTO JUIMIITUIECKOTO OllepaTopa paccMoTpeH B padore [8].

B macrosimeit pabore mosrydenbl HeOOXOINMBbIE U JOCTATOTHBIE YCIOBUST HOPMATLHOCTH JIMHEAPU30-
BAHHOTO OTIEpaTOpa B CIyUae ABYX MpeoOpa3oBaHmil MTPOCTPAHCTBEHHDBIX MEPEMEHHBIX.

1. TIOCTAHOBKA 3AJIAYU

IIycte Q C R™ — orpanndennast obiaacrsb ¢ rpanunein 0Q C C°, n > 2. Ilycts g, f — B3auMHO
OJIHOBHAYHLIC TpeobpasoBanus Kiaacca O, Takme 4To

g:VCR"—=g(V)CR", |Jy(z)|#0, zeV;
f:VCR" = f(V)CR", [Jp(z)|#0, z€V.

n

3necs V — orpanndennas obaacts, Q C V, Jy(z) = [09:/ 0]} ;4

g, |Jg(x)| = | det J4(x)|. IlycTs TaxzKe BBIIOIHEHO

9(Q) CQ, f(Q)cCQ. (1)

Pacemorpum seorpanmnvenusiii oneparop Ag : Lo(Q) — Lo(Q) ¢ obnacteio oupenenenust D(Ag) =
{v € W2Z(Q) : Bv = 0}, neiictrytommii io dbopmyie Agv = Av, v € D(A). 3aecs WE(Q) — mpocrpan-
crBo CobosieBa KOMILIEKCHO3HAUHBIX (DyHKIUi, npuHaexamux La(Q)) BMecTe co BceMu 0600IIEHHbI-
MU HPOU3BOAHBIME JI0 HOPsifiKa k BKIIIOUNTENbHO, Bu = v|gg i Bv = (0v/0v)|ag, v — enuHHIHBILI
BEKTOp BHyTpeHHeil HopMasu K JQ B Touke x € 0Q). Kak mspecTtHO, Ag — caMOCOIPSIXKEHHBII OTIe-
parop. [Momoxkum A : Lo(Q) — La(Q), A = Ag + A1 + Ag, tine Aj, Ay — juHeiiHble OrpaHUYeHHbIE
OLIepaTOPBI, OIIpe/IeJIeHHble HA BceM npocTpaHcTBe Lo(Q) coemyomum o6pasom:

Ar: Le(Q) — L2(Q), Arv(z) = arv(g(z)),
A Lo(Q) — L2(Q), Asgv(z) = azv(f(x)),

rae a1 # 0, as # 0 — BellleCTBEHHBIE YHCIIA.

Omneparop A masbiBaercst HopMaiabHbIM, ecin D(AA*) = D(A*A) u AA*v = A*Av s moboro
v € D(A*A). Ionoxum D(A) = D(Ay).

Ompenemv muozkecta Gyt = {z € Q : g™(x) # 2}, m = 1,2,.... 3nech g™ (x) oboznadaer mpeob-

— Marpuna JAxobu npeobpazoBaHus

pasoBanue g, npuMeneHHoe m pa3. ObozHaIUM C:’;” = Q\G;”. Bynem Takzke 3anmCHIBATE CYIIEPIO3UIIIIO
npeobpasoannit B suge fg(z), g~ f(z) u T m.
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2. OCHOBHBIE PE3VJIbTATHI

Teopema 1. ITycmov Gg + &, G?c # &. Kpome moeo, nyecmov g(Q) = f(Q) = Q u |ay| # |ag|. Toeda
ONA HOPMAADHOCTU onepaimopa A neobrodumo u docmamoyuno, wmoboi:
gx)=Kz+b, f(z)=Cx+d, =z€Q, (2)
9f(x) = fg(x), z€Q,
2de K,C — opmozonasvivie mampuyv, nopadka n x n, K2 #E, C? # E, b,d € R".

Teopema 2. ITycmo Gg =@, G% = . Toeda g(Q) = f(Q) = Q, a maxoice:

(1) Ecau onepamop A — nopmasonwiil u evinoanero ay + az 7% 0, mo

{af (1 g(@)| = [ Jg(@)| 1) + a5 (|5 (2)| = |J5(2)|71) =0, =€ Ggn Gy,
[ Jg(2)| = [J5(z)[ = 1, r€Q\(GyNGY).

(2) Ecru |Jg(x)| = |Jp(x)| =1, . € Q, mo A — Hopmanrvnwill, CAMOCONPANCENNBIL ONEPAMOP.

Teopema 3. Iycmo Gg %+ O, ch = @. Kpome moezo, nyemv g(Q) = Q. Toeda f(Q) = Q, u dan
HOPMAABHOCTIU onepamopa A Heobxrodumo u docmamouro, 4mobol:

g(x) =Kz +0b, |J¢(z)|=1 =z€Q, (3)
9f(z) = fg(z), z€Q,

2de K — opmozonasvias mampuya nopadka n x n, K2 # E, b e R".

3. KOMMEHTAPUU

st jjokasaresibcTBa 9TUX TEOPEM HCIOJIb30BAHBI METO/Ibl, IpuMeHeHHble B pabore [7]. Hasmuune
JIBYX TIpeoOpasoBaHuil TEepeMEHHBIX CYTIECTBEHHO YCIOXKHSIET 3a71ady. [loTpeboBasoch paccMoTpeTh
pa3JuvHbIE CBOWCTBa Ipeobpa3oBanuili g n f, B 1aCTHOCTH, CBOMCTBA IPYIIILI TPEOOPA30OBAHNI, TIOPOK-
JNeHHBbIX uMu. JloKazaTe/bCcTBa IPUBEIEHHBIX TeopeM OymyT omybsmkoBanbl B kypuaje “‘Functional
Differential Equations” B 2006 rosmy.

B paGore [7| Obumn mosydeHsl ciejyroye HeoOXoAuMble M JOCTATOUHBIE YCJIOBUSI HOPMAJIbHOCTH
oneparopa A IS ciydasi OJJHOrO IpeobpasoBaHus IlepeMeHHbIX (T. e. 1upu ag = 0).

Teopema 4. Ilycmov Gg # &. Toeda dan wopmasvrocmu onepamopa A Heobxrodumo u docmamouro,
Ymobvy

9(@Q)=Q, g(z)=Kr+b, xeq,

ede K — opmozonasvras mampuya nopadka n x n u K # E, b€ R".

Teopema 5. ITycmo G; = @. Toeda dasa Hopmasvrocmu onepamopa A HeobTodumo U docmamoywo,
Mool

9(@Q)=Q, |Jyx)|=1, zeQ.

Bonee moeo, ecau A — HOpJVLCl/LbH’bL’Ii onepamop, 1mo OH AGAAEINCA CAMOCONPAHCEHHDBIM.

HOJIy‘IeHHbIe B Ha,CTOHHJ,efI pa60Te TeopeMbl 1-3 IPpU HEKOTOPBIX AOIIOJIHUTEJIbHBIX YCJIOBUAX 00600-
I1aoT TeopeMbl 4 u 5. PaCClﬂOTpI/IM OpUMEPDBI, IIOKa3bIBalOIllye, 9YTO HaJIO?KEHHbIE JOIIOJIHUTEJIbHbIC
yYCJ10BUsA ABJIAOTCA CYIIECTBEHHBIMU.

IIpumep 1. Yeiosue a1+ag # 0 siBasieTcst CyIecTBEHHBIM B TeopeMax 1 u 2 (B Teopeme 1 OHO BXOJIUT B
yciaoBue |ap| # |ag|, aro sxkBuBaseHTHO a1 +ag # 0, a; —ag # 0). HeiicrBuresnbuo, eciu aj + ag = 0, 10
JobbIe (HesmHeltHbIe) TpeobpasoBanus g u f takue, uro g(z) = f(x), r € @, TOPOKIAIOT HOPMAJILHBII
(u camocomnpsizkennsblii) oneparop Au(z) = Au(x).

JIemma 1. Conpsaotcennuiii onepamop A] onpedeasemcs no gopmy.ane

o @l @) o € (@),
At {o mpua € Q\ g(Q),

2de Jgfl(flf) — mampuya Axobu npeobpasosarus g .
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JlokazaTebCTBO OYEBUIHO; JOCTATOYHO 3aMEHUTH MEPEMEHHYI0 MHTEI'DUPOBAHUS IIPU CKAJISIPHOM
ymHoxkeHnn B Lo((Q)). CoupsizkeHnblit onieparop A} onpejessiercsi aHAJIOTHIHO.

Bameuyanne 1. Tak xax D(Ag) = D(A]), a mneiinsie onepaTopst Ay, A} @ L2(Q) — L2(Q) orpan-
gensl, k = 1,2, umeem D(A) = D(A*) = D(Ay).

Ilpumep 2. Yciosue a1 — as # 0 cymecrsenHo B Teopeme 1. Ilycrs umeer mecto a; — as = 0, T. e.
a1 = az = a. BospMeM B3anMHO OiHO3HAUHOE IpeobpaszoBaHue g takoe, 910 ¢(Q) = Q u |Jy(z)| = 1
npu x € Q. Torma |J,-1(x)| = 1, 2 € Q. Beibepem npeobpazopanue f(x) = g Y(x), » € Q. Torma
f(Q)=Qu|Js(z)| = |Jp-1(z)| =1, z € Q. Ucnombsys nemmy 1, momyamm it v € D(A), © € Q:

A*v(z) = Agv(z) + Ajo(z) + Aqu(z) = Av(z) + al g1 (@) (g™ () + al T (2)Jo(fH (2) =
= Av(z) + av(f(z)) + av(g(x)) = Av(z).

Omneparop A OKa3bIBAETCS CAMOCOIPSI?KEHHBIM, & 3HAYUT, HOpMaJbHbIM. OCTaI0Ch MOKA3aTh, YTO BbI-
6pamnble peobpazosanust g u f MoryT He nMerh By (2). eficTBUTEIBHO, PACCMOTPHM ITPe0Opa30Ba-
rme equamaroro Kpyra Q = {(z1,72) € R? : 22 + 22 < 1} Tuna xBasu-nosopoTa:
{yl = rcos(g(r, ¢))

y2 = rsin(g(r, p)).’
Baech (1,x2) u (Y1,Y2) — JAEKAPTOBBI KOOPAUHATHI €IMHUYHOIO KPyTa J0 U H0CJe 1peobpa3oBaHmsi
g; T U @ — IOJIsIPHBIE KOOPJIMHATHI, COOTBETCTBYIOIIHE JEKAPTOBBIM KOOPIUHATAM (1, Z2). Y UUTHIBASI,

g: (:ElaJ:Z) = (ylayQ)a

aTO 8%1 = cos(p) & — Smﬁ“p) % u 622 = sin(p) & + COST(“(’) %, JIETKO 1I0Ka3aTh, 4T0 Jy(r, @) = %g(r, ©).
Bribepem
g(rip) =+

Torma nomyunm Jy(r, ) = 1. OdeBrHO, HOCTPOEHHOE IIPEOOPA30BAHNE B3AHMHO OJIHO3HAYHO, ¢(Q) =

Q, npidaeM obpaTHOe npeobpasoBanme g1 (x) onpenensercs bynxnueit §(r, ) = @—r. Jlerko ybemTh-

cst, uro g € C3. Takum 06pa3oM, Ipu yCIOBHE a1 — Ay = 0 MOCTPOEHB! IpeobpazoBanus g u f = g~ !,

YJOBJIETBOPSIIOIINE YCJIOBUSIM TeopeMbl 1 1 He umerorue Buj (2), Takue, 910 oneparop A siBisieTcst
HOpMaJsThbHBIM. CJIeIOBATENILHO, YCJIOBHE a1 — ag # 0 cyIecTBeHHO B Teopeme 1.

JIemma 2. ITycmo g(Q) = f(Q) = Q, u das 106020 T € QQ 6bviNOAHEHO
[y (@)| = [Jg=1(g(@))], | Tp-1(2)] = |[Tp-2(f(2))],
[y (@) = [Jg=1 (f (@), [Jp=2(@)] = [Jp-1(g(2))],
fa(x) = gf(x).

Tozda A1 + As — HOpMaabHBIT onepamop.

Jlokazameavcmeo. Tlpumensis temmy 1, st r060ii dbyskiun v(x) € Lo(Q) mosyanm:

Ay Ao(xz) = aflJg-1 (g(x))[o(2), AT Avo(x) = af|Jg-1 (z)]o(x),

Ay Ao(x) = a3l Jp(f(2))|v(=), A3 Agu(x) = a3|Jp1()|v(),

A1 Aju(z) = araz|Jp-1(g())[v(f~ g(ﬂf)) A3 Avo(x) = arag|Jy-1 (z)|o(gf ' (2)),

A Ato(z) = arag|Jg-1 (f(2))|v(g™" f (=), AT Agu() = arag|Jy-1 (2)|v(fg " (z)).
( ) n

s coomomennit fg(x) = gf(x) u 9(Q) = f(Q) = Q crnyer, wro f~g(x) = g/~ (), fg~\(x) =
g f(x), flg7z) = g7 f~Y(x) mpu 2 € Q. Orciona, yuauTsBas TpeGoBaHIe PABEHCTBA SKOOMAHOB,
uMeeM

(A1 + A2) (AT + A v(x) = (AT + A5) (A1 + Ag) v(z), wv(x) € Lao(Q),

9TO U TpebOBAJIOCH T0KA3aTh.

IIpumep 3. Paccmorpum npumMep, HEMOHCTPUPYIOIIUI OTCYTCTBIE HOPMAJIBLHOCTH ortepaTopa A + Ao
IPU HEKOMMYTATHBHBIX Ipeobpazosanusax g, f. lycers Q = {x € R3 : 27 + x% + x% <4}, ag, f cyts
Ipeodpa3oBaHms IOBOPOTa BOKPYT OCell T1, T2, COOTBETCTBEHHO:

1 0 0 1 costyp 0 —siny 1
glx)=1 0 cosp —siny T2 |, flx) = 0 1 0 T
0 singp cos ¢ T3 siny 0 cos Y 3
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[Monoxum ¢ =19 =7/3 n Ba(bHKCI/IpyeM 20 = (0, 0, 1)7. Toayumm (cm. puc. 1):
Fle(a®) = F7H0, —V3/2, 1/2)T = (V3/4, —V3/2, 1/4)7,

9f” 1(fﬂo)—g(\f/Q 0, 1/2)" = (v3/2, —v3/4, 1/4)T,
g (=) =g (=V3/2, 0, 1/2)" = (—V3/2, V3/4, 1/4)T,

fg~ (") = f(O, V3/2, 1/2)" = (=V3/4, V3/2, 1/4)T.

X
Ty
fo @) e N
g (@) e i ——————— ¥3
i | z V3 V3
, ! 1 2 z
3 3 ‘ i 1
2 4 : :
) R I e 9f 1 (20)
Y « [7hg(20)
Puc. 1

Bce yciioBust ieMMbl 2, Kpome ycjIoBHSI KOMMYTATUBHOCTU IIpeobpas3oBanuii g u f, BbInoJiHEeHbI. Tora
0 JIOKA3ATEIbCTBY JIEMMBI 2, HOPMAJbHOCTE ornepaTopa A + Ag S5KBUBaJIEHTHA COOTHOIIEHUIO

v(flg(@) +u(g™ () = v(fg (@) +u(gf (@) (4)
st moGbIX v € Lo(Q) n mourn Beex x € Q. Bribepem x = 1. Ouesmano, Toraa cymecTByioT (byHKIIT

v € Lo(Q), g kKoTopbix paseHcTBo (4) He BbinosHsiercs. CiemoBarenbHo, omepatop A + Az He
SIBJII€TCST HOPDMAJIbHBIM. 3HA4UT, yesosue fg(z) = ¢gf(z) B lemmMe 2 cyIecTBEHHO.

JIemma 3. ITycmo Gf] + O, ch #+ 2, 9(Q) = f(Q) = Q u npeobpasosarus g(x), f(x) umerom ud (2),
a makorce ewnoaneno fg(x) = gf(x) daa ecex x € Q. Toeda onepamop A Hopmanen.

Jlokasameavemeo. o onpenenenmo, D(A) = {u € W(Q) : Bu = 0}. CrenosarebHo, U3 yCIOBIS
JIeMMBI BeITeKaeT, 9ro Aju, Asu, Aju, Asu € D(A), ecin u € D(A). Ilostomy 1o Teopeme 0 1718/ IKOCTH
0GOOIIEHHBIX peIeHnil /IMITHIeCKuX ypaBHenuil BOm3u rpanuinl ([9], . 2, §5, reopema 5.1) Mbl
nosyunm D(AA*) = D(A*A) = {u € Wi (Q) : Bu= BAu = 0}.

B cuity jieMMbI 2 ocTaeTcst JI0Ka3aTh, 9TO

Ap(Ar + Ag)u + (AT + AZ)Apu = (A1 + Az)Apu + Ag(A] + AS)u, u € D(AAY). (5)
DTO PABEHCTBO JIOKA3BIBAETCS UCXO/Isl U3 TOTO, YTO IpeobpasoBanus g u f umeror Buj (2), yauTbiBast

HEKOTOPBIE JpPYyTrUe pe3yJIbTaThl, IOJyYeHHbIE IIPU J0Ka3aTeabCTBE TeopeM 1-3.

Ilpumep 4. Ilokaxkem, uTo omeparop A He sIBJIsTeTCsl HOPMaJbHBIM [PU HAPYIIEHUH YCJIOBHUS KOM-
MyTaTUBHOCTH IpeobpasoBanuii g u f B jtlemMe 3. PaccMorpum obustactb () u mpeobpazoBanust g u f,
mocTpoeHHble B npumMepe 3. Jljist Takoro ciydasl BBIMOJHEHBI BCE YCJIOBHUSI JIEMMBI 3, KPOME YCJIOBUSI
KOMMYyTaTUBHOCTHU IipeobpazoBanuii. [Tomoxum

u(xy, xe, x3) = (x1 + x2)&(x),

rie £ € C°(R3) — cpesaromas dyukmms taas, ato 0 < & < 1, &(z) = 1 mpu & € Qo u £(z) = 0
upu = ¢ Q.. (Buecs Q: C Q u dist(0Q¢, 0Q) > £.) OueBunno, u € D(AA*), a neBast u npapasi 4acTu
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pasencTBa (5) obparaoTres B HyJib. Torga HOpMaabHOCTD onieparopa A SKBUBAJEHTHA HOPMAJIbHOCTH
oneparopa Aj + As. IIocKOILKY Bce yCa0BHA JIeMMbl 2, KpOME yCIOBUSA KOMMYTATHBHOCTH, TaKrKe
BBIIIOJIHEHBI, TO, KaK IIOKA3aHO B IIpUMepe 3, HOPMAJIbHOCTE oneparopa A + As SKBUBaJIeHTHA BBIIIOJI-
nennio pasencrsa (4) npu Beex v € La(Q), € Q. Ouesuano, uro u € Ly(Q). Bubpas z = (0, 0, 1)T
U yuuTBIBasl HOCTPOEHUs, IPUBEJICHHBIE B IIpUMepe 3, nojyunM Hapyuienue pasenctsa (4). Crenosa-
TeJIbHO, onieparop A He sBisiercss HopMasibHbIM. Takum obpasom, yciosue fg(z) = gf(x) (x € Q) B
JjeMMe 3 u TeopeMe 1 CyIecTBEHHO.

Astop rmyboko b6marogapen npodeccopy A. JI. CkybadeBcKOMy 3a BHUMaHME K 3TOi paboTe U IeHHbIE
COBETHI.
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KYCOYHO-HEIIPEPHIBHA SI KPAEBA Y 3ATAYA PUIMAHA HA
SAMKHYTOHN CIIPIMJISIEMON KPUBOMN

BacunbeBA FHO.B., ITjiakca C.A.
NHCTUTYT MATEMATUKU,
KUuEB, YKPAUHA

Pacwupenns KA4acCot 3GMEHYMBLET HCOPOGHOBVLT CNPAMAAEMBLT KPUBHIT U 3GOGHHBEL GYHKUU
6 meopuu KYycouro-wenpepoiholi kpaesoti 3adayvy Pumana u c6a3anH020 ¢ Hetll Tapaxmepucmu-
YECK020 CUHYAADPHOR0 UHMELPAALHO20 YpasHeHusA ¢ Adpom Kowwu.

1. TIOCTAHOBKA 3AJIAYU

IIycTh v — 3aMKHyTas KOpJaHOBa CIpAMIdeMas KpHBas B KoMILekcHoil mrockoctn C, DT u D~
COOTBETCTBEHHO BHYTPEHHSIS U BHEIHsAS 00JIACTH, OrpaHUYeHHbIe KPUBOH v, mpu 3ToM 0 € DT. O60-
suaunm depe3 T := {aj, ag, ..., an} GUKCHPOBaHHBINA KOHEYHBII HAOOP TOYEK KPUBOIL 7.

ITycrs MuOXKecTBO Hp BKIIIOUaeT B ceds rogoMopdHble B 061acTi D* byuxumm F (nMmerorue TakKe
1pejiest B OECKOHEYHO yIAJIeHHOI TOUKe B cilydae Kiaacca Hi. ), KOTOpble HEIPEPBIBHO HPOIOJIZKAIOTCS
Ha v \ T ¥ J0IyCKAIOT OIEHKY

F(z)] <e > |z —a;|™" Vz € D%, (1)
j=1

rjie IOCTOsIHHAsI ¢ HEe 3aBUCUT OT Zz, a Vp — Hekoropoe 4uciao u3 npomexyrka (0;1), saBucsiiee or
by F.

PaccMOTPHM KyCOUHO-HEIPEPBIBHYIO Kpaesylo 3ajauy Pumana o6 orbickanun dynxmuit € Hf u
®~ € H;, yI0BIAETBOPSIONINX YCIOBUIO TPAHUYHOTO COIPSKEHUS

T(t) = GH)2(t) + (1) Vtey\T, (2)

rae G u g — 3anannbie dyskiun. [Ipu g(t) #Z 0 umeem HEOIHOPOAHYIO KpaeBylo 3aiady Pumana, a
upu ¢(t) = 0 — ogHOPOHYIO KpaeByio 3a1ady Pumana.

B nmammol pabore paciupsroTcs KJIACChl 3aMKHYTBIX YKOP/IAHOBBIX CIIPSIMJISIEMBIX KPUBBIX U 3a/aH-

HbIX (DYHKIHUI B TEOPHU KyCOUHO-HENIPEPLIBHOI KpaeBoil 3a a4 PuMana, Koropasi u3yvaJjach paHee B
paborax |1 — 9.

2. OZTHOPOJIHAS 3AJIAYA
O6oznaunm V-(X) := J{tev:|t—z| <e},tmee >0u X C C. Ecmm X = {z}, To MHOXKECTBO
zeX

Ye(X) oboznaumnm gepes . ().
Bee unTerpassl o KpuBOii Y MOHUMAIOTCST B CMBIC/IE UX [VIABHOI'O 3HAYCHHUS, T.€.

/gp(t) dt = hII(l) / p(t)dt,
E—
v Y\7ve (X)
rae X — KOHEeYHOEe MHOXKECTBO TOYEK pa3pbiBa (DYHKIMH .
Paccmorpum maTerpasn tuma Ko
~ 1 p(t)
=— | —=dt eC\~. 3
e =5 [ B, zecyy 3)
¥
Eciu dyuknust p cymmupyema nva y i p € Hp := Hi,f + H ., o dynxmus p ronomopdua B C\ 7.
B xazkmoit Touke a; € T' oupeneum 4ucia

Ap(aj) == liminf m,
z—aj,z€C\y In |Z - aj|

1
AP(a;) := liminf — inf Rep(z)

r—0 Inr 2€C\: |z—aj|=r
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u, KpoMe TOro, IIpealojiozKuM, 9YTO BBIIIOJIHACTCA COOTHOIIIEHUE

AP(a;) < Ap(aj) +c VajeT, (4)

rjie ¢ — HEKOTOpasl NOCTOsTHHAS.
CootHorrenne (4)  osmagaer, dWro B  KaxKJIOii  TOYKE  @; € T  sgmbo
AP(a;) = Ap(a;) = +oo, mbo AP(aj) = Ap(aj) = —oo, mubo uncaa AP(aj) nu Ay(a;) KoHed-

HBI.
OmpenennmM undekc & KyCOdHO-HEIPEPLIBHOI KpaeBoii 3ajaun Pumana ciegyiomum obpasom. Ecim
anciaa AP(aj) n Ap(aj) Konedns! [1uist Beex a; € T', To moaraem

m
X = E xj,
J=1

rie
o i { Ap(aj), ecin Ap(aj) mednoe,
[Ap(a;)]+1, ecim Apy(a;) merenoe.

B ciygae, ecin cpenu sHadenuit Ay(a;) ectb 400, HO HET —00, IoJIaraeM, 4ro & = +o00. Hakonerr, B
clIydae, eciii cpein 3Hadenuit Ay(a;) ectb —00, HoJaraeM, ITo & = —00.

Caenyrorasi TeopeMa JIOKa3bIBAETCsL 110 CXeMe, U3JIOKeHHOH B [4, ¢. 46], u siBisiercst 06001mIeHnEM
TeopeMbl 1 u3 [7].

Teopema 1. ITycmv v — 3amkHyman 2Hcopdanosa Cnpamisemas kpueas u gynxuyui G umeem 6ud
G(t) = exp(p(t)), ede p € Hr u, xpome mozo, ewnoamnsemca coommouwenue (4). Tozda:

1) ecau —oo < e < 0, mo odnopoduas xpaesas 3adava Pumana ne umeem HEMPUSUAALHOIT DEUEHUT;

2) ecau & = +00, mo 00Hopodnas Kpaesas 3adava Pumana umeem beckonewnoe mMHoHCECEO AU~
HEUHO HE3ABUCUMDLT peulerul;

3) ecau 0 < & < 00, mo 0dHopodnas Kpaesas 3adaua Pumana umeem & + 1 aunetino ne3asucumvle
pewenudi u ee obwee peuwenue daemcs Gopmyiot

m
dE(2) = exp(p (2)) Pu(2) H(z —a;) %, z e D*,
j=1
20e Py — npouscosvHuili NOAUHOM CIMENEHU HE GHIULE .

3. HEOTHOPOTHAA 3AJIAYA

PaccmoTpum HeomHopoiHyI0 KpaeByio 3aiady PuMana B ciytuae KOHEYHOTO MHJIEKCA ITPU JOTIOJIHU-
TeJIbHOM IIPEJIIOJIOXKEHIH O TOM, YTO IPU BCeX aj € 1’ KOHeYHbI Yuc/Ia

Aj(aj) := limsup Rep(z) .
z—aj, z€C\y In ‘Z - aj|

Vcnosb3yeM crie/Iyiony o MeTpHIecKyo Xxapakrepuctuky (cm. [10]) kpusoit :

0(e) = sup 6.(c).
zey
rie 0,(e) :=mes{t € v: |t — z| <&}, a mes obosnauaer juHeiiHy0 Mepy Jlebera Ha .
st byuknun g, 3anannoii Ha v\ T, u Toukn z € v\ T BBejieM JIOKAIbHBIH [IEHTPUPOBAHHBIN MOJLYJIb
[JIaJIKOCTH [IepBoro mnopsijika (cMm. [7]):
sup  |q(t) —q(x)], ecm{teq:|t—z[=e}#0,
Qy(q,7v,e) == tev:|t—z|=e
0, ecm{tevy:|t—z|=¢c}=0,
KOTODBIIl B OTJIMYHE OT MOJIYJIsi HEIPEPHIBHOCTH HE SIBJISIETCsI MOHOTOHHOI (QyHKIE OT € U T03TOMY
YUUTHIBACT BO3MOXKHBIE KOstebaHust GyHKINN ¢. 3aMeTHM, 9T0O QYHKIWS ¢ HEIPEPBIBHA B TOUKE T TOT/IA
U TOJIbKO Torna, Korga 2, (q,v,) — 0 mpu € — 0.
O6oszaaunm 1epes p T (z), p~ (z) upenenbuble 3HaYenns B Touke x € v \ T dbynknun (3) coorser-
cTBeHHO 13 obsacteit DT, D™,
Cueyromasi TeopeMa OIUCHIBAET PAa3PEIINMOCTh HEOHOPOIHOM KpaeBoii 3aja4un Pumana ¢ Koneu-
HBIM HHIEKCOM IPY MUHUMAJIbHBIX IPEIIOJIOKEHUIX 0 Koaddurmenre G 3a1a4u.
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Teopema 2. [Tycmsb v — 3aMEHYMAA HCOPOAHOBA CIPAMAAEMAA KPUBAA, YOOBAEMEOPAIOWLAA YCAO-
6UI0
0()=0("), e —0, (5)
ede 0 < v < 1; dynxuyusa G npedcmasuma 6 sude G(t) = exp (p(t)), ede p € Hr, u das scex aj €
T womewnor wucna Ap(aj), Ay(aj); dynwyua g npedcmasuma 6 cude g = gt +g,20e gt € HJT“, a
Pynryus g~ 20n0mopdra 6 D™, nenpepuisna na D= \ T, ydosaemeopaem yciroeuio

Q"E 7? )

sup /M df,(n) — 0, e—0 (6)

zey\s(T) 4 n

UOUGH%CLJ\/L
oo W< e[ lE—ajl  Viey\T, aj>Aa5—A,—v, (7)
j=1
O (o

/t(gf’%)de) <cH|t—aJ|5J Vtey\T, ;> AL — Ay —1, (8)

[0,r+] =1

2de mocmosannas ¢ He 3asucum om t.
Tozda npu & > —1 neodnopodnas xpaesas 3adavwa Pumana paspewuma, a npu & < —1 dan ee
DASPEWUMOCTIU HEOOTOOUMO U JOCMAMOYHO 6binoanerue —& — 1 ycaosudi:

88 s—1 _ _ o
/eXp 7 ]:[ ipTldt =0,  s=1,2..,-2—1. 9)
;

Obwee peuwenue Heodnopodnoti kpaesoti sadayvyu Pumana daemces dopmynroti

dE (2) = Bg (2) + exp (P (2 H z—aj) 7, z € D¥, (10)
7=1
20e N
+®(2), ecau z€ DT,
@y(z) = { 972 '
®(z), ecau z€D
a“ 1 - (t) dt
H z —aj &i exp 2— = PR
i=1 5 exp (pt(t 1:[ (t—a;)~™
a P, — npouseosvnwili noaunom — cmenenu  He  Swwe @, ecau @ > 0, u

Pe(2) =0, ecau & < 0.
Hokazarenscrio. C yuerom pasencts g (t) = gt (t) + ¢~ (t) u G (t) = exp (p+ (t) — p~ (t)), KoTO-
pBle BBIMOJHAIOTCS K Beex ¢ € 7y \ T, mepenurieM KpaeBoe ycaoBue (2) B Bue

@ @) gt @) I -0y e @ I t-a)™ o0 1] (t-a)®
exp (5 (1) TG @ e 0)

m
O6osnasmm FT (t) :==exp (—p ™ (¢)) T (t —a;)™
j=1
IIpu € > 0 u Beex t € v\ T mocrarouno 6imskux K a; € T, dyuknus F T yoBIeTBOpseT HepaBeH-
CTBY
[FHO)] < e |t —ag[*i=2e(w) =
CJIEJICTBUEM KOTOPOTO U HepaBeHCTBa (7) sIBJISIETCsI OIEHKA
g7 (&) FT(6)] < e |t —ag| 0t Spla=,

rje yepe3 ¢ 00O3HAYECHBI PA3JIMYHBIE TIOCTOSIHHbIE, He 3aBucsiue oT t. Kpome Toro, npu 10CTaroqHo
* —
MaJIOM € BBITIOHACTCSA HEPABEHCTBO v + a8 — Aj(a;) —e > —v u, ciepopaTenbno, bynkims h(t) :=

g~ (t)FT(t) sBnsierca cymmupyemoit na «. Torga B cuity yenosus (6) unTerpas h UMeeT mpeiesbHble
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snauenus Ha 7y \ T uz obsacreit DT, D™ u cupaseyuebl dhopmyiibt Coxonkoro. [Tostromy dynkims P
YJIOBJIETBOPSIET YCJIOBUIO TPAHUTHOIO CONpPsizKeHust (2).
Orennm renepb P (z) B okpecTHOCTH TOUKE €. C 9TOii 1e/IbI0 3aMETHM, 9TO 1IpH € > 0 B JOCTATOYHO
MaJIoli OKPECTHOCTHU 3TOI TOUYKHU CIIPABEJJINBA OIEHKA
m
exp G [ 12— a1 < el — ay|dolan-=i—e, (11)
j=1

rae IIOCTOdHHasd ¢ HEe 3aBUCUT OT Z. CHpaBG,HJIHB& TaK>Ke OIlCHKa

g~ (t)FH(t) i g
[ ) < e[Lmactlz = . Ve —asl} v2eChve (12
j=1
5
e
res Y=L e o+ v < 1
Vv (1) = Ind, ecmm aj+pitv=1

I, em aj+p;j+v>1,

pj i= &j — A (aj) — € U MOCTOAHHAS € He 3aBUCHT OT z. B pesynbrare ¢ yuerom omernok (11), (12), a
TaKKe HEPABEHCTB

aj—t—Ap(aj)—A;(aj)+u—1—28>—1, ﬁj+Ap(aj)—A;(aj)—28>—1,

BBIIOJIHSAIOIMAXCSA TIPY JIOCTATOYHO MAJIOM £, IPUXOJUM K 3aKJIIOUYEHUIO O TOM, 9To dpyukimsa Pg ymo-
BJIETBOpsieT HepaBeHCTBY Buja (1).
Wrak, & stBISIETCST 9aCTHBIM peIIeHneM HEOTHOPOIHOM KpaeBoi 3amaun Pumana. IIpu stom orme-
m
TiM, 410 B ciydae & < 0 dynxuust exp (p(2)) [[ (z — aj)” ™ umeer nosmoc nopsijxa —a B 6€CKOHETHO
i=1
yIaJeHHON Touke n ®( ABIAETCS pelreHneM KpaeBoil 3a1a4du PuMaHa JIWINb IpY BBIIOJHEHAN —& — 1
yeaosnit (9).
Jlnst 3aBepIieHns JOKA3aTeIbCTBA OCTACTCST 3aMEeTUTh, 9T0 B dopmyste (10) obriee perienne HeoI-
HOPOIHOI KpaeBoil 3amaun PuMaHa IpeACcTaBICHO B BUJE CyMMBI YaCTHOIO PEIICHUS STON 3aJa4d W
00IIEro pemenns ogHOPOSHON 3a1a4n.

B cremyronmeit Teopeme, KOTOpast JJOKA3bIBAETCS AaHAJIOTHMIHO TeOpeMe 2, CHUMAETCs yeJioBue (8) 9Toii
TEOPEMBI 3a CUET JOIOJHUTEIbHBIX IPeIoIoKeHuil 0 pyHkmun G.

Teopema 3. ITycmb v — 3amMKHYMAA HCOPOGHOEA CIPAMAAECMAT KPUGCAA, YOOBACTEOPAIOULAA YCAO-
suto (5), 2de 0 < v < 1; dynxuyua G, npedcmasumasn 6 sude G(t) = exp (p(t)), 2de p € Hr, ydosae-
meopaem ycaosuto euda (6) u ouyerkam

m
GO =c[]lt—ajl™ VEtey\T, n;>0;
7=1

2(G,y:m) dfy(n) <c ﬁ|t—aj|mj Vtey\T, m; eR,
[0,r¢] =
6 KOMOPOLT NOCTNOAMNAA C He 3asucum om t, u, kpome mozo, npu ecex j = 1, m xoneunwv, wucaa Ap(a;),
A;;(aj); bynxyus g npedemasuma 6 6ude g = g+ + g, 2de gT € H;, a pynxyua g~ 2040MOpPHG 8

D~ , nenpepusna na D~ \ T u ydosaemeopsem nepasercmey

m
g ) <c]]lz—a;/ VzeD,
j=1
kj > Ap(aj) — Ap(ag) +nj + max{n; —m; —1;—v},
20e nocmoAHHAA C HE 3a6UCUM O Z.
Tozda npu & > —1 neodnopodnas kpaecsasn 3adava Pumana paspewuma, a npu & < —1 das ee paspe-

WUMOCTNU HeOBL0UMO U dOCTNAMOYHO sbinosnerue —e—1 yeaosud (9). Obwee pewerue neodHopodHotl
Kkpaesot 3adavwu Pumana daemesa dopmyaot (10).
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HEKOTOPBIE BOITPOCHI CIEKTPAJILHOM TEOPUU JIMHEMHBIX
OTHOHLIEHNN HA BEIITECTBEHHBIX BAHAXOBBIX ITPOCTPAHCTBAX

3aropckuil A.C.
BOPOHEXKCKUIT TOCYJIAPCTBEHHBII YHUBEPCUTET,
BoPOHEK, Poccusda

B dannoti crnamove paccmampueaiomes CnekmpasbHbie C60TUCmsea AuneinbT omHowerut (MHo-
203HAYHBLT AUHETHBIT ONEPAMOPO8) 1A BEULLCTNEEHHVT BAHATOGVT NPOCMPIHCMBAT U UL KOM-
NAEKCUPUKGUUAT.

1. HEKOTOPBIE CBEAEHUSA U3 TEOPUHN JIMHEMHBIX OTHOIIEHU.

[IpuBoiumMble B 9TOM naparpade HOHATHSA U PE3YILTATHI U3 TEOPUH JIUMHEHHBIX OTHOIIEHUH CO/IEp-
KaTbcst B paborax [7]-[10].

B sroit crarbe cumBosamu X, Y 0003HAMAIOTCS JIMHEHHBIE IIPOCTPAHCTBA, PACCMATPHBACMbIE HaJl
nosiem K = {R,C}, re. m6o K = R, m6o K = C. HYepes K oboznauum pacmmpenune nois K c
[OMOIIIBIO0 TOUKH {00} .

Onpenenenne 1. Jloboe nuneitnoe nomgupocrpancTBo A C X X Y HasblBaeTcsl JIMHEAHBIM OTHO-
[IEHUEeM MeKJly JIMHeHHbIMU 1pocTpancTBaMu X u Y (JIMHEHHBIM OTHOIIEHneM Ha npocTpaHcTe X
ecin Y = X). Ecsim X, Y — 6aHaxoBbI IPOCTPAHCTBA U MOANPOCTPaHCTBO A 3aMkHyTO B X X Y, 10 A
HA3BIBAETCS] 3AMKHYTBIM JIMHEIHBIM OTHOITEHUEM.

[Moxnpocrpancreo D(A) = {z € X : cymecrByer y € Y rakoii, uro (z,y) € A}, sBisiomeecs
(kaHoHMuUeckoil) npoexnumeit A Ha X, Ha3bBaeTCs 0BJIACTBIO ONPEAEJIEHNUs] JIMHEHHOTO OTHOIIEHHST
A C X xY. Yepes Az, rne x € D(A), obosnaunm mHoxkectBo {y € Y : (z,y) € A}; kpome
toro, Ker A = {z € D(A) : (z,0) € A} - ssagpo ornomennst Au Im A ={y €Y : (z,y) €

A st mekoroporo x € D(A)} = |J Az - obsacTh ero 3HadeHUid, ABistiomeecs: mpoexmueit A na
z€D(A)
Y. Ormernm, uro Ax = y + A0 ans moboro y € Ax. g moboro mommuokectsa M C X mostaraercst
AM)= | A=x.
xeM

Cywmmoit jiByx nunelnbx otnomernit A, B C X X Y Ha3bBaeTcst JUHEHHOE MOIIPOCTPAHCTBO U3
X xY Buna A+ B ={(z,y) €e X xY : € D(A)ND(B), y € Ax + Bz}. Buaunt, D(A+ B) =
D(A)N D(B), u nox, Az + Bz nonumaetrcst aarebpandeckas CyMMa JIByX MHOecTB Az, Bx.

IIpoussenennem nuneitnbix ornomennit A C X XY, B C Y X Z, rne Z— nuHeHOe IPOCTPAHCTEO,
HasbIBaeTCs JinHeitHoe noanpocrpancTBo u3 X X Z suga BA = {(x,z) € X x Z : cymecrByer y €
D(B) C Y rakoit, ato (z,y) € A, (y,2) € B}.

O6paTubiM K Juneitnomy ortnomenmio A C X x Y maspiBaercs jmueiinoe ornomenme A~1 =
{(y,z) eY x X : (z,y) e A} CY x X. B

Kaxnoe ymneiinoe ornomenne A C X x Y gpnserca rpadpuKoM MHOTO3HAYHOIO OoTOOpaxkenus A :
D(A) C X — 2Y rne Az = Ax € 2Y. B jaibHeiinieM oHE OTOYKIECTBIISAIOTCH, W JUIs UX 0603HAYCHUS
HCTIOJIBL3YETCS OIMH U TOT Ke cuMBoJT A. MHOXKecTBO TMHEHHBIX oTHOIIeHUH Mexk Ay X n Y obosHadwmM
qepe3 LR(X,Y); ecin :xe X =Y, To nomoxknm LR(X) = LR(X, X). Ilpu 9T0M MHOXKECTBO JINHEHHBIX
oneparopos LO(X,Y'), neficrBytonux n3 X B Y cunrTaercs BKIIOYEHHBIM (IIPU OTOXKIECCTBICHUU UX C
rpaduxom) B LR(X,Y). Eciim X =Y, 1o nonoxknm LO(X) = LO(X, X).

o xonra sroro maparpada X, Y — 6aHAXOBBI IPOCTPAHCTBA.

MHoKecTBO 3aMKHYTHIX JIMHEHHBIX oTHOIIeHN Ha X o6o3uHadnM depes LRC(X). Takmm obpasom,
ecmn End X — 6anaxosa anrebpa JIMHEHHBIX OrPAHIMYEHHBIX OIIEPATOPOB (9HIOMOPGMU3MOB), JCHCTBY-
fonx B X, 1o End X C LO(X) C LR(X).

Otnomenne A € LR(X,Y) HasbiBaercss nHbEeKTUBHBIM, eciiu Ker A = {0}, u clopbeKTUBHBIM,
ectu Im A=Y.

BamkHyToe orHomtenne A € LR(X) Ha3biBaeTcsi HEIIPEPBIBHO OOPATUMBIM, €CJIU OHO OJ[HOBDE-
MEHHO MHBEKTHBHO U CIOPheKTHBHO, 1 Torna A~ € End X.
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Onpepenenne 2. Ilycrs X — GanaxoBo mpocrpancTBO, paccMmarpuaemoe Haj notem K = {R,C}.
PezonbBenTHbiM MHOXKecTBOM oTHomienust A € LR(X) naspiBaercst muoxkectso p(A) Becex A € K,
nyst kotopeix (A — A)~! € End X. Cnekrpom ornontenuss A € LR(X) HasbBaeTCsi MHOXKECTBO

o(4) = K\p(A).
MuoxkecrBo p(A) orrpseiro, ciekrp o(A) ornorienust A € LR(X) 3aMKHYT.

Omnpenenenne 3. Orobpaxenne R( - ,A) : p(A) CK — End X, R(\,A) = (A—X)~1, X € p(A)

Ha3bIBaETCs Pe30JibBeHTOM orHomenns A € LR(X).

Pesosbeenta ornomennst A € LR(X) siBiisieTcst 1CeB0PE30IBBEHTOI B OOIIEIPUHATOM CMBIC/IE (CM.
ciestyionnee omnpezesenne), npu srom Ker R(Ag, A) = A0, Im(Xg, A) = D(A) Yo € p(A).

Ounpenenenne 4. Orobpaxenne R : Q C K — End X, ynosieTBopsifoniee paBeHCTBY (TOXKIECTBY
I'mnsbepra) R(A1) — R(A2) = (A1 — A2)R(A1)R(A2), A1, A2 € § nasbIBaercs ICEBAOPE30IbBEHTOIM.

Teopema 1. Jlhobas ncesdopesoavsenma R : Q — End X asasemcsa pe3osveenmoti Hexomopozo
aunetinozo omnowenus A € LR(X), Q C p(A) u omnowenue A onpedeasemes pasencmeom A =
R(XAo)~t+ Xol, Ao € Q, npunem npasaa wacms ne 3a6ucum om 6u60pa \o-

Onpepenenne 5. Pacmmpennsim cnekrpom orromernst A € LR(X) Ha3blBaeTCsl 10 MHOXKECTBO
g(A) us K, KOTOpOe COBIAJaeT ¢ OGBIMHBIM CIEKTPOM o(A), ecru A € End X u pasuoe o(A4) U
{0}, ecin A ¢ End X. PacuimpeHHbIM pe30JbBEHTHBIM MHOX»KecTBOM orHouteHust A € LR(X)
naspisaercst MuozKecTBo p(A) = K\ (A).

Omnpenenenune 6. Jluneiinoe 3amkHyTOE TOAIpocTpancTBo Xog € X Ha30BeM MHBAPUAHTHBIM JIJIsI
orromenusi A € LR(X) ¢ HemycTbIM pe30bBeHTHBIM MHOXKecTBOM p(A), ecan X( NHBaApUAHTHO OTHO-
curesibHO Beex oneparopoB R(A, A), A € p(A). Cyxenmnem oruommennst A € LR(X) na naBapuanTHOe
nojnpocrpaicteo X HazoBeMm orHomenne Ay € LR(X(), pe30JbBEHTOI KOTOPOTO SIBJISIETCS CyKEHUE
Ry : p(A) — End Xy, Ro(A) = R(\A) | Xo, A € p(A) pesosbsertst R(-, A) : p(A) — End X na X,
u o6o3naunMm ero uepes Ag = A | Xp.

KoppekTHOCTDL ompejiesieHusT CyzKeHUsI CIeyeT U3 TeopeMbl 1.

Onpenenenne 7. Ilycts X, X1— uHBapuaHTHbLIE MHOAIpPOCTpaHcTBa U3 X s oTHomeHus A €
LR(X), A; = A|X;, i =0,1— cyxenust A Ha nognpocrpancrsa Xg, X COOTBETCTBEHHO U BbITIOJHEHBI
crenyiorue yeaosusi: X = Xo@ X1, A = Ag® A1, Tjie BTOpoe yCJIOBHE 03HAYAET, 9TO TOANPOCTPAHCTBO
A C X x X ecrb npsmast cymma noaapocTpaictB Ag C Xox Xg C X xXun A C Xy x X3 CX xX.
Torna 6ymeM roBopuTh, 4To A J0IycKaeT pa3jioXKeHHe OTHOCUTEIbHO NpsaMoil cymMmMbl X = X @ X7,
a TakxKe, 4T0 A sIBJIeTCS MPAMON cCyMMoi orHomenuii A; u As.

OrmeTnM, 9TO ecin crpaBeinebl paBeHcTBa X = Xg @ X1 u A = Ay @ A1, TO BEepHBI PA3JIOXKEHUS
D(A) = D(Ap) @ D(A1), Ker A= Ker Ag® Ker Aj,uIm A=1Im A& Im A1, A0 = A0 & A;0.
MmuoxkecrBo Az mst soboro Bektopa x € D(A) onpenensierca dopmyioit Az = Agzg + A1z, © =
To+ X1, TOe T € D(A()), x] € D(Al)

Onpepenenne 8. Byuem rosoputs, uro oraomerne A € LR(X) mepecTaHOBOYHO ¢ 0TOOparKeHneM
F: X — X (ue obstzarenbro juHeiiHbIM oneparopoM), ecnu (F(x), F(y)) € A s seex (x,y) € A.

Onpepenenne 9. ConpsizkeHHBbIM K orHomennio A € LR(X,Y') HasbiBaeTcst JmHeiiHOE OTHOIIEHIE
A* uz Y* x X* (X*, Y*— conpsizkennbie K X u Y 6aHAXOBBI IPOCTPAHCTBA) BUJIA

A" ={(n,§ €Y x X" : {(z) =n(y) V(z,y) € A}.

COHpH}KGHHOG orHomenue A* Bcerjga 3aMKHYTO.

2. KOMIIIEKCUOUKAIIAST JTUHENHBIX OTHOIIIEHMIA.

B nanbueiiiiem cumBosiamu X u Y 00o3HaYaIOTCH BENIECTBEHHBIE JIMHEHHbIE TpOcTpancTBa. Hamu
HCIOJIb3YeTCA TPaJUIIMOHHOE

Onpenenenne 10. Jlumeitnoe mpocrparctBo X2 = X X X mag momem C KOMINIEKCHBIX HHCET C
3aKOHOM BHermHeil kommozun (o +i6)(x,y) = (ax — By, ay+ ), a, B € R, (z,y) € X? naspmBaercs
KOMILTeKcuUKaIueil BelleCTBeHHOIo JIMHeiHoro npocrpancrsa X U 0003Ha4YaeTcss depes X Uin
gepe3 Compl(X) (Y— xomiiekcudbukalys JMHEHHOTO MPOCTPAHCTBa Y).
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Hasee cumBosiom I Oysiem 0603HATATH TOXKIECTBEHHBIHN OllepaTop B KOMILIEKCU(DUKAIINYA X IPOCTPaH-
ctBa X. DurleMeHTHI 13 X yI00HO 3alUCLIBATHL B BUJE & + 1y, T1e x,y € X, i— MHUMAadg equnuia. [Ipn
srom X OyleM paccMaTpuBaThb B KadecTBe nommnpocrpanctBa X. Hopmy B X, eciim X — 6anaxoBo 1mpo-

CTPAHCTBO, ompejiesnM paseHcTBoM ||(z,y)|| = wrr[loaéc | |(cosy)x + (sinv)yl||, =,y € X. Cumponom J
€|0,2m

o6ozuaanm orobpaxenus J : X — X, J(z +iy) = v — iy, z,y € X, KoTOpoe 6yJeT aUTUBHBIM, HO
HE OJHOPOJHBIM. ZICHO, UTO P=IulJ't=1].

Onpenenenne 11. Kommiekcudukarmeii mmneiinoro ornomenust A € LR(X,Y) nasbiBaercs yiu-
neitnoe orHomtenne A = {(x1 + iz2,y1 +iye) € X2 : (z1,v1), (z2,y2) € A} € LR(X,Y).

Bameuanne. Kanonmueckne piaoxkermna X C X u'Y C Y unaynupyior Bioxenns X2 C X2 u Y2 C Y2
u, 3HaunT Biaoxkenne A C A. Takum obpasom mmeer mecto pasencrBo A = A N (X x Y'). 3nauwur,
koMILiekcudukaius A siBjsiercs: KoMmiuiekcudukarueii TobpKko oaoro ornomtenusi u3 LR(X,Y). Ecau

AeLOX,Y), tou A e LOX,Y).

B ocrasmeiicst wactu 3Toro naparpada X — BelecTBeHHOE HaHAXOBO MPOCTPAHCTBO U X— €ro KOM-
ILJIEKCU(DUKAITHS.

Onpepenenne 12. Ilycrs A € LRC(X). Muoxectso o(A) HazoBeM KOMIIJIEKCHBIM CIIEKTPOM OT-
Homenust A, a MHOXKecTBO 0 (A)— ero paciumpeHHbIM KOMIIJIEKCHBIM crieKTpoM. OHu 0603HaAYAI0T-
cs1 coorsercrsento uepes o (A, C) u 5(A, C). Muoxectsa p(A4, C) = C\ o(A,C), p(A,C) = C\5(A,C)
HA3BIBAIOTCS] KOMILJIEKCHBIM PE30JIbBEHTHBIM I PACIIMPEHHBIM KOMIIIEKCHBIM Pe30JIbBEHT-
HBIM MHOKECTBaMH OTHOIIEHNST A.

JIemma 1. Jlaa ao6oz0 ommuowenus A € LR(X) eeprot pasencmea:

1. D(A) = D(A) x D(A), 2. Ker A= Ker Ax Ker A,
3. Im A=1ImAxImA, 4. A0 = A0 x A0,
5.0(A)=0c(A)NR, 6. 0(A) =0(A)NR,

npuvem A € LRC(X), ecau A € LRC(X).

JIemma 2. Ommuowenue A € LR(X) asasemcea xomnaexcugpurauuet, nexkomopozo omuowenus A €
LR(X) mozda u moavko mozda, ko2da oHo nepecmanosowho ¢ omobpasicenuem J, uiu, 4mo sK6u6a-
AEHMHO, ebinosnsemcs pasercmeo A = JAJ.

CaexncrBue 1. Ecau das A € LR(X) swnoaneno coomnowenued = JAJ, mo A asasemca xomnaerk-
cugpurayuet ommowenua A = AN (X x X).

3. O OYHKIIMOHAJIBHOM MCYUCJIEHUN OJIA JIMHEVMHBIX OTHOIIEHU HA BEIITECTBEHHBIX
BAHAXOBBIX ITPOCTPAHCTBAX.

Jlo KoHI[a 3To# cTaThu CUMBOJIOM X 00DO3HATAETCS BEIeCTBEHHOE DAHAXOBO IMMPOCTPAHCTBO, X— €ro
komiekcudukanus, A € LR(X) u A € LR(X)— ero xommekcudukarms.

st mo6oro muoxkecrsa A C C uepes A obosmadnm muoxkectso {A : A € A}, Eciim A = A 10
MHOKeCcTBO A 6y/1eM Ha3blBaTh CUMMETPUYHBIM OTHOCHTEIBHO R.

Jlemma 3. Chnexmp o(A) xKomnaexcupurayuu A omrnowernus A cummempuuen, NPuUUEm 6EPHO PAGEH-
cmeo R(AA) =JR(NA)J, X € p(A,C).

[Tycts A— orkpbiToe Muoxkectso m3 C, comeprkamee o(A,C) n obmamaomee ceoiictBom A = A.
Pacemorpum anrebpy C(A) HenpepbIBHBIX Ha A KOMIUIEKCHO3HAUHBIX (yHKIuit. [lycrs y— KoHTYD,
aexxammuit 8 ANp(A, C) u sBistionuiicst 06pasoM HenpepbiBHO jud depennupyemoii yukmuu ¢ : L — C
(JoIyCcKaeTest KOHEYHOE YHUCIIO Pa3pbIBOB 1epBoro pojaa y ¢'), riae L— HeKoTopblil TpoMeKyToK u3 R,
coBnaamomuii b0 ¢ orpeskoM BuIa [—0, 0], © > 0, mbo L = R. /JoHOJHATEILHO IIPE/IIOIOKIM,

aro p(t) = ¢(—t), t € L. .
Paccmorpum dynkmuio f € C(A) u KonTypHbli uHTerpan By = QL/f()\)R()\,A)d)\ =
i
Y

QL / Fle@®)R(p(t), A)¢' (t)dt npu ycnosuu ero abeomoTHoit cxopumoct. TeM cambiM 3Toit dhopmy-
™
L

JIoii onpejiesieH orpaHndeHHblit oneparop By € End X. W3 jiemmbl 3 ciiejlyeT, 4TO BepHbI paBeHCTBa
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JB;J = %/f(go(—t))R(gp(—t),A)cp’(—t)dt = Bj, e f € C(A), f(0) = f(\), A € A, Orciona
IOJIy4aeM, q%o BEpHa

JIlemma 4. Hmeem mecmo pasencmeo]Brl] = B 7 Ecau J?: f, mo onepamop By aersemca xomnaer-
cugpurayueti nexomopozo onepamopa By € End X.

,ZLJIH BbIYHUCJICHUA OIIepaTopa Bf BBEJEM ITIOHATHE KOMILJIEKCHOI PE30JIbBEHTLI JUHENHOIO OTHOIIIEHU ST

A€ LR(X).

Ounpepnenienne 13. Orobpaxkenue Re(-,-,A) @ C x p(A,C) — End X, rue Rc(p, A\, A)— onepa-
top u3 End X, xomiuiekcudukaimeit Koroporo sipjisercs oneparop u3d End X Buma %(,uR()\,A) +

aR(M\,A)), A € p(A,C),u € C, 6ynem HazbBaTh KOMILJIEKCHON Pe30JIbBeHTOl orHomenns A €
LR(X).

KoppekTraocTs omnpenenennst 13 caenyer uz jgemMm 2 u 3. OTMeTHM, 9TO CyKeHHMe KOMILJIEKCHOM pe-
30sibBeHTHI Ha MHOXkKecTBO {1} X R oroxecrsisiemoe ¢ R coBnasaer ¢ pesosnbsenroit R(-, A) : p(A) C
R — End X ornomenns A € LR(X), a cama KOMIUIEKCHAsT DE30JbBEHTA sIBIACTCs (DYHKIIUEH [IePBOrO
aprymMmenTa rpu jekoMmiuiekcudukamnun C.

Yepes ® obozmaunm bynknmio @ : p(A,C) — End X, ®(\) = (A= MID)?+X31)"H A=) +ig €
p(A, C). KoppeKTHOCTH ee olpejiesieHtsl CJle/lyeT U3 PABEHCTBA JIeMMbI 2.

Jlemma 5. Ecau A— aunetinoni onepamop us LO(X), mo ezo xomnaexchas pesorveenma npedcma-
suma 6 eude Re(u, A\, A) = ((Re u)A — (Re p\)I)®(\) = ((Re u)A — (Re p\)I)((A — (Re M\)I)? +
(Im N)2I1)~1 X e p(A,C), ueC.

Teopema 2. B ycrosuaxr aemmuve 4 onepamop By onpedeasemca gpopmynroti By =

©
1
—/Rc(if(cp(t))wl(t),go(t),A)dt. B wacmnocmu, ecau A € LO(X), mo onepamop By onpedens-
T

0

emca popmyaoti

©
By =L [(tm o) )4+ m (0D D0 o)
0

Teneps TpuUCTYIUM K MOCTPOCHWIO (DYHKIIMOHATHLHOTO WMCUUCTEHUS /IS JIMHEHHOTO OTHOIIEHUSI
A € LR(X) ¢ oTMeYeHHBIME paHee OrpaHHYeHusIMUA Ha KOHTYD 7y u dyukmmio ¢ : L — C. Orkpbr-
toe mMuOokecTBo A C C 6yaem cunrarh cogepxkamum o(A, C), a muokecTBO A N C cUMMETPUYHBIM.
Cumsosiom §(A) obozuaunm anaredbpy rosomopdubix Ha A KomiiekcHbx dynkmuit f : A — C, 06-
namarormux ceoiicrBom f(A) = f(A), A € A. IIpeamonoKum, 9T0 KOHTYD 7y SIBJISIETCS 3aMKHYTBIM (TO
ectb p(—0) = ¢(0)) u oxpyxatonum (A, C).

Pacemorpum dyuknuio f € F(A) rakyro, 9ro mHTErpas / FO)R(A, A)d\ abcomroTHO CXOIUTCS,
! 1
npuaeM f(oo) € R, eciim 0o € A. Torna dopmyna f(A) = df(co)l — 9 /f()\)R(/\,A)d)\, e 6 =1
i

win 0 = 0 B 3aBUCUMOCTH OT TOI'O HAXOJUTCS A = 0O BHYTPH 7y UJIU BHE erozyonpeqeﬂﬂe’r OTrpaHUYEHHBI
orteparop u3 ajarebpol End X koropsbrit HazoBeM dyHKImeir f or orHomenus A. Hamu ucnons3yercs
repmut KOHTYD "okpyzkaer" (A, C) B ToM cMbIC/Ie, YTO OH HOJIOKUTEIHLHO opuenTuposat u o (A, C)
cozlepKuTCs BHYTpH . B crarbe [9, TeopeMa 2.5| HOLy9eHO CIIeyIoNee yTBEPKICHIEe

Teopema 3. Jlasa cnexmpa onepamopa f(A) umeem mecmo pasencmso o(f(A)) = f(a(A,C)) =

{f(A), e a(A,C)}.

U3 nemm 2, 4 u Teopemsbl 2 ciaenyer, uro oneparop f(A) € End X sBisiercs koMiutekcudukarmeii
oneparopa u3 End X, koropslii oboznaunm vepes f(A) u Hazosem dyukuumeir f or orHoeHus A.
Takum obpazom BepHA
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Teopema 4. Onepamop f(A) € End X onpedeanemcs hopmyarot

©
FA) = 8100 = 5 [ Relif(e(®)¢'(0) o(t), A, (32)
0

ede Mpasas “acMv Ne 3a8uUCUM 0m 6ubopa PYHKUUL © ¢ omMeueHHbMU Sbiwe ceolicmeamu. FEc-
aw A € LO(X), mo dopmyna (3.2) npuobpemaem eud f(A) = §f(co)l — By, 2de onepamop By €
End X sadaemcsa dopmyaot (3.1). Kpome mozo umerom mecmo caedyrowee pasencmea o(f(A),C) =

f(@(A,C)), a(f(A)) = f(a(A,C)) NR.
4. O HOJIYI'PVIIIIAX OIIEPATOPOB U CIIEKTPAJIbHOM TEOPEME.

Onpepenenne 14. Orromenne A € LR(X) Ha30BeM CEKTOPHAIBHBIM C yriioM 0 € (7/2, ), ecin
muist Hekoroporo a € R cextop Q@ = Q9 = {A € C: |arg(A —a)| < 0, X\ # a} conepxurcs B p(A,C) n
st kKazkgioro 0 € (0,6 — w/2) Bemosineno yeaosue  sup || R(a — A\ A\, A) ||= Ms < oc.
AEQG 06

Eciu meobxommo paccmarpuBas BMecTo oTHomenust A orHomenne A — al, 6e3 orpanuyenusi ooII-
HOCTH MOYKHO cYuTaTh ¢ = 0 ¥ COOTBETCTBYIOMUI ceKTOp 0bo3HaYaTh §2g.

Urak, nycts A € LR(X)— cekropuasibaoe orHomienue. [locrpoenne rojoMopdHON MOLyTPYIIIbL
T : [0,00) — End X ocymiecTBIseTcs CTaHIAPTHBIM 00Pa30M € HOMOIIBIO (OPMYITBI

T(t) = QL / MR(A, A)dA, T(0) =1, (4.1)
T
Y
rJe y— rpaHuia cekropa 4. st Hekoroporo € > 0. Pynkimio ¢, : R — C, onpeensionyyo KOHTyp
7 3amamuM pasercTBamu @ (1) = —e =7 nag 1 € (—00,0) m @ (1) = €07 a7 € [0, 00), e

e=(0—-m/2—0)/2.

Cxomumocts unTerpasa (4.1) (npu 3a1anuu KoHTypa yKazauHoi ¢yukiueit ¢) "B rasaom" T(t) =
1

lim o / e)‘tR()\,A)d)\, rje Yo, @ > 0, — KOHTYD, SIBJISIOIHUICS 06pa30M CyKeHUst @, : [—a, a] — C
T

Y
dbyuximu ¢ Ha [—a, af.
O6bIYHBIM 06pa30M HpoBepsieTcst (cM., Hapumep, [9]), 4ro mosryuaeMast TAKMM 00PA30M TIOJIYIPYIIIa
T : [0,00) — End X pomyckaer rojomopdnoe pacmuperue B HeKoTopblit cekrop u3 C. ITockosbky
byukumn @, 0o, fi(A) = M, fi : C — C yIoBIeTBOPAIOT yCIOBHAM TEOPEMbl 2, TO KasKJIbli U3
oneparopos T(t),t > 0 aBisiercs KomiuteKcudukanueir Hekoroporo omeparopa 1'(t), ¢ > 0. Ecau
A € LO(X), o uz dopmyust (3.1) mosyuaem npejcrasienue orneparopos 1'(t) Buia

oo

1 .
T(t) = = /etTCOS“’(T sin(sinw) — sin(w + sinw)A)®(re™)dr, (4.2)
0

rje w— Jiroboe aucio us (w/2,0).

Teopema 5. IIycmv A € LR(X)— cexmopuanvroe omnowenue ¢ yeaom 0 € (w/2,m). Ipednoaroorcum,
ymo eexmopwv, u3 nodnpocmparcmea A0 pasdeasrom Pynryuorasve us nodnpocmparcmea A*0 C X*.
Toeda

1. 6arnaxoso npocmparcmso X npedcmasumo 6 sude npamot cymmot X = XoP X, 2de Xoo = A0, a
Xo— samwvikarue noonpocmparcmea D(A) e X ; kpome mozo nodnpocmpancmsa Xo u Xoo 3aMKEHYMDL
U UHBAPUAHMHYL OMHOCUMEAbHO A (no aobomy us dsyx onpedeaenuds);

2. cyocernue Ay = Al Xy asasemes cexmopuanvrovwm onepamopom u3 LO(Xo) npuvwem Ag— e2enepa-
mop 2oaomopdnoti noayepynno, onepamopos Tp : [0,00) — End Xo;

3. onpedeaermnasn Popmyaots (4.2) noayepynna donycxaem pazaoscenue T(t) = To(t) BToo (t) Too(t) =
0, t > 0, omnocumensvro pasaoocenuns X = Xg D Xoo, npocmparcmsa X.

CaencrBue 2. /las xomnaexcrozo cnexmpa onepamopos T(t), t > 0 umeem mecmo paseHcmeo

o(T(t),C) \ {0} = {e*, X\ € o(A,C)}.

B ocHOBe IIPUBOAMMBIX Jlajiee Pe3yJIbTaTOB HAXOUTCs [OJIydeHHasl B cTarbe (9]
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Teopema 6. [lycmv Z— Komnaexcroe 6aHATOE0 NPOCMPAHCTNGO U PACULUPERHDIT CNEKMD OMHOULEHUA
A € LR(Z) npedcmasum 6 sude o(A) = ogUo1, 2de og— xomnaxm uz C uogNoy =0 (o9 naswearom
cnexmpanvhot komnonenmot us o(A)).

Tozda cywecmeyem padsogcerue NPOCMPAHCBa 4 68 NPAMYIO cymmy Z = Zog D Z1 uHEaAPUGHIMHBLEL
(6 cmuicae onpedeaerus 6) omnocumenvro A 3aMEHYMBT NOONPOCTPAHCME Zo u Z1, a cystcenus
Ao = AlZy u Ay = A|Z1 obaadarom caedyrowumu ceoticmeamu:

1. Ag € End 2o, 5(140) = O‘(Ao) = 09,

2. A0 = A0, D(A) =Zy® D(Al), 5(141) =01.

Pasnoorcenue Z = Zy @ Zy ocywecmeasem npoekmop Pucca P (mo ecmv Zy = Im P, Z1 =
Im(I — P)), onpedeaenrviii popmynoti P = % / R(A\, A)d)\, 20e v— samrnymasn scopdanosa noao-

v

IHCUMENDHO OPUEHMUPOBAHHAA KPUBAA, pacnosodicernas 6 p(A) maxk, wmo enympu nee aescum og (mo

eCMb NONOAHCUMENDHO OPUEHMUPOSAHHAL), 4 01— 6He. B daavretiwem npo maxol npoexmop 6ydem 2o-
80PUMDB, YMO OHO NOCMPOEH NO 0.

BaskHBIM sIBJIsIeTCSI BOIIPOC OJIYUEHUsT aHAJIOra TeOpeMbl 6 J1jIs IMHEHHOTO OTHOIIeHusT A Ha Bere-
CTBEHHOM HaHAXOBOM IIPOCTPaHCTBe X 110 HEKOTOPOI CIEKTPAIbHON KOMIIOHEHTE 0 U3 €€ PaCIINpPeH-
HOTO KOMILJIEKCHOTO criekTpa. OCHOBHasi IpobJjieMa COCTOMT B TOM, UTO He BCSIKUil mmpoekTop Pucca,
[IOCTPOEHHBIH 110 CIEKTPaIbHON KOMIIOHeHTe n3 o (A) komiutekcudukamun A orHomennst A, siBsiercst
KOMILTeKCu(UKaIeir HeKoToporo npoekropa u3 End X.

Teopema 7. [Tycmv pacwupennod komnaexcnud cnexkmp o(A, C) donyckaem npedcmasserue uda

d(A,C) = og U oy, 2de oop— xomnaxm us C, o1— samxnymoe mmnoorcecmeo uz C u o9 N oy = 0.
Tozda npoexmop Pucca P € End X, nocmpoennviti no cnexmpasvhoti KoMnoHenme oy, AGAACMCA
rKomnaexcupurayued Hexomopozo npoekmopa u3 P € End X mozda u moavko mozda, xoeda oo = 0¢
(mo ecmv mmootcecmeo oy cummempuuno 6 C omuocumenvro R).

Ecau 9 = 0g, mo cnpasedauso pasaooicerue X = Xo @ Xq, ede Xog = Im P, X1 = Ker P. /laa
wacmel A = Al Xy, k = 0,1 omnowenua A seproi caedyrowsue ceoticmea:

1. X = Xy & Xy, mo ecmo komnaekcupurayus X banarosa npocmparcmea X ecmv npamas CyYm-
Ma Komnaekcupurayutd Xg u X1 nodnpocmpancme Xg u X1 coomeemcemeeHto, npudem Xg U Xq—
UHBAPUAGHIMHDBLE OMHOCUMEALHO A npocmpancmesa;

2. A=Ay A, 20e Ay € End Xog— womnaexcugurayus onepamopa Ag u Ay € LR(X1)— xomnaex-
cugpurayutc ommowenus Ay € LR(Xy). Kpome mozo, A = Ay @ Ay;

3. Ay € End Xy, 5(140,@) = U(A(),(C) = 0g;,

4. 410 = A0, D(A) = Xo ® D(A1), 0(A1,C) =7 (A1) = 01;

5. nodnpocmparcmea Xg u X1 ABAAOMCA CUMMEMPUYHBLMU NOONPOCTPAHCBAMY U3 X .

Teopema 8. Ilycmv 09— cummempuunas cnexkmpanvras Komnonenma us o(A, C). Toeda npoexmop
1
1
Pucca P € End X, nocmpoennwniii no og, onpedeasemcs gopmyarot P = o /R@(z’go'(t), o(t), A)dt,
T
0

2de ¢ : [0,1] — C— .wobas nenpepvisno dudpepenyupyeman Pynruyus ¢ xowmypom v = ([0, 1]),
OKDYIACAIOULUM T -
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O I'MIIEPBOJINYHOCTN ME/IJIEHHO OCHUJIJINPYIOIINX
INEPUOJMNYIECKNX PEINEHNN HEKOTOPOI'O KJIACCA
OYHKIIMOHAJIBHO- JNPPEPEHIINAJIBHBIX YPABHEHNN

2KvpraB/EB H.B.
Poccunickuin YHUBEPCUTET JIPY2KBbl HAPOIOB,
MockBA, Poccusa

B  maHHOIl craTbe HCCIEAYIOTCS — YCJIOBHS — THIEPOOJUIHOCTH  [EPUOAMYECHX  peIleHmi
dyHKIIMOHATLHO- M HepeHnnaabHbIX  YPABHEHUN, COMEPXKAInX HECKOJIbKO 3ala3IbIBaHul. IDTO
YCJIOBHS Ha CIIEKTOD OIEPATOPa MOHOJIPOMUH, J€HCTBHE KOTOPOTO OIIPEIe/IsIeTCsl PIIEHHEM HadaIbHOI
3aja9n i PYHKIINOHATLHO-TU(PHEPEHIINATBHOTO YpaBHEHUsI. Y Ka3bIBAETCA METOJI ITOCTPOEHUST
AHAJIUTUIECKO (PYHKIMK, HYJIM KOTOPOW COBIAJAIOT C COOCTBEHHBIMH 3HAYEHUSMH OII€paTopa
MOHOpoMuH. JlJjIsT TocTpoeHusT TaKoil (PYKIIMKM COCTABJISIETCST BCIOMOraTe/IbHasi KpaeBasl 3aada JJjIst
cucTeMbl OOBIKHOBEHHBIX JUHEHHBIX muddepeHnnaabiblX ypaBHEHUN, COpepKalias CIeKTPaIbHBII
IIapaMeTp B KPaeBbIX yCJIOBI/IHX.

1. BBE/EHUE

Paccmorpum dyuknnonaabao-auddepennuaibHoe ypaBeHee

2(t) = flx(t),z(t —1),...,2(t —n)), (1)
rae f : R"™ SR — menpepsisro auddepentmpyema. Mbl 6y1eM H3y4aTh IEPHOANUECKOE PEIIeHHe
z : R—R 3T0ro ypasHeHusl ¢ paloHAJILHBLIM IEPUOJOM p > n, IpejroJaras, 4TO TaKoe pPelleHue
cymecrByer. Ypasuenue (1) sBisiercst 0600ImeHneM ypaBHEeHUs :

a'(t) = —pa(t) + f(a(t — 1))

Ha cJIyuail HeCKOJIBKUX 3alasfpiBaHuii. VIHTepec K ypaBHEHUsIM TaKOr'O TUIA BBI3BAH MX ITPUMEHEHU-
sIMH B TEOPHUH YIPABJIEHUS C IOCTEIeCTBAEM U TEOPUU HCKYCTBEHHBIX HEMPOHHBIX cerTeil. Brepsbie
[IEpUOIUYECKIEe pelleHns TaKUX ypaBHeHuil ObLmm paccMmorpenbl B pabore k. JI. Kammana n /[Ix.
A. Tlopxa [6]. Tlepuoamdeckoe pelenue Ha3bIBACTCS THIEPOOIMUECKAM €CIH OINEPATODP MOHOIDPOMUH
UMeeT Ha €IMHUYIHON OKPYXKHOCTU €IUHCTBEHHOE IIPOCTOE COOCTBEHHOE 3Hadenue pasuoe 1. B knwure
k. Xeina [5] aist nuddepennnanbabix ypaBHeHUI ¢ 3amas3/piBaHueM ObLIO JIOKA3aHO, YTO TIOBE/Ie-
HUE TPAEKTOPUil, OJIU3KUX K IIePUOAMIECKON OpOUTe OIPEeNessieTCs CIIEKTPOM OlIepaToOpPa MOHOIPOMUI
aCCOLMUPOBAHHOrO C 3TUM IIEPUOAMYECKUM peIleHreM. B dacTHocTH Jio0as TpaeKTopus, OJIM3Kas K
[EePHOINIECKOil opbuTe runepboTMIecKoro perennst Ha nosyuarepsade [0, 00) mwiun (—oo, 0], cxomurces
9KCIIOHEHIUAJILHO K 3TOH IepHOAuYecKoil opbure npu t — 00 WK IPU £ — —00 COOTBETCTBEHHO.

OHaKO B OTJINYUU OT OOBIKHOBEHHBIX AU (DepeHIIaJIbHbIX YPaBHEHN KPUTEPUA THIIEPOINIHOCTH
1T PYHKINOHAJIBHO-AuMh depeHInaabHbIX YPaBHEHIH IPeACTaBIIsIeT 3HAUUTEILHO D0JIee CIIOXKHYIO 3a-
gady. Panbine Takoit KpuTepuil ObLI IOJIYYEH TOJALKO B YACTHBIX CAydasX: KOIIa IEePHO PelIeHUs
pasen 4 — B patore S. N. Chow, H.-O. Walther [2], u korga nepuos pasen 3 — B padore O. Arino,
A. Chérif [1]. Jyist npousBoJLHOTO PAIMOHAIBLHOTO MEPUOJIa KPUTEPHUH IMIepOOIMIHOCTH ObLI MOy~
gen X.-O. Bambrepom u A. JI. CkyGadesckum |7, 8, 9|. 3arem Temu ke aBropamu ObLI PacCMOTPEH
caydail upparuonasbroro nepuoja [10]. B macrosimeii crarbe Gyer nosydeno o6obiieHne Kpurepus
runepOoJIMIHOCTH, TIOCTPOEHHOIO B pabore [7], Ha ciydail , KOrja IpaBasi 9aCTh yPABHEHUs 3aBUCHT
OT HECKOJIbKHX 3amasjbiBanuii. Kpome Toro, J0CTUrHYTO yCUiIeHHe DaHee U3BECTHBIX Pe3ysbTaToB 7]
(cM. Teopemy 2).

Beegem nekoropsie obosnadenust. Ilycrs Ce = C([—n, 0], C),

al(t) = 8’Lf (JJ(t),SU(t - 1)7 cety l‘(t - n)) , LHe alf (y07y17 R 7yn) = fgf/l (y0>3/17 cee )yn)
(1=0,1,...,n), t € [0, 00);
ye =y(t+6), 0 €[-n,0], tel0,00), ye€C(—n,ox]C).
OrnepaTop MOHOAPOMHUHU — 3TO JUHeHOe HempepbiBHOe oTobpazkerne M : Cc—Ce, ompee/IeHHOe 110

dopwmyite
Mo = vy,
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rge v : [—n, 00)—C — perienne HAYAIBHON 3372490 JIJIsl JINHEAPU30BAHHOIO YPABHEHUST
n
V() = ar(thu(t — k), (2)
k=0
C Ha49aJIbHbIM YCJIOBUEM
vo = ¢ € Cc. (3)
OmepaTop M — KOMITAKTHBI, [T0O3TOMY BCe TOYKU A 7% () €ro CrieKTpa SIBJISIIOTCST U30JIMPOBAHHBIMU
CO6CTB€HHbIMI/I SHAUYECHUAMU U UX aJIFe6paI/ILIeCKI/Ie KpaTHOCTU m()\) — KOHEYHBbI. 9TH CO6CTB€HHbIe 3Ha-
YEeHHs Ha3bIBAIOTCA MYJIBTUIIJIMKaATOPpaMU (DJIOKG. qI/ICJIO 1, OY€BU/IHO, ABJIFAETCA MYJIBTUIIIMKATOPOM
®DJ10Ke, COOTBETCTBYIOIIMM COOCTBEHHON (DYHKITHN x6.

2. ONEPATOP M — AI 11 SKBUBAJIEHTHASI KPAEBAST 3AJIAUA

[Iycte p = N/M, tne N, M — B3aumMHO TpOCTble HaTypasibHble udncia. Torma 0 < nM < N.
[Monoxum 7 = 1/M. Torma p = N7, 1 = M.

IIycts ¢ € Cc — 3amanHass QyHKOuS. YTOOBI MCCIIEI0BATH PE30JIBBEHTY OIEPATOPa MOHOIPOMUHI
pPaccMOTpPUM ypaBHEHHE

Mo — Ao = 1. (4)
B coorBercTBUUM C OmlpenenenmeM omepaTopa MOHOIPOMUM 3TO ypaBHEHWE HAJ0 pPemliaTh COBMECTHO

¢ ypasuenneM (2), paccmarpusaeMbiM Ha narepsase (0,p), n yciaosuem (3). Yerosue (3) mossosisier
canTaTh MYHKIMIO ¢ CyzKeHrneM (QYHKIMNA v HA OTPE30K [—n, 0.

Paccmorpum ypasrenne (2) ormensno Ha mHTepBastax t € ((1 — 1)7,i7) (i = 1,...,N) a ypaBHenue
(4) — ma orpeskax t € [(i — 1)7,i7] (i = —nM +1,...,0). B moaydenHbIx TakuM 06pa3oM cucTeMax
YDABHEHUI ¢JIeJ1aeM CJIC/IYIONLYI0 3aMEeHY [IePEMEHHBIX:

wi(t) =v?(t+ (i—1)7) (te[0,7];i=—-nM+1,...,N), (5)
bi(t) =v(t+(i—1—nM)r) (te€[0,7];i=1,...,nM). (6)

Torna ypasrenus (2) u (4) npesparsirest B cucreMbl ypasaenuii (7) u (8) coorBeTcTBEHHO:

wp (t= (= 1)7) = > ap(uipar (t—k — (i — kM — 1)7)
k=0

(te((i—1rir); i=1,...,N) (7)

ui(t—(i—l)’l') ziui_s_]v(t—i-p—(i—i-N—l)T)—%bHRM(t—(z’—i—nM—l—nM)T)
(tel(i—Drir]; i=-nM+1,...,0). (8)

O6o3znaunm uepes U BeKTOP-(DYHKIMIO ¢ KOODJAUHATAME U, ..., uN. Diaarogaps dopmyaam (3) u
(5) pemtenue ¢ ypaphenusi (4) oupemessiercst 3HadeHusiMu dyHkuuii u; upu ¢ = —nM + 1,...,0.
[Tosromy mocsie 3aMenbl iepeMeHHoi ¢ = s + (i — 1)7, BbIpazkasi ¢ IIOMOIIbIO cucreMbl (8) dyHKIUM u;
(t=—-nM+1,...,0) uepe3 dyuxiun u; (i =1,...,N) n uckimodasi ux u3 cucremsl (7), MbI IOy IUM:

n 1 n
U'(s) = Ar(s)ReU(s) + X > Ax(s)Uxb(s) (s €(0,7)), (9)
k=0 k=1
1 _ 1 . o
o(t) = XUHN(t —(@—-17)— sz(t) (tel(i—Drir]; i=-nM+1,...,0), (10)
re
Ag(s) = diag {aki(s)}ij\il , agi(s) = ar(s+ (i — 1)7), (11)

a asementnl Marpun, Ry € CV*N u Wy € CNX"M onpenenennn ciemyromumM o6pazom:

Oji—km, 1—kM>1; 0, i—kM>1;

(Ui)ij = & Ojit(n—k)M .
i kM <0 SO kM <0,

(Ri)ig = 05 i—kM+N (12)

)\ )
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Ucnonbsys onpezenenne (5) U HENPEPLIBHOCTH (DYHKIUK U MbI HOJIy YaeM

ui+1(0) —ui(t) =0 (i=1,...,N—1). (13)
a u3 ¢dopmyinl (8) npu i =0, t = 0 u onpegenenust (6) Mbl UMeeM:
1 1
u1(0) — Jun(r) = ~3(0). (1)

Theorem 1. ITycmov ¢ € Cc — 3adannas dynkyua. Ecau ¢ € Cc — pewenue ypasrenusn (4),
mo eexmop-dynxuus U : [0,7]—CN, sadannas no dopmyne (5), asasemcs pewenvem sadaqu (9),
(13), (14). O6pammo, ecau U : [0,7]—CN —pewenue sadawu (9), (13),(14), mo ¢ynryua ¢ € Cc,
3adannasn no gopmyse (10) asasemen pewenuem ypasuenus (4)

Hoxaszameavemso. Ocraercst 0Ka3aTh BTOpoe yrBepxKiaenue. [lycrs dyuknus ¢ € Cr 3ajana, u
nycrs U : [0, 7]—C" pemrenne zamaun (9), (13), (14).
YuurbiBas HenpepblBHOCTL GyHKImu ¥ (t) u pasercrsa (13), Jerko Bujersb, 4To onpejeientas ¢hop-
mysoii (10) dbyukius ¢ HenpepbiBHA B Toukax t = —iT (i = 1,...,nM — 1), t.e. npunayexur Cc.
N
Omnpenennm dynxumo v : |J ((i — 1)7,47)—C 1o bopmyie (5) ¢ bdyukiueii T smecto v®. 13 pasencrs
i=1
(13) creayer, uTo DYHKIUIO T MOXKHO IPOIOJIKUTE 110 HEIPEPBIBHOCTH J10 (DYHKIMU HEIPEPHIBHON Ha
orpeske [0, p]. Torma u3 onpenenenit GyHKIMit ¢ 1 T MCHoIb3yst KpaeBoe yciaosue (14), mosydmm:

6(0) = 5(0) = ( Fuv () = 3(0) ) = 1) =0,

Taxkum 06pazom dyHKIMsI v, CyKeHne KoTopoii Ha orpe3ku [—n, 0] u [0, p] coBuamaer ¢ dbyHkusIMu ¢
1 U, COOTBETCTBEHHO, ABJSAETCS HenpepbiBHOI. [Ipu srom, nckmouas dyrxmun u; B dopmyne (10) ¢
ITOMOIIILIO OIpeieieHnst (PYHKIUU U, MBI IOJIydaeM popMyIy

¢(t) = (v(t+p) —¥(t) /A, t € [-n,0]. (15)
Ocraercst jokazarh, 4To v = M.
Pacemorpum cymmy RiU(t) + %\Ilkb(t). U3 onpenenenus: dbyukipm v u dopmyn (12) ciaeyer, aro
upu kM < i < N (B wactaoctu npu k = 0)

<RkU(t) + %\I}kb(t)> =i (t) = ot + (i = )7 — k).

Ananornyno B cuiy (15) npu 0 < k < n u 0 < i < kM mbl nosrygaem

(RkU (t) + %\Ifﬁ)(t))i — “i—’fM;N @) _ bi+(n—)f\c)M(t) _
- U(t—l-(i—l)/\r—k—i—NT) _ w(t+(i;1)r—k) —(t+(i—Dr—k) =v(t+(i—1)7—Fk).

[Tockonbky 31ech GyHKus U 10 ONpeIesIeHuo yJI0BIeTBOPsieT ypaBHeHuo (9), To, MojcTaBisis Ho-
cJIeJIHIE J[Ba PaBEHCTBA B TOXK/eCTBO (9) m mcnosb3yst onpejesenus (11), Mbl mosrygaem

V4 (-7 =) aplt+ (i - D+ (E-1)r—k)  (i=1,...,N; t€[0,7]]).
k=1

Hakonerr, 3aMeHsist mlepeMeHHyI0 ¢ Ha epeMeHHyIo s = t + (i — 1)7, MBI IPUXOUM K yPaBHEHHIO (2).

BuaunT nocrpoeHHast GyHKIWMs v yIoBIeTBOpsieT ypasaennio (2). CieoBaTesbHO, () — pellleHne ypas-
uenus (4). W

3. XAPAKTEPUCTUYECKOE YPABHEHUE

Iycrs dyrxmun ag; ¢ [0,7]—=R, i =1,..., N u marpunst By € RN k=0,1,..., N, zazauns 1o
dbopmymam (11) u (12). O6oznaunm uvepes Sy : [0, 7]—=CN*N bynmamenTanbuyio MaTPUILy CHCTEMbI
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0OBIKHOBEHHBIX Anddepenimanbubix ypasHernii (9) raxkyio, uro Sy(0) = E. Yepes e); ob6o3HaImM j-10
crpoky marpuust Sy. g A € C\ {0} seegem marpumy Q()\) € CN*N 1o dbopmyite

6)\1(0) — %6)\]\[(7’)

Q) = ex2(0) —exi(7)

exw(0) — exx-1(7)

u pacemorpuM dyukimo ¢ : C\ {0} 2 A — det Q(\) € C. Oyukuust ¢ — anagurudeckas, cM. [4, §10.7].
st A € C\ {0} MBI BBesIeM Taxske uHeiiHbIit HenpeprisHbil oneparop L(\) : Cc—CN o dopmyiie

—% (O)—i—x S,\(T)/S/\l(s)\ll)\(s)b(s)ds
T 0 N
—1
toye=| () O/ Sy () Ua(s)b(s)ds 1 , (16)
Sy () / S (5) W (5)b(s) s
0

N-1
1 n
riae Uy (s) = X > Ag(s)¥) — maTpuaHO 3HaUHAs DYHKIWMs, & MaTpuIbl WUy, MATPUYHO 3HAYHbIE (DYHK-
k=1

muu b u Ay, onpezenennsl panee 1o dbopmyaam (12), (6), (11). Ciemnyroriee yTBepKIeHne CIeIyeT U3
TeopeMbl 1 U MeTo/1a BapUaIliil IPOU3BOJILHLIX IIOCTOSHHBIX.

Lemma 1. ITyemv A € C\ {0}. Ecau ¢ € Cc — pewenue ypasnerus (4), mo eexmop-gpynruus U,
sadannas gopmyaot (5), umeem 6ud

U(t) = Sx(t)e + Sa(t) / ST (s)Ua(s)b(s)ds (¢ € [0,7]), (17)
0
2de c = (c1,...,cn)T € CN — pewenue ypasnenus
Q(N)e = LN, (18)

a sexmop-pynruua Vy(s) onpedeaena max oce kax das dopmyave (16).
Obpammno, ecau sexmop-pynrkyus U zadana gopmyaamu (17), (18), mo dynryua ¢ € Cc, onpede-
sernas no gopmyse (10), asasemea pewernuem ypasrerusa (4).

Theorem 2. Hyau anarumuueckol dyrxyuu q(\) cosnadatom ¢ HEHYAEBBMU COOCTNEEHHbLMU 3HAYE-
HUAMYU ONEPAMOPE MOHOOPOMUL.

Joxasamesvemeo. Ilycte A € C\ {0} — coberBennoe 3navenue oneparopa M. T.e. s p = 0
cymecrByer ¢ € Cg, ylaoBieTBopsioliee ypasaeruio (4), rakoe, uro ¢ # 0. Torjga u3z nepsoro yrsep-
JKJIeHUsI JIEMMBI 1 ciiejiyer, 9To BeKTop-byHKIMsI, onpejiesieHHas 1o ¢popmysie (5) ¢ MOMOIIbIO PelieHust
v? mauasbHOl 3asanH (2), (3), nmeer BUT:

U(t) = Sx(t)e (t€[0,7]), (19)
rie ¢ = (c1,...,cn)? € CN — pemenne ypapnenus
QA)e=0. (20)

ITpu sToM u3 ypasHeHust (4) u onpejesieHnst olepaTopa MOHOJIPOMUY CJIJIyeT, YTO 3HAUeHUs (DYHKIN
v? Ha orpeske [p —n, p| COBNAIAIOT C COOTBETCTBYIOMUMI 3HAYCHUAME (BYHKINI ¢ Ha oTpeske [—n, 0],
YMHOKEHHBIME Ha \. 3Ha4nT DyHKIHs v® Ha oTpeske [p—n, p] He TpuBHasbHa. Torna BekTOP-byHKIMS
U (t) Toxe He TpUBHAJIbHA 110 ONIPe/leIeHII0. 3HAYUT u3 paseHcTBa (19) mosydaem, 4To ¢ — He HyJIeBOi
BekTop. Hakoner u3 pasencrsa (20) cuenyer, uro g(A) = det Q(N) = 0.
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[Tycrs Teneps A — HOsb yHkimu q. Torga cymecrsyer pemenue ¢ = (cq, ..., cN)T # (0 ypaBHeHUsI
(20). Mycts BekTop-bynkmus U(t) : [0, 7]—=CY onpenensercs ypasuernnem (19). Torma mo memve 1
dyuknus ¢ € Cg, onpeeiennas 1mo Gopmysie

_ uign(t = (= 1)7)

o(t) 3 (t el —Dryit]; i=-—nM+1,.. .,0) , (21)

SIBJISIETCST PEIleHNeM yPaBHEHUsT
Mo —A¢p =0. (22)
[Mockonbky Sy(t) — dynmamenTansbHast MaTpUIa CHCTEMbI OOBIKHOBEHHBIX auddepeHnnaabHbIX

ypasrenuit, To U(t) # 0 (t € [0,7]). B nokasarenbcre jeMMbl 1 GblIa MOCTpOEHA HEIPEPHIBHAS HA
orpeske [—n, p| DyHKIWMsI v, ABJISIOMAsICS PEIleHneM HadaJabHOl 3a1aun (2), (3). [Ipuvem ucciegyemas
cefivac PYHKIUS ¢ sIBJISETCS HAYAIBHON (PYHKIHEH /s 9To# 3aja4u, a cama (QPYHKIUS U CBI3aHA C
BekTop-dyukiweit U no dopmyite (5). Jdomycrum renepsb, 4To yKasaHHOe pelleHre ¢ — TPUBUAJIBHOE.
Tora pemas HadaabHyI0 3874249y (2), (3) METOIOM IIAroB, MorydaeM, 9To GYHKIH U — TPUBHAIbHAS.
Buauur BBuy Gopmyist (5) Bekrop-pyuknusa U — rpusnasibhasi. Mbl npumim K nporusopednto. Ciie-
noBaTeIbHO ¢ #£ 0, T.e. siBJIsteTcst cobCcTBeHHOM (yHKIMel oneparopa M. Torga A — ero cobereeHHOE
sunadenue.

Samevarue. Taxum 06paszoM, MBI JIOKa3aJM COBIIAJEHNE HEHYJIEBBIX COOCTBEHHBIX 3HAYEHWIA OIle-
paTopa MOHOJIPOMUM C HYJISIMH aHAJIUTHIecKO# (GyHKimn ¢(A) 6e3 MCI0JIb30BaHUS JIOIOJHUTEIbHBIX
npesnosioxkennii. B pabore |7] ucnosbzoBasiocsk ponosauTeabHOE yeaosue rank Qn_par(A) = N —nM
(mpu n = 1), tae QN—na(A) — MaTpuita, noiaydennas u3 Q(\) nocie yganenus nociaeaux n cronb-
IOB.

O6ozHauuM 1epes Mk,l (k=1,2,...,n; 1=1,2,..., k) creaytomue HabOpbI uHIEKCOB j, 1 < j <
N:je Mk,l s k=1,2,...,n;1l=1,2,..., k, ecjiu BbIIIOJIHEHbI TPU YCIOBUS:

1L (k=DM <j<(k—1+1)M;

2. ay;(r) #0; (23)
3. j+iM ¢ Myyi (i=1,2,...,n—k).
O6osnaunm Takzke depes My (k= 1,2,...,n; 1 =1,2,..., k) — KOJUIIYECTBO JEMEHTOB B KarK-
n k
oM u3 51ux Habopos. U onpenennm My = > > M. ;. Samamum obIIyIo HyMepanuio BeeX MHJIEKCOB,
k=11=1

BOIIIE/IIINX B MHOYKECTBa, olpejiesieHHble B dopmysnax (23), B npousBosibHOM mopsizike. (OuHaKOBbBIE
UH/JIEKCHI, BXOJIAIINE B PA3HBIE MHOXKECTBA, Hk’l HyMepyIoTcs OTAeabHO.) TakuM 06pa3oM KarKIoMy HO-
mepy v € {1,..., My} cooTBeTCTBYET CBOl MHJEKC j = j, U MHOYKECTBO Mk,l, KOTOPOMY TPUHAJIJIEXKUAT
HIMEHHO 9TOT MHJIEKC (MHIEKCHI ¢ PABHBIMU 3HAYEHUSIMUA MOT'YT IIPUHA/JICZKATH PA3HBIM MHOYKECTBAM ).
Torsa, BCIes 3a MHOKECTBOM M1, KaxkKJIoMy HOMEpPY U OyJeT COOTBETCTBOBATH TAKKe MHIEKC k, H
WHIEKC [,,.
Omnpenenmum BekTopsl B, ¢ KoopaunaTamu B, 1o gopmyiie
akqu(v*ju*l)/Mﬁ*l(T)’ I<y<jv+l, % €Z, pu v > 0
0, nHave, ’ (24)
B()fy = 51’«/.

By =

Lemma 2. /las aobozo v € {0,..., My} cywecmsyem dynrxyus 1, maxas, wmo Lip, = B,,.

Jloxasameavcmeo. OCHOBHAsI HJlesl JOKA3aTEIbCTBA aHAJIOIMIHA, UCIOJIb30BaHHOH B padore [7]. To-
CKOJIbKY 06pa3 oneparopa L(\) KoHedHOMepHBIH, OH 3aMKHYT. 1109TOMY 11J151 JI0KA3aTeIbCTBA JIEMMbI
JgocrarogHo Jyist Kaxkaoro v € {0,..., My} Haiitu nocienosarensHocts dyukiwmit ¥, € Ce, h € N)
rakux, 910 L(A\),,— B, npu h—o00, Jljist 3TOT0 UCIIOJIB3YIOTCS IETbTa00pasHbIe TOCTIEI0BATEIHHOCTI
!, ¥ KOTOPBIX HOCHTE/H BCeX (DYHKIHIT COmeprKaT TOUKY ty, = (—=kyM +j,)Tupu v > 0 u tg = 0 npu
v = 0. IToay4ennsie Takum 06pasom BekTopa B, = lim L(\)Y!, uMeior 3HAYNTEIHHO GOJIee CIIOKHBIIT

h—o00
BUJI, 9eM BekTopa B,. OKOHUYATEeJbHBIN PE3yIbTAT IOJIYyYIAeTCsl C MOMOIIBI0 JIMTHEHHBIX KOMOWHAIII

U3 y»Ke IOCTPOeHHBbIX (byHKIuii 1)/, Giarogaps jguneitnoctn oneparopa L(\) U cTpyKType MaTpUYHO
y y vh YKTY
suagnoit pyukiuu V). B
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Bameuanue: npu n = 2 6a3UC B JUHEHHOM IPOCTPAHCTBE, HATSHYTOM Ha BEKTOpa B, BbIIEISETCS
nobassennem yciosus j & M g1 (i=k+1,...,n) B onpenenennn (23).

O6o3uauumM depes j(A) mopsiyok mysist A # 0 byskuuu g. Jna A € C\ {0} rakoro, aro q(\) #
0, nosoxkum j(A) = 0. O6osHaunm uepes () MaTpuILy, IPUCOCUHEHHYIO K MaTpuie @, a depe3 Q'
— ee 17-y10 cTpoky. Mmes nokasaTesbCcTBa CIelyTomell TeopeMbl COBIIAJAeT ¢ Heell J0Ka3aTe/bCTBa
AHAJIOPMYHOTO yTBEp:KieHust B pabore [7].

Theorem 3. ITycmv A € C\ {0}. IIpednonoscum, wmo cywecmeyem wucao 1 € {1,...,N}, dan
Komopozo natidemcs maxoe wucao v € {0,..., My}, wmo Q" - B, # 0. Tozda m(\) = j(\). Kpome
mozo, dim N'(M — AI) = 1 das xascdoeo cobemesernozo snauenus X # 0 onepamopa M.

4. O BBIYMCJ/IEHUU ®YHJIAMEHTAJIbHON MATPUIIBI Sy (t)

B reopeme (3) ykazan crocob oTbICKaHusl COOCTBEHHBIX 3HaUeHUit A oneparopa M u ux ajarebpande-
ckux kparHocreit m(\). OgHako, Jjisi 3TOro Hy>KHO 3HATH (DyHIaMeHTaIbHY 0 Marpuily Sy (t) cucreMbl
(9). [Tycrs nmod{a, b} = a+ib, rue i € N Beibupaercs tak, urobbt 0 < nmod{a, b} < N. Badukcupyem

npousBosbHOe uncyio j; € {1,...,N}. Hnsa k= 2,..., N oupejesnmM CIeyolyo Moc/Ie10BaTebHOCTD
UHJIEKCOB:
Jik = nmod{jx_1 + M, N}. (25)
[Tycrb st mekoroporo dbukcuposartoro j € {1,..., N} BbiosHsieTcs:
a;j, =0 (t,k=1,...,n). (26)

OxasbiBaercst, 9To 1) ji # js pu k # §; 2) ecid B OIHOPOJHOI CHCTEMe ypPaBHEHUIi, COOTBETCTBY-
fomeii cucreme (9) mepectaBuThb ypaBHEHHs Tak, UTOObI ji-O€ ypaBHEHHE OKa3ajloch Ha k-OM Mecre,
TO KazKJloe U3 IIePBbIX 7 yPABHEHUN HMHTErpUpyeTcsd HE3aBUCUMO OT OCTaJIbHBIX ypaBHEHHUl, a Kazkjioe
cJIeIyIonee ypaBHEeHe HHTEIPUPYETCst HE3ABUCUMO OT OCTABIIUXCs; 3) B pe3y/IbTaTe TaKOrO WHTErPH-
poBaHusA MbI TIOJIyduM N ITPOU3BOJIbHBIX ITOCTOSTHHBIX, UM €CTECTBEHHBIM 00pa3zoM cooTBeTCTBYIOT N
perennii cucreMbl TuddepeHIMaIbHBIX YPABHEHNUT, MOIYIeHHON TI0CIe IepecTaHoBKN; 4) ecu pac-
CTaBUTb ITHU PEUICHUA B MOPAJKE IIOABJICHUS IIPOU3BOJIBHBIX IIOCTOSAHHDBIX, TO IIOJIYYUTCA HUXKHETPe-
yroJjibHas MaTpPHUIla ¢ HEHYJIEBbIMU dJIeMEHTaMHU Ha IJIABHOI JaroHaJIu.

Buauut yciaosus (26) MO3BOJISIIOT BHIIACATH (DYHJIAMEHTAIbHYIO MATPHUILY CUCTEMBI (9) B SIBHOM BU/IE.
OTHU yCIOBUST BBIMTOJHSIIOTCS, €CJIH, HATIPUMED, BBITIOTHEHBI CJIEYIONIHE /IBa YCIOBUS:

2) Jz(t)| >a; mpute([(j—Ur—Ljr—=1];le{fi+1,....i+n}.

Uror. Eciu s ypasaenust (1) u HEKOTOPOro €ro HepHOJMYECKOrO PEIIeHUs] ¢ IIEPUOJOM P > N
[IPU HEKOTOPOM J BBIIIOJIHEHO ycsioBue (26), To dbyHiaMeHTaIbHas MaTpuIia cucreMbl (9) BBIYUCIAETCS
cr1ocoboM, IPEeJUIOKEHHBIM B 9TOM Iaparpade. Bbrauciaus ee, Mbl MOXKeM cocTaBuTh mMarpuily ().
Bo-nepBeix, 3uast marpuity Q(A), Mbl cocraBuM GyHKIuo ¢(A) 1 B COOTBETCTBUU ¢ TeopeMoii 2 Haiiiem
BCe HEHyJIEBbIEe COOCTBEHHBIE 3HaUeHUs onparopa M. Bo-BTopbix, 3Has marpuily (), Mbl IpoBepUM
BBINIOJIHEHNE YCJIOBUsST TeOpeMbl 3. FC/ii OHO BBINIOJIHEHO, TO ¢ TIOMONILIO (DYHKIMHU ¢(A) MbI BBIUUC/IAM
ajirebpanvieckKue KpaTHOCTH HEHYJIEBBIX COOCTBEHHBIX 3HAUEHMIT onieparopa M u nmpoBepuM, HaIpUMeED,
SABJISETCS JIM UCCJIEJyeMOe ITEPUOINYECKOe PEIleHNe TUIIEPOOTNIECKIM.
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OJIHA KOOIIEPATVBHA{A UTPA C IIOBOYHBIMMU IIJIATE2KAMUI N
YHYETOM PUCKOB !

KykoBckuit B.11.*, KyvapsaBues K.H.**
* POCBUTJIIT, MOCKBA, Poccust
¥ YTAY, YEIABUHCK, Poccus

@0pmcmu3yemc,ﬂ 2apaHmuposaHHoe nNo 8vbluU2PvLULAM U PUCKAM PEUEHUE m)onepamueﬁoﬁ uepol
€ NOOOYHBLMU MAGMEHCAMU U npu Heonpeamennocmu. ,ﬂJLﬂ nuHeﬁHO-neaﬂpamuunoeo eapuaHma
uepsvl YcmaroeAEHDL KOS@ﬁUuU@HmHME YCao8UA CYUWECTNBOBAHUA TNAKO20 PEWEHUA.

1. IIOCTAHOBKA 3AJIAYU

PaCCManI/IBaeTCH KoOoIllepaTuBHad UI'Pa ABYX JIUIT C MOOOYHBIMY ILJIATEXKAMU 1 IIPpU HEOIIPEJICJICHHO-
CTH

= ({1,2}, {X}iz=12, Y, { fi(%, y) }i=1,2)- (1.1)

3necb 1 u 2 - nopsiikoBble HOMepa UIpokoB, X; C R™ -MHOXKecTBO cTpareruii x; y 4-r0 HUIDOKA.
Hanpumep, B 9KOHOMUYIECKHX 3a/a4ax "poJib"cTpareruii MOryT BBIIOJIHATD HEHbl (yCTaHABJINBAEMbIE
POJIABIIOM ), 06'bEMBI [IOCTABOK, IIPEMUU U JPYTUE MEPhI MOOIIPeHnsl 1 Hakazauus. O Heolpe e IeHHO-
crsix y € Y C R urpoku He UMEIOT KAKUX-JIOO CTATUCTUIECKUX JIAHHBIX, H3BECTHBI TOJIBKO TPAHUIIBI
u3MEHEeHUus HeolpejieseHHocTelr. HeornpeaeseHHOCTSIME MOT'YT OBIThH, HAIIPUMED, IOIOJIHBIE YCJIOBUS,
HEOXKUJIAHHBIE CKAYKKM APEHJIHON IIaThl U CTOMMOCTH IEPEBO30K TOBapa, HEIPEJCKA3yeMble M3MeHe-
HUsl HAJIOTOBOTO M TaMOYKEHHOI'O 3aKOHO/IATEIbCTBA U T.II.

B pesyibrare coBMecTHOro BbIOOpa MrpoKaMu cBoux crpareruii z; € X; (¢ = 1,2) ckiaapiBaercs
curyanust x = (21,22) € X = X3 x X9 CR" (n = ny + ng). HezaBucumo ot JeiicTBuii MI'POKOB peaJi-
3yercsi HEKOTOpasi HeolpejieaeHHocTh y € Y. Ha obpasosasiiuxcst B pesysbrare napax (z,y) € X X Y
onpeJiesieHa CKaJisspHast yHKIMs BBIAIPLIA i-ro urpoka fi(z,y) : X x Y — R (i = 1,2). 3nauenne
dyuknun Beiurpeima f;(x,y) Ha peaju3oBaBIIeiics CUTYaIllMd T W MOSBUBIIENCS HE3aBUCHMO HeOIpe-
JIEJIEHHOCTH § HA30BEM NPEISAPUMEALHOIM Gbiu2pblulem i-10 UTrpoka. llosryueHHBI TakuM 0O6pa3oM
cymMMapHblii Berpbin f1(x,y) + fa(z,y) Urpoku mpeanosaraioT B JabHEIIEM epepacipeienTh
MEXK Iy CODOii.

Ha "comep:karenbHOM ypoBHE''Ie/Ib 4-I'0 UIPOKA COCTOUT B BBHIOOpE TaKOil CBOEH cTpaTeruu U Ta-
KOTI'O TIepEPACIIPE/IEJIEHNs] BLINTPBIIIEH, 9TOOBI ITOJIyYeHHBIH B PE3yJIbTaTe €ro IepepacIpe e eHHbII
BBIUTPBII CTAT BO3MOXKHO 00AbWUM, & PUCK (OIPEICTCHHBIN HIZKE) BOSMOKHO MEHLUUM.

3ameuanmue 1.1. [lo Hacrosiero BpeMenu npu popMam3aini rapaHTUPOBAHHOTO PEIIeHNsT KOOIepa-
TUBHBIX UI'D ¢ MOOOUHBIME IJIATEXKAME ¥ [P HEOHpeeaeHHOCTH [1| prcku He yuuThiBaauch. [losromy
npejjlaraemMasl CTaThsl SBJISIETCs 1IePBOIl IONBITKOM B 9TOM HAIIPaBJICHUU.

2. ®OPMAJIMBALINS] PEUIEHUS

Crenyst npuHnuiy MuHAMakcHOro coxkasenusi Casuipka [2] u "kooneparusromy xapakrepy"urpbl
(1.1) BBemeM creruaabayo (OYHKIMIO PUCKA §-T0 UTPOKA. J1jIst 9TOr0 paccMOTPUM JIBYXKPUTEPHATLHYIO
3as1ady (Ipu Kaxk7oi HeonpeieaeHHoCTH Y € Y):

I(y) = X Afi(z, y) bim1,2), (2.1)

KOTOpYIO nostydaem u3 urpst (1.1), duxcupyst y € Y.
B (2.1) JIIP (suno, npuHUMaioOliee PelleHre) 3a CUYeT MOJXO/ISIIEro Bbibopa aJbTepHATUBLL & € X
CTPEMUTCsI IOCTHYb BO3MOXKHO OOJIBIINX 3HAYEHWH OJIHOBPeMeHHO oboux kpurepues f;(z,y) (i = 1,2).
Curyarms z¥ (y) Yy € Y maswiaercs [3] maxcumarvnoti no Ilapemo (acbcekTuBsHOIN) arbTepHaTHBOlM
B 3aaue (2.1), ecsim npu 066X € X (u jy1st Kaxkaoro y € Y ) HeCOBMECTHA CUCTEMa HEPABEHCTB

file,y) = fi@"(y), )i =1,2) (2.2)

13 KOTODPBIX, 10 KpallHeil Mepe, OHO CTPOroe.

'Pa6ora BBImONHEHA, TIpH buHAHCOBOIT opuepykke PODU (mpoext Ne05-01-00419)



143

B reopun MHOrOKpHTEPHAIBHBIX 33189 YCTAHOBJIEHO CJIEJIyIlee yTBepxK/IeHue [3]:
Ecim cymectsytor ambrepnarusa ! (y) n wucio a € (0, 1) Taxue, aro
malafu(e,) + (1 - ) fo(e, )] = Ldemli —2"()] Yy €V, (2.3)
to 2F (y) aBnserca Mmaxcnmambuoit o Ilapero B 3amade (2.1) pu kaskaoM y € Y.
B (2.3) u nanee Idem[z — x¥(y)] osnagaer nesyto ckobKy [...], nie x sameneno na 't (y).
C nomompio ¥ () BBeaem dbynkumo pucka ®;(x,y) a1s dyHrun spurpeima fi(x,y) B BUIe

®i(z,y) = filz"(y),y) — filz,y) (i=1,2), (2.4)

3HaYCHUE KOTOPOH HA30BEM PHUCKOM HI'POKA i.

B [4] ycranosieno: eciim muoxkecrsa X; u Y €CTb HEIyCTble KOMIAKTHI, a dyHKiuu f;(x,y) Henpe-
poiBHbL Ha X X Y (i = 1,2), To dbynknuu pucka (2.4) rakxke HenpepbiBHBL Ha X X Y.

Oyukiust $;(x,y) IUCTIEHHO ONEHUBACT PUCK (COMKAJIEHUE) §-TO UT'POKA B TOM, YTO OH BBIOPAJI CBOIO
cTpaTeruio us curyarum , a e u3 ! (), XOTd HOC/IEIHsS U JOCTAB/ISCT BEKTOPHBIH MAKCHMYM B
JIBYXKpUTEpUAIbHOI 3amade (2.1).

[Tycrs urpoku B urpe (1.1), BbIOUpas CBOM CTPATErny, OPUEHTUPYIOTCS HE TOJBKO Ha BO3MOYKHO
GoJIbIINE [IPe/IBAPUTEIIbHBIE BBIUTPBIIIN, HO OJHOBPEMEHHO U Ha BO3MOXKHO MEHbIIME PUCKU (3Haue-
Hust byHKImu pucka (2.4)). YaureiBast 510, urpe (1.1) mocraBum B COOTBETCTBHE BCIHOMOIATENHHYIO
KOOIEPATUBHYIO UI'PY JIBYX JIAIL IIPA HEOIPEIEICHHOCTH U € TTOOOYHBIMU ILJIATEIKAME

<{17 2}7 {X}izl,Qv Y, {fl(% y)’ _(I)i(w7 y)}i=1,2>' (2-5>

B urpe (2.5) muoxecrsa X;, Y u dyuxiuu f;(x,y) Te xke, yro u B urpe (1.1). Oraudaune juinb B TOM, 9T0
dbyHKIMs BBIUrPBINIA i-r0 Urpoka B urpe (2.5) crana sexkropuoit (fi(z,y), —®;(z,y)), npuyem Bropas
KOMIIOHEHTA CIIeIaJIbHO B3siTa co 3HakoM "munuyc". [Tostomy, eciin B urpe (2.5) urpoku crpemsitcs K
BO3MOKHO GOJILIIUM 3HAYEHUSIM OJHOBPEMEHHO 00erX KOMIIOHEHT CBOeH (DYHKIMU BBIUIPHIIIA, TO TEM
CaMbIM OHU YBEJMYUBAIOT BBIUIPHINI f;(x,y) U OJHOBPEMEHHO yMeHbINaloT puck ®;(x,y).

s dbynxmun soiurpeima f;(z,y) (i = 1,2) BBesem ciepymue MakcuMunbl f[y] 1 MaKCHMIHHBIE
crparerun z¥(y):

(

flyl = max min fi(z1,72,y) = min fi(z(y), z2,y),

z1€X1 z2€X2 z2€X2
(2.6)
0 : : 0
= max min 1,T2,yY) = min T1,T ,Y),Vy €Y.
falyl = max min fo(z1,22,y) = min fo(z1,25(y),y),vy
Awnasornuno st byuknuit pucka O (z,y) (i = 1,2)
Pyl = min max ®q(z1,z2,y),
1ly] = min max ®(z1,2,y)
(2.7)

®9[y] = min max o(z1,20,y),Vy € Y.
z2€X2 1€X1

YrBepxkaenue 2.1 Ecau 6 uepe (2.5) mnoorcecmea X; (i = 1,2), Y cymv xomnaxmo, a dynrkyuu
fi(z,y) u ®;i(x,y) (i = 1,2) nenpepusnw na X x Y, mo dynxyuu f2[y] u ®[y] (i = 1,2) nenpepuisroe
Ha Y.

CupaBeiIBOCTDb yTBep2KIeHust 2.1 ciaeayer u3 HenpepblBHOCTH DYHKINN @(y) = maxzex Y (z, y) mo
Y, ecy TOJIbKO QyHKIWs (X, y) HeNpepbIBHA HA Mpou3BeleHrn KoMIakToB X X Y [5,crp30-31].

duxcupyeM HEKOTOPYIO HeoIlpeJieleHHoCTh ¥y € Y U BBeJeM MHOxkecTBo X(y) curyarmii x € X,
YJOBJIETBOPSIIONINX YCA0BUN0 UHIUGUIYaNbHOT payuonasvrocmy B urpe (1.1):

X(y) ={z € X: filz,y) 2 Y] (i=12)} VyeY, (2.8)
U MHOYKECTBO i(y) CUTYaIni, YIOBJIETBOPSIONINX YCJIOBUIO WHJIUBUJIYAJBHONU DPAIUMOHAJIBHOCTH JIJIst
GYHKINNI prcKa

X(y) ={z € X: ®i(z,y) < ¥y] (i=1,2)} VyeY. (2.9)

YrBepxkaenue 2.2 Ecau 6 uepe (2.5) dynxuyuu fi(z,y) (i = 1,2) nenpepvisno, na npoussedenuu
komnarmos X X Y, mo npu aobom durcuposarnom y € Y mmoorcecmso X(y) - nenycmo.
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B camom gsieste, coracuo (2.6),

vl = min fi (29(y), 2, y) < f1 (23(y), 23(v), v) ,

£yl = min fol@r, 23(y),y) < f2 (23(y), 29(y),y) Yy €Y,

r1E€X

torga curyanus (z29(y), 25(y)) € X.

Jdemma 2.1. Muooiceemsa X(y) u f(y) cosnadarom npu xasrcdom y € Y.

HokazarenbcrBo. Ilycts s dukcnposannoit HeonpegeaennocT y € Y Kakag-mbo CATyalus T =
(w1, 79) € X(y), Torma
filw,y) — filz"(y),y) = —@i(z,y) = ~[y] =

max min [~ (2P (), y) + filz,y)] = —filaF (), ) + max min [fi(a1,22,y)] =

= ~filz" (@), y) + ) (.5 =120 #j).
Orciona fi(z,y) > fly], cienosarenbho,
X(y) CX(y) VyeY. (2.10)

Ycranosum obparnoe Brjnodenune. ITycrs npu dukcuposannom y € Y Kakas-iubo curyanust & =

(r1,22) € X(y), umenHo,
filz,y) = fily] VyeY.

[IpuGasus K 06OMM HYaCTSM 3TOIO HEPABEHCTBa He 3aBHcsaImiee or curyamuu x uucao — fi(xf (y),y),
nMeeM

—fi@" W), y) + filz,y) = £y - fi@" (), y)

—®i,y) 2 max min [fi(er,02,y)] = filz"(y).y) =
max min [fi(z1,22,9) — fi(z" (), y)] = —®}[y] =

2, €X; 1;€X;
= Oi(z,y) <Py Ve,
Te. X(y) C i(y) Vyey.
Vunrssas (2.10), momyaaem X(y) = X(y).

B nasnbueiiniem OyjeM mpemnoaraThb, 9T0 KaxK bl HIPOK MOKET IIepeaTh MapTHEPY YacTh CBOEIO
BBIUTPBINIA U 9aCTh PUCKA. [Ipr 3TOM cYMTaeM, 9TO BHIUTPHIIIN CYMMUPYIOTCS TOJBKO C BBINIPHIIIAMHE,
a PUCKH C PUCKAMU.

Huxe ucnonbsytorest Bekropa f = (f1, fo) u ® = (®1,P2) u nosaraercsi, 9T0 npUMeHsieMble B
CJIEJIYIONIEM ONPEJIEJICHUN MAKCUMYMbl U MUHUMYMBbI JIOCTUTAIOTCsI, a byHKIMK BuArpbIma f;(x,y) u
pucka D;(z,y) HenpepbiBHbl Ha X X Y.

Omnpepnenenne 2.1. apaHTHPOBAHHBIM MO BBIUTPHINIAM U PUCKAM PEIEHHEM KOOTEPATUBHON UTPHI
JIBYX JIUIL ¢ TOOOYHBIME IJIATEXKAMH ¥ IIPU HEOIPE/ICIEHHOCTH HasbiBaeTcs Tpoiika (x*, f*, &), ars
KOTOPOIi CyIIeCTBYeT HeONpPeIeIeHHOCTD ¥, € Y TaKasl, UTO BBLIIOJHAIOTCH CJIEYIONIIe TPU yCAOBHUA:
19, yerosue KoareRMUSHOT PALUOHANDHOCTIA

2
max Z; fi(z,yp) = Idem[z — z*]; (2.11)
1=

20, yeaosue "meyryduaemocmu " CymMmMapro20 6bULPOLG U PUCKA
2
min > [fi",y) — @i, y)] = Idemly — yp; (2.12)
i=1

30, yeaosue undusudyasvHoti pauoHabHOCTIAL: €CITH

2 2 2 2
i=1 i=1 i=1 =1
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TO CIIpaBe/JyInBa CUCTE€Ma U3 YeThbIpeX HEPABCHCTB
fEz R, 9 <@yl (i=12) WyeY. (2.13)
IIpu srom mapy f* = (ff,fy) HasoBeM eapanmuposarnom eexmoproim deaesicom, mapy P =

* * * 3 -
(7, ®5) - eapanmuposarnvim exmoprvim puckom urpst (1.1), a z* - curyanumeit, rapanrTupyiomieii
STU JIeJIesKU U PUCKU.

Bameuanmue 2.1. Eciau dynknus fi(z,y) cuabHO BhIyKIIa 110 T2, a GyHKIUs fo(2, y) CHIBHO BBITYKJIA
1o 1, To Mmakcumunbt fL[y] (i = 1,2) He cymecTByioT u, cie10BaTe bHO, yeiosue (2.13) B onpeesenun
2.1. yaursiBaTh He HyKHO [1].

Jlemma 2.2. HUwmerom mecmo caedyrouue sK6UBAAEHUUL

2
[(2.11)] < [Ixnel)Ig; Q;(z,yp) = Idem[z — x*]] &

2
@ lm%Z [Fi(, yp) — Dala,y,)] = Idemfw — :c*]] .
=1

JokazarenscTBo. IIpuBejieHHbIe 3/1€Ch SKBUBAJIECHIIMN UMEIOT MECTO, IIOCKOJIbKY, ¢ yaeToM (2.4),
2 2

max [fi(@,yp) — @iz, yp)] = max 2fi(z,yp) — fi(@P (yp), yp)] =
i=1 =1

2 2
= 2?&(2 filz,yp) — Z Fi(2P(Yp), Up),
i1 i—1

2
E (P
fl(x (yp)7yp)
i=1
He 3aBUCHUT FBHO OT .
Bameuanne 2.2. Ilapa (2%, y,), Hailnenas u3 rpeboBanuii 19, u 29 onpenenenus 2.1. sBiseTcs ce-
JIOBO# TOYKOI1 JIJISI aHTArOHUCTUYECKON UI'PBI

2
<X7Y’ Z[fl(xvy) - (I)i(xvy)bv
=1

TO €CTb
2

2
* * : * *
max [fl(xayp) _q)i(xvyp)] = E [fl(w 7yp) —(I%(.’B ayp)] = min [fl(x ,y)—@l(:v 7y)]
zeX 4 : yey «
1=1 =1 =1

eiicTBuTesibHO, JIEBOE HEPABEHCTBO YCTAHOBJICHO B JieMMe 2.2, a mpaBoe coBnajaet ¢ (2.12).

Cremyroriiee yTBEPKICHUE YCTAHABIUBAET MPUHIUIIMAIBHYIO BO3MOXKHOCTD PACIIPEJIC/ICHUST MEXK LY
UT'POKaMU CyMMAapHOI'o BHIMTpBINa f; + f5 m cymmapHoro pucka ®7 4+ ®5 Takum obpas3om, 4TOOBI

BBINOJIHAJIOCH YCJIOBHE WHJMBUYAJIbHON parponagbnocTu (2.13).

JIemMma 2.3. Jlaa cymmaprozo evuzpoiuia [+ f5 w cymmaprozo pucka ®7 4+ @35 cnpasedauswt caedy-
0uue HEPAGEHCMEA

ff+f;2f?[yp]+fg[yp]a (2.14)
T+ 95 < 00[y,] + PS[yy]. (2.15)

HokazarenbcrBo. CornacHo (2.11) cymMMapHbIii BBIUTDBIIIT

fik + f; = fl(x*7yp) + fQ(x*7yp) = glea‘% [fl(x7yp) + f2(-75,yp)] > fl(x7yp) + f2(x7yp)

151 J11060i#t cutyanuu x € X, B yacrHoctH jyist cutyanun © = (29(y,), 23(yp)), naiigennoit uz (2.6).

CireoBare/ibHO,
2

ff+f= Zfi(x(l)(yp)v$(2)(yp)ayp) >

=1
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> min fl(l"?(yp)ax%yp) + min fQ(xlaxg(yp)»yp) = flo[yp] + fg[yp]-
z2€X2 z1€X1
AHanornvHo ycraHaBIMBaeTCs HepaBeHCTBO (2.15).

Jlemma 2.4, Hmeem mecmo caedyowan UmMniukayus
[(2.12)] = mecosmecmna cucmema u3 YEMBPET HEPABEHCME

U3 KOmopuxr romsa 6v. 00Ho cmpozoe.

HokazareabcTBo. [IpeamnosokuM IPOTUBHOE: MyCTHh CYIIECTBYET HEONPEIeeHHOCTh § € Y Takas,
YTO COBMECTHA CHUCTEMa U3 YeThIPEX HEPABEHCTB

—®;(2*,7) < —®F (i=1,2)
13 KOTOPBIX, 10 KpallHell Mepe, OfHO CTPOTroe.
CxkJia/ibIBasi JIEBbIE U IIPABbIE YACTH HEPABEHCTB, TOJIYIUM
2 2

2 2
D il g) = i@ g <Y fF =D 0= [fila" ) — Bila" )],
i=1 i=1

i=1 i=1
9710 nporuBopednt (2.12).

Caencreue 2.1. I3 aemmo, 2.4. caedyem, wmo neonpedeserwnocms y, € Y, natidennasn us (2.12),
ABAAEMCA MUHUMAAGHOT no [lapemo 6 wemwviperkpumepuasoHotll 3adave

(Y, L"), =@ ) b )

Orcrofia nojty9aeM, 9To IPU UCIIOJIb30BAHUK UTPOKAMU CUTYAIIMN T U peau3alyn 060l Heompe-
nesiensoctr y € Y Bbmrpbimm urpokos fi(z*,y) (i = 1,2) He MOryT crarb OJHOBDEMEHHO MEHbIIe
COOTBEeTCTBYIOIMNX KoMmoHeHT f* Bektopa f* = (ff, f5), a pucku ®;(z*,y) (i = 1,2) onHOBpeMeH-
HO Gosbine ®F - KOMIOHEHT rapaHTHPOBAHHONO BeKTOpHOro pucka ®* = (&7, ®%). B srom cocrour
"rapanTupytomuii cmbica"ycobust (2.12).

3. JIMHENHO-KBAIPATUYHASA UTPA

B kauecrse IPUJIIOZKEHU A PACCMOTPHUM CJI€AYIOUTYIO J'II/IHGIU/IHO—KBEL,Z[paTI/I‘IHYIO KOOIIEpaTUuBHYIO UI'DY
JABYX JIUIT C IIOOOYHBIME ILIATEXKAMU U Ipy HEOIIPEJICJICHHOCTH

({12} X = R™} im0, Y = R™, {fil@, )i ) - (3.1)

Bneck cTparernn i-ro urpoka x; € R™ (i = 1,2), curyamun © = (21, 22) € R?", meonpenenenHocTH
y € R™ ¢dbyHKIMS BBIUCPHIIIA (-T'O0 UCPOKA JUHEHHO-KBAIPATAIHA:

filz,y) = 2} Az + 22\ By + y'Ciy + 2a,,m1 + 2alqm0 (i =1,2), (3.2)

rZe MaTPHUIbI COOTBETCTBYIOIINX pasMepHocTeii A;;, B u C; mocrosausl, npuieM Ay u C; CHMMETPUYHEL,
n-BekTopa a;; (4,j = 1,2) TakKe HMOCTOSIHHBI; IITPUX CBEPXY O3HAYAET OIEPAINIO TPAHCIOHUPOBAHHUSL.
Beesem obo3HadeHus:

C=0C1+4+0Cy C,=alC +(1 —04)02,

a; = a1 +az (i=1,2), an =aay+ (1 —a)ay (1 =1,2),

_ 1—a)? - 2-«
ki = B'Ay < > agr —an |, ke =—-B'A}} |:a11 + a21] k= Fk1+ ko,
1 1 2 —1 2 —1
N = ?aixlAll Qa1 — aalllAn Gal = 777 aa'12A22 a2,
_ 1 / Afl 2 / A*l 2 / A*l _
Y2 = m%& 22 G2 = A1 411 Gl — T 92899 Ga2, Y =1 + 72, (33)

qncso « € (0;1).
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Hamee A < 0 (>, >, <) osmauaer, 4yTo KBaJparudnas ¢popma z' Az onpeeneHHo orpuraTe/bHa
(OIpeIEIEHHO MOJIOKUTEIbHA, HEOTPHUIATE/IbHA, HEIIOJIOKUTETHHA).
YrBepxkaeune 3.1 Ecau A;; <0 (i =1,2), mo das uepw. (3.1) dynryuu pucka (2.4) umerom eud

1 -2« _
Py (z,y) = o2 y'B'A[' By + 2[k] — @] Bly + v — ] Anzy — 2a),21 — 2a)y2s,

3.4)
5 ) (
‘1)2(% y) = —ay’B’AHlBy + 2[% - 93,13].@ + v - m/214225102 - 2‘1/21901 - 2(1,22532,

2de nocmosannas o € (0,1), a eexkmopa k; u wucaa ~y; (i = 1,2) onpedeaenv, 6 (3.3).

HoxkaszareabcTBo. [Ipexie uem nepeiitu K nocrpoennto GpyHkImit pucka (2.4) HaiijeMm MakCuMajb-
ayto 1o ITapero anprepuarusy xP(y) B JIByXKpHUTEPHAJILHON 3aja4e

P(y) = (X =R {fil@. 1)} 1) (35)

oty 9eHHoit n3 urpsl (3.1) npu Kaxk10il GUKCHPOBAHHOI HEONPEEIeHHOCTH Y € Y.
Hust aroro, ciaenys [3|, nocrpoum dbyHKIumio

@(x,y) = afl(l',y) + (]' - Ol)fQ(l',y) =
= aziAnz + (1 — a)zyAxnzs + 22 By + ¥ Coy + 2al,, 71 + 2a,522
rie nocrosiuaag « € (0,1).

[Mockonbky A < 0 (i = 1,2), To npu Kaxk0M dbukcupoBanHoM y € Y dbyHkus ¢(z,y) JocTuraer
MakcuMmyMa Ha curyaryn 2P (y), HallleHHO# 13 yCaIoBuii

%p(x,y)
83;%

9p(z,y)

oo, lri=al = On:

=24, <0 (Z =1, 2). (3.6)

Pagencrsa u3 (3.6) umeror Bu

aAnzi(y) + By + a1 = Oy,
(1 — a)A2225(y) + aa2 = 0y,

rae 0, - HyJIeBOil n-BekTop. OTCIOna

1,
o (y) = _aAnl(By + Ga1),
1 _
z5(y) = 1_a aAzzlaaZ-

YunteBast (2.4), MOIyIHM CIpaBe IHBOCTE (3.4).

(3.7)

VYrepxkaenune 3.2 Ecau A;; <0, C; >0 (i =1,2) ua € (0,1/4), mo das uepw (3.1) cywecmseyem
24PAHMUPOBAHHOE NO BVULDOAUAM U PUCKAM DEULEHUE.

HokazaTesabcTBo. [loctpoum dbyukIinm
2 2
i=1 i=1
rie
P(x,y) = 2] Ap1ay + 2hAgexs + 42 By + v/ Cy + 2a) 21 + a5,
1 4o
a2

X(z,y) = 22 A1121 + 225 Agowo + 2[4\ B — K'ly +4/ [C’ — B'AI_IIB] y + 4a w1 + dabxg — .
CoryiacHo 3aMevaHuio 2.2, rapaHTUPOBAHHOE 110 BLIUTPBIINIAM U PUCKaM pernenue urpbl (3.1) cyime-
CTBYeT, ec/u

Pilew) — 94, <0 (i=1,2)

Ox2

(3.8)

ITepsoe TpeboBanue B (3.8) numeer mecro B cuny A; < 0 (i =1,2).
Cupase/yinBa TakzKe IEN0YKa UMILTHKAIAIL

[A;1 <0] = [A;'<0] = [BA]'B<0] = [-B'A'B>0),
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ancio 3¢ > 0, rk. o € (0,1/4).
Torma

1 -4« _
—TB’AHlB >0

1 IIO3TOMY
[Ci>0 (i=1,2)] = [C=0Cy+Cy>0],

1—-4 1—-4
[C;>0 (i=1,2)] A [_TO‘B'A;B >0] = [C— TO‘B'A;;B > 0].
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STATIONARY TRANSPORT EQUATIONS; THE CASE WHEN THE
SPECTRUM OF COLLISION OPERATORS HAS A NEGATIVE PART

KArABASH .M.
DONETSK NATIONAL UNIVERSITY,
DONETSK, UKRAINE

Consider the boundary value problem

w5 ) = B w) — a0l ) (0< v < o0, weD) 01)
(0, p) = oy (p) i w(p) >0, (0.2)
/ z, )| |w(p)|dp = O(1) as x — 00, (0.3)
(w, 1) satisfies self-adjoint boundary conditions
of the differential operator L :y — L(—y” + qy). (0.4)

|w]

Here 7 is a finite or infinite interval, the weight function w changes its sign on Z. We assume that
w and ¢ is locally summable and w(u) # 0 a.e. The operator L.y : y — —y” + qy is called a
collision operator. We assume that the operator L (defined by the expression |w|™'L.y) is endowed
with boundary conditions that make it into a self-adjoint Sturm-Liouville operator in the Hilbert space
L?(Z,|w(x)|dr). Boundary value problems of this (forward-backward) type arise as various kinetic
equations (e.g., [2, 6]; for other applications of Eq. (0.5) see [19], [17] and references).

The formal similarity between Egs. (0.1)-(0.4) and the half-space problems of neutron transport,
radiative transfer, and rarefied gas dynamics has given rise to the emergence of abstract kinetic equation
theory |7, 2, 13, 6]. In this paper we will consider the abstract kinetic equation in the following form:

W _JLez) (0<z<oo), (05)
dx
where J and L are operators in the abstract Hilbert space H such that J = J~! = J* is an signature
operator in H and L is a self-adjoint (bounded or unbounded) operator. By Py we denote the orthogonal
projections onto Hy := ker(J F I); clearly, J = Py @ P_. The problem is to find continuous functions
¥ : [0, 4+00) — H which is H-differentiable on (0, 00) and satisfies Eq. (0.5) with the following boundary
conditions

Piy(0) = ¢4, (0.6)

[Y(@)lr =0@1) (2 — +00); (0.7)

here ¢, € H, is a given vector. If we define L by (0.4) and put H = L%(R, |w(u)|dp),
(1) (1) 1= (sgnw(p)) (1), we get problem (0.1)-(0.4).

The case when L is nonnegative and has discrete spectrum has been described in great detail in
[2, 8, 6, 18] (see also [14, 17] for the case when Re L := (L 4+ L*)/2 > 0).

The aim of this paper is to remove both assumptions mentioned above. In Section 2 we use results
from [4, Section 5] to extend the approach of [7, 2, 8| to positive operators L with a nonempty continuous
spectrum. Problem (0.5)-(0.7) with the operator L such that o(L) NR_ # ) is considered in Section
3. Our method is based on the spectral theory of definitizable operators in Krein spaces (see [12, 3|)
and results from [5, 10, 11].

Notation. Let T" be a linear operator in a Hilbert space H. In what follows dom(7T), ker T, ran T’
are the domain, kernel, range of T, respectively. We denote by o(T') the spectrum of 7. We write
f € ACj,(R) if the function f is absolutely continuous on each bounded interval in R.
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1. PRELIMINARIES

In this subsection we collect some definitions and statements from the theory of linear operators in
a Krein space. The reader can find more details in [12, 1].

Consider a Hilbert space H with a scalar product (-,-). Let J be an operator in H such that
J=J'=J*and let [-,-] := (J-,-). Then the pair K = (H,[-,"]) is a Krein space (see [12, 1] for the
original definition). If J # I, then the form [-, -] is an indefinite inner product.

Let T be a closely defined operator in H; T denotes J-adjoint operator of T defined on the set
of all ¢ € H such that f — [T'f,g] is a continuous linear functional on dom(7") by the relation
Tf,g] = [f, T¥g], f e dom(T). Clearly, Tl = JT*J, where T* is the adjoint operator with respect
to the scalar product (-, ).

An operator T is called J-nonnegative if [T'f, f] >0 for f & dom(7). An operator T is said to be
J-self-adjoint, if T = T,

Definition 1 ([12]). A J-self-adjoint operator T' is called definitizable if p(T) # () and there exist a
real polynomial p such that [p(T)f, f] > 0 for f € dom(p(T)); the polynomial p is called a definitizing
polynomial.

Let T be a definitizable operator. Then by [12, Proposition 2.1], the nonreal spectrum of 7" consist
of finite number of eigenvalues of finite Riesz index. Consequently, there exists the Riesz spectral
projection E¢ corresponding to o(7T) \ R; the operators E¢c and Eg := I — E¢ are bounded J-self-
adjoint projections. Denote ¢(T) := (NN(p)) N o(T) N R, where N(p) is the set of zeroes of the
polynomial p, and the first intersection runs over all definitizing polynomials p of T'. Let &1 be the
semiring which consist of all bounded intervals of R with endpoints not in ¢(7") and their complements
in R.

Theorem 1 ([12]). Let T be a definitizable operator. Then there exist a mapping A — E(A) from &
into the set of bounded linear operators in H with the following properties (A, A" € Sy ):

(E1): E(ANA') = E(A)E(A"), E@®) =0, ER)=Eg, EA)=EA);

(E2): E(AUA) = E(A)+ E(A') , if ANA" =0,

(E3): the form =[] is positive on E(A)H, if +p(t) > 0 on AN o(T) for some definitizing

polynomaal p of T';
(E4): E(A) is in the double commutant of the resolvent of T and o(A | E(A)H) C A;
(E5): if A is bounded, then E(A)H C dom(T) and T | E(A)H is a bounded operator.

According to [12], a number s € R U {oo} is called a critical point of T, if for each A € &7 such
that s € A the form [, -] is indefinite on E(A)H. By ¢(T) denote the set of critical points. Properties
(E3)-(E5) imply that ¢(T) C &(T) C ¢(T') U {o0}.

If a € é(T), for arbitrary Mg, A1 € R\ ¢(A), Ao < 0, A1 > a, the limits

lm B(o, A, lim B(A, M) (L1)

exist in the strong operator topology. Here we agree that, if @« = oo, then \; > a (A | a) means
A1 > —o0 (A | a, respectively). If o € ¢(T") and the limits (1.1) do still exist, then « is called regular
critical point of T', otherwise « is called singular.

Consider now a regular Sturm-Liouville operators of type

A= (sgnw(p))L = ﬁ(—cﬂ/du? tan), peT=lab), —co<a<b<4oo,  (1.2)

where the operator L is defined by (0.4) and the boundary conditions
y(a)coswy +y'(a)sinwy =0, y(b)coswy + y'(b) sinwy = 0.

We assume that L is a self-adjoint operator in L?(Z, |w(u)|du) and that the sets Ty := {u € T : w(u) >
0} and Z_ = {p € T : w(p) < 0} are both of positive Lebesgue measure. The elements of the set
Ty NZ_ are called turning points of w.

Definition 2 ([3]). A nonnegative (nonpositive) function w is said to be simple from the right at pg
if there exist § > 0 such that

w(p) = (1 —po) p(r)  (w(p) = —(u — po)"p(u), respectively)
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holds on [ug, po + 0] with some 7 > —1, p € C{uo, o + 8], p(po) > 0, and p’(pp + 0) = 0. A function
w is said to be simple from the left at pg if the function p +— w(—(u — pp) + po) is simple from the
right at pug. A function w is said to be simple at g if it is simple from the right and simple from the
left at p (with, possibly, different numbers 7).

Theorem 2 ([3]). Assume that the function w has a finite number of turning points and w is simple
at all turning points. Suppose that the function q is bounded. Then A is definitizable operator and oo
1s reqular critical point of A.

2. EQUATIONS WITH J-NONNEGATIVE OPERATORS; THE CONTINUOUS SPECTRUM CASE

In this section we consider problem (0.5)-(0.7) with nonnegative self-adjoint operator L,
L = L* > 0. We eliminate the assumption that the spectrum of L is discrete.

Put A := JL. Then A is a J-self-adjoint and J-nonnegative operator in the Krein space K :=
(H,[-,-]), where [-,-] := (J+,-). Suppose p(A) # (). Then A is a definitizable operator. It is evident that
only 0 and oo can be critical points of A. For the sake of simplicity we suppose in this section that
ker L = 0 (clearly, ker A = ker L).

Assume that

neither 0 mnor oo are singular critical points of A. (2.1)

This condition imply that the J-orthogonal projections Pf := E(R4) are bounded operators in H; here
E(-) is the spectral function of A (see Preliminaries). Let H{ := ran P{}. Since ker A = 0, Theorem 1
implies that H = Hf—&-Hf

The following fact is well known.

Proposition 1. If A is a J-nonnegative definitizable operator and ker A = 0, then condition (2.1) is
fulfilled if and only if A is similar to a selfadjoint operator in H.

The following proposition follows from results of Ginzburg [1, Section I.4] and Theorem 1.

Proposition 2 ([4]). Suppose condition (2.1) is fulfilled and ker A = 0. Then the restriction T4 :=
Py | HY : H{ — H, is bounded and boundedly invertible bijection of H4 onto Hy.

Combining Proposition 2 with the approach of |7, 2, 8], we obtain the following result.

Theorem 3 ([9]). Assume that condition (2.1) is fulfilled and ker A = 0. Then for each
¢4 € Hy, there is a unique solution ¢ of (0.5)-(0.7). This solution may be written in the following
form

+o0

va) = [ e dBI 0,
+0
where the integral converges in the norm topology of H.

It is proved for wide classes of ordinary and partial differential operators that co is a regular critical
point (see [3, 18, 16| and references). If additionally L > 6 > 0, then 0 is not a critical point and
Theorem 3 yields that there exist a unique solution of (0.5)-(0.7).

In the case when 0 € o(L) the critical point at 0 may appear. If the spectrum of A accumulates at
0 from both sides, then 0 is a critical point of A. Regularity of critical point 0 has been studied only
for several model classes of differential operators (see |5, 10, 11| and references). Two applications of
these results to problem (0.1)-(0.4) are given below.

Example 1. Let w(p) = sgnu, let Loy @ y — —y” + qy be a self-adjoint Sturm-Liouville operator in
the Hilbert space H = L?(R). Then L = L.y, (Jf)(p) = (sgnu)f(p). Let ¢ be a finite-gap potential
and A := JL = (sgnp)(—d?/dpu? + q). Then ker A = 0 and the operator A is similar to a self-adjoint
operator [10] (see also [9]). Hence, Proposition 1 and Theorem 3 yield the following result: for each
¢4 € L3(Ry), there is a unique solution of the problem

2
(sen )22 (2, 1) = %ﬁ(a@ () (0<z<oo, pER) (2.2)
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w00 =) it w>0, [l wPdni=0) a2
R

This theorem is a generalization of results from [19].

Example 2. Let w(p) = (sgnp)|p|®, o > —1, let H = L*(R, |u|*dy). Consider following [5, 11] the
operator

(Ly)(p) = |p|~*y"(n) , dom(L)={ye€ H : y,y € ACjoc(R), Ly € H} . (2.3)
2

The operator A = (sgnpu)L = 2 is J-nonnegative definitizable operator in the Krein space
w dp

L?(R,w(p)dp); here (Jf)(z) := (sgnz)f(x). It has been proved in [5, 11] that 0(A) = R, ker A = 0,
and the operator A is similar to a self-adjoint one. Thus, 0 and co are regular critical points of A. By
Theorem 3, we obtain the following result: for each ¢, € L*(Ry, udp), there is a unique solution of
problem (0.1)-(0.3) with w(u) = (sgnp)|p|® and L defined by (2.3). This theorem is a generalization
of some results obtained in [15] by another method.

3. EQUATIONS WITH OPERATORS L SUCH THAT o(L)NR_ # ()

The aim of this section is to drop the assumption L > 0. We suppose that

L is bounded below, L >, v € R, (3.1)
the operator A := JL is a definitizable operator, (3.2)
and oo is not a singular critical point of A. (3.3)

Assumption (3.2) holds true whenever the form (L-,-) has finite number of negative squares and

p(4) # 0 (see [12]).

Let us introduce the following boundary condition at oo
(E%) : [¥(@)lr = 0™) (2 — +00).
In the sequel, this condition is called the (E“) condition. Our main result is the following theorem.

Theorem 4. Let L > v, v € R, and let assumptions (3.1),(3.2), and (3.3) be true. Then:

1: There ezxist o € R such that problem (0.5)-(0.6)-(E®) has solutions for each ¢4 € H.

2: There exist § € R such that problem (0.5)-(0.6)-(E®) has at most one solution for each ¢, €
H,.

3: Statement (1) holds true for all @« > —minc(A), Statements (2) holds true for all
B < —maxc(A), where c(A) is the set of finite critical points of A (see Preliminaries).

Combining Theorem 4 with Theorem 2, we obtain the following statement.

Corollary 1. Let A be a regular Sturm-Liouville operator of the form (1.2). Suppose that the function
w has a finite number of turning points, w is simple at all turning points, and the potential q is bounded.

Then Statements (1), (2), and (3) of Theorem 4 hold.

The author express his gratitude to V.A. Derkach, who drew author’s attention to the papers |8, 2|;
to M.M.Malamud and V.A.Marchenko for stimulating discussions about this circle of problems.
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MICROMAGNETIC EQUATIONS FOR NANOMAGNETS

V. V. TERNOVSKY, M. M. KHAPAEV
Lomonosov Moscow State University

This paper presents generalized micromagnetic equations which take into account the effect
of magnetization vector variation. The minimization of free energy obeys integral constraint
with supplementary gradient of magnetization vector. 3D simulation results of remanent state
based on the proposed equations is provided for a cubic particle and compared with the results
obtained from conventional micromagnetic theory. In a similar way the proposed corrections that
maintain integral constraint are introduced into the dynamic equation describing spin precession.
Comparison of the modified dynamic equation with the solution of conventional Landau—Lifshitz
dynamic equation shows that the introduction of an additional gradient term is sufficient to
reduce high frequency stiff response.

PACS numbers: 75.10.-b, 75.60.Ch, 75.75.+a

The magnetic field induced by an ensemble of magnetic spins. The magnitude of the magnetization
depends on the number of spins, the extent of alignment and the magnetic moments. The basic
assumption of the theory of micromagnetics [1]- [3] is a postulation of magnetization vector
conservation, |M| = Mg, everywhere within the particle, where Mg is considered to be a function
of temperature but not of space [4]. The equilibrium configuration of magnetic moments is defined
by minimization of free energy functional G (M), which includes exchange, self-magnetostatic and
anisotropy energies, as well as the energy of interaction with the external magnetic field. Minimization
of this functional is performed under the constraint |M| = Mg. As a convex functional G (M) is
minimized with a non convex restriction, there is a spectrum of solutions of a micromagnetic problem
appropriate to metastable states. The dynamic processes in ferromagnetics are studied within the
framework of Landau-Lifshitz—Gilbert (LLG) equation [5, 6], having integral of motion |M| = const.
Thus, magnetization is reduced to the precession and dissipation of a magnetization vector M(r) in
an effective field H.

It is clear that with a smaller and smaller size of structure we should approach the quantum
mechanical behavior of an ensemble of interacting spins, where classical description of micromagnetic
theory loses its applicability. One should remember that magnetization within the micromagnetic
theory is determined by averaging within a sufficiently small volume to have a continuous description.
However this volume should be sufficiently large so that magnetization goes smoothly. With small sizes
of magnetic structures the classical theory of magnetism encounters the following difficulties:

(1) Some solutions contain singularities, the so called “Bloch’s points” |7], which yield uncertainty
in magnetization at the centre of such structures.

(2) LLG equation in some cases demonstrates high—frequency oscillations or even chaos [8|, which
brakes smooth rotation.

(3) Modeling a magnetic reversal encounters a difficulty caused by a topological interdiction for
a continuous turn of magnetization [9], causing the appearance of exotic structures such as
“magnetic drops”.

(4) Coarse graining in micromagnetics LLG equation overestimates Curie temperatures by an order
of magnitude [10].

The listed problems and contradictions are related to the infringement of the initial assumption
about the smoothness of solutions within the micromagnetism theory. In dynamics, probably,
there will be no such volume of spontaneous magnetization, in which this magnetization can be
considered homogeneous, even for single-domain particles. It was clear that the challenge of theory of
micromagnetism is related to condition |M| = Mg. There were few attempts to modify the theory of
micromagnetism by replacing this condition by another one, or by introducing additional terms within
LLG equation. However complete refusal of restriction on the length of M vector, suggested in [11],
is impossible, since the minimum of convex functional G (M) will be achieved at unique distribution
of a vector M, that contradicts experimental data about plurality of such minima. For other critical
comments, related to paper [11] see [12].
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Within the papers [12, 13] an additional part for local fluctuation of free energy was introduced by

the relations ﬁ‘[ (M — My)? dr or

1

o J (M| - |M|)? dr, where My is equilibrium magnetization and xo is the high-field susceptibility

v
at temperature T'. Dissatisfaction with condition |M| = Mg was also discussed in some other papers,

see [14]. Finally, the experiments [15] show that the value of M vector is not conserved for sufficiently
small structures.

Here we do not discuss modification of the dissipation term in Gilbert [6] presentation. It depends
on a particular dissipation mechanism and as it was written in [16] “a myriad of conceivable forms of
damped gyromagnetic precession equations can be imagined”. A modified LLG equation which takes
into account the internal friction, caused by magnetic inclusions and Barkhausen effect was suggested
in [17].

Here we present micromagnetic equations for nanostructures which are applicable on the scales of the
order of exchange length. In classical theory magnetization is understood as a magnetic moment of a
unit of volume of media, which follows from summation of elementary moments of Ampere’s molecular
volume currents (Bohr model)

1 N
M = N;mi, (0.1)
1=

where the number of atoms N is considered to be sufficiently big, so that the transition to a
differentiable function M is carried out in a correct way. If all of the elementary vectors m;

(m? = m? = const) are collinear, then the magnetization reaches its maximal value M = m,.

3
Nevertheless if the condition of collinearity is not met, then M| < |m;| and magnetization varies

from point to point. From (0.1) follows

, 1 N N m2 NN
M :WZZmimszZZcos%j. (0.2)

i=1 j=1 i=1 j=1

According to the bsic assumption of the theory of micromagnetics [1|- [3] one should consider
conservation of value given by formula (0.2). However one can meet the similar sum when exchange
field is introduced in the “classical” description from Heisenberg Hamiltonian [1]. Magnetic moments
of neighboring electrons are almost parallel, thus the angle ¢;; is small and, hence, cosp = 1 — ©A?/2.
At the same time the angle ¢;; is related to the gradient of the magnetization vector. In the same
fashion one can approximate formula (0.2). Thus, passing to a continuous description in Eq. (0.2), one
can find a new generalized integral condition instead of the old local condition ]1\/I|2 = const:

1 2 2 a2
V/(M +C VM| )dr_MS, (0.3)
1%

where V' is the volume of ferromagnetic, and constant Mg is the length of vector M with homogeneous
magnetization at temperatures close to T' = 0. Constant C' = {2, 4(T), where lo, = 1/ A/ 2w M2 is the

characteristic length of exchange interaction, A is a constant of exchange interaction, ¥ — is a function
of temperature. Constant C' is related to the exchange interaction constant, it can be also determined
experimentally, e.g. from analysis of relaxation process in ferromagnets [19]- [21]. The expected value
of ¢ at room temperature is around one.

The free energy functional can be written in standard form (here we use definitions of [1]):

G(M) = Ep + Eep + By, (0.4)

where

1
B, - / [Happ n §Hd6m(M)] M.,
Vv

Fe= 5 V/ (V) + (V34,2 + (VALY ar
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E, = / O (M)dr.
1%

Here E,, presents the magnetostatic self-energy, H,p, is the external magnetic field, Hgey, is the
demagnetizing field, F,, is the energy of exchange interaction, energy F, is related to anisotropy, and
® is a function which depends on the crystal structure of ferromagnetic. We neglected in (0.4) the
effect of magnetostriction [1], and also the corrections caused by thermal fluctuations. The latest is
fair at temperatures T < T, (where T, is Curie temperature). Attention has to be paid to the fact
that within the term of exchange energy we considered an absence of restriction of the length of M
vector [12]. The gradient of the vector function in (0.3) is understood in the same manner as within
E.;. Thus, the corrections to M vector in (0.3) are of the same nature as the corrections to free energy,
caused by exchange interaction.

By a standard way one can find corresponding Euler equation with the help of variation of
functional (0.4) under restriction (0.3)

A
a2 / AM + &' (M) — Hyep, — Hypp = A(M — CAM), (0.5)
S
14

where the Lagrange multiplier A does not depend on spatial value. Here gradient ®' (M) presents an
effective anisotropy field.
It is convenient to write this equation in the following form

H x [M - CAM] = 0, (0.6)
where the effective magnetic field H is presented by
A
H=-0G/oM = WAM — &' (M) + Hyemn + Happ. (0.7)
S

The demagnetization field Hge,, is defined by magnetostatic Maxwell equations:

div (Hgem + 47M) = 0, curl Hy,,,, = 0, (0.8)

where Hge,, = —VU, U is the field potential inside the ferromagnetic. Outside the ferromagnetic
the field is described by the field potential U;, which fulfills the Laplace equation

AU; = 0. (0.9)
The coupling conditions on the surface S of magnetic particle are given by
oUu oUy

Here n presents the normal unit vector to surface S. Potential U; should obey, additionally, the
requirement of regularity at infinity.

From (0.5) follows, that the constant of exchange interaction determined experimentally is given
by A — )\CMg, where A — the constant of exchange interaction for “bulky” sample, where the effects
of changing M magnitude can be neglected. The multiplier A for nanoparticles can be efficiently
approximated by the average energy (0.4) for single-domain state and calculated analytically. Thus,
constant C' is uniquely determined.

The restriction (0.3) prohibits the singular solutions of the “Bloch point” type M = Mgr/|r|,
although this solution presents formally the stationary point of G(IM) functional with local constraint.

It can also be proved, that minimization of the functional G(IM) with integral restriction (0.3) is a
well-posed problem for some C' < C*, where C* is defined from transcendental algebraic equation (we
omitted the corresponding mathematics, which generalized the proof [21]| for minimization of G(M)
with condition |M|? = const).

Having restriction (0.3) and stationary solution (0.6) in mind, one can introduce the modified
Landau—Lifshitz equation applicable for nanoparticles. This modified equation can be written as a
sum of precession and dissipative terms
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oM
e —vw(M - CAM) x H—-\(M - CAM) x [(M — CAM) x H], (0.11)
where 70 = 1735, A = 1 ‘M_WCO An]> Y0 18 the gyromagnetic ratio, « > 0 — is dissipation constant.

Conservation condition (0.3) follows from this equation, which can be seen by multiplying (0.11) by
M — CAM and integrating it over volume V' (condition 0M/dn = 0 should be taken into account on
the surface S). One can see an important difference: classical LLG equation conserves a local value
|M|? = const !, while modified equation (0.11) conserves an integral condition (0.3).

Equation (0.11) can be rewritten in equivalent Gilberts form

oM « oM

—=—y(M-CAM)xH+ ———— (M - CAM) x —. 0.12
5 Yol ) X +\M—CAM\( )% (0.12)
From this equation it follows that in the absence of an external magnetic field the free energy
dissipates:
oG oM a oM\ ”
= — | H—"dr = — dr. 1
ot / at " /WO\MCAM\ < ot > ’ (0.13)
\% \%

We have performed a number of calculations with the modified LLG equation (0.11). Below we present
the results for nanoparticle of the cubic form. This case of a cubic particle was previously analyzed
precisely within the frame of classical theory of micromagnetism [2, 3, 23, 24|. The magnetostatic
potential for parallelepiped can be presented in the following form [23]

oo O ly lz
Ulz,y,2) = % [U@ L UW 4 U(Z)] U@ — / / dpy g / / dy'dZ KF,
00 00
K = cos [m (y — y')] CoS [,uz (z — z’)] , (0.14)

T

Iy
P / M, (6,4, 2) 6 Dgg / M, (6,4, 2) e 6D,

0

where 1 = \/p? + p3, and potentials U® and U®) are presented by cyclic rearrangement of z, vy,
indexes. A similar presentation was used in [24] for 2D case. The advantage of this integral presentation
is related to the ability to use fast Fourier transformation (FFT) for calculations. The establishment of a
stationary magnetization was investigated by solution of LLG equation. To solve LLG equations we have
used an explicit method, suggested in [25]. The parameters of material were chosen according to |26]
(i.e. we consider a uniaxial anisotropy with an easy axis along z and dimensionless anisotropy constant
© = 0.1). The grid of dimension 64 x 64 x 64 was used in calculations. It is known that depending on
the parameters of material and initial conditions a classical problem has a set of stationary solutions
of the “flower state”, “twisted flower state”, “vortex state” and other types [26, 27].

When the size of cube, [, is sufficiently big compared to exchange length l., (e.g. I > 10l., the
solution of LLG problem and modified equation are quite close to each other, hence the classical LLG
equation is sufficient to describe the magnetization process quite well. With smaller size, [ < 10l.,, we
can see deviations. We recognized the transition to this state from random initial conditions. Modifying
initial conditions we were able to see other states as well.

In dynamics we have found that the modified equation permits a smooth transition, carried out
faster then from classical LLG equation. At the same time parasite oscillations are suppressed by
equation (0.11). Transition to the tortile starts from the surface by reduction of the length of the
central vector. After that the system loses stability and smoothly passes to the state with lower energy.

IBrown [22] suggested replace the strict constraint M? = M2 by a weaker integral conservation condition in the form
<+ [M?dr = M3 but it does not affect the LLG equation.
v
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ON A SOLVABILITY OF SINGULAR CAUCHY PROBLEMS FOR
FUNCTIONAL-DIFFERENTIAL EQUATIONS WITH A (NON)SUMMABLE
SINGULARITY AND (NON-)VOLTERRA OPERATOR

KonyukHOvA N.B.
DORODNICYN COMPUTING CENTRE OF RAS, VAVILOV STR., 40, 119991 Moscow, RuUssIA

1. INTRODUCTION

We represent an approach to the statement and analysis of singular problems for a system of n
nonlinear functional-differential equations (FDEs) with a (non—)Volterra operator and (non)summable
singularity at infinity. We pose a singular Cauchy problem (CP) with the given limit initial data at
infinity or a problem without initial data (e.g., with a requirement of a solution boundedness). The
sufficient conditions for univalent solvability of the problem are formulated as well as for the existence
of k-parameter set of solutions (1 < k < n). In particular the results are needed for correct statement
of singular boundary value problems (BVPs) for FDEs: the dimension of the set of solutions, satisfying
given conditions at infinity, should be coordinated with the number of conditions posed in the other
points of the considered interval. As particular cases, we refer to (generalized) ordinary differential
equations (ODEs) including differential-delay equations, integro—differential equations (IDEs), etc.

The present work continues the investigation developed in [1] — [4], generalizing part of the results
presented in those papers and introducing some new ones.

1.1. Notation: ag, Ty are fixed real numbers, ay > 0; It = [T,00), T > Top; K € {R,C}, |- | is a

norm in K” or associated matrix norm in the linear space L(K") of n x n—matrices; Q,(a) = {z: z €

K", |z| < a}, a > 0; Cp(I7) is the Banach space of bounded continuous functions &£(t), € : It — K™,

wih the notm [€le = [€le, (1) = sup 60 Su(1(t)w) = {6(8) € € Cul ). € =i < 0, w > 0.
T

a closed ball in C),(I7) by the radius w with the center in n(t), n € C,,(I1); Sp(w) dof Sn(0,w); L (I7)

is the Banach space of essentially bounded Lebesgue-measurable functions £(¢), & : It — K" | with
the norm

— 00 = 1 f t = i t 9
(€loc = el = Il sup [€(8)] = vraisup,e, [£(2)
where f1 is the Lebesgue measure; ACI°¢(Ir) is the class of locally absolutely continuous functions &(t),
€ : Ir — K" LI°(Ir) is the class of locally summable functions £(t), & : Ip — K™

In general, in what follows the integration is in the Lebesgue sense.

1.2. Subsets of x-Lipschitz functions. Let G, € {Q,(ao), K"} and let Lip,, = Lip,,(I1, X Gy) be
the class of functions f(¢,x), f : I, x G, — K", such that f(-,z) is continuous Vz € G,, and, on any
set Qy(a) C Gy, (a>0), f(t,-) satisfies the Lipschitz condition uniformly with respect to ¢ € I, with
a constant Ly = L¢(a) > 0. We decompose these functions on four subsets:

Lip,, = Lip,, 5. (e)u Lip,, g, U Lip,,(a) U Eﬁn
Here the following classes are distinguished:
1) Lip,, 5.(¢) = {f(t,z) : f € Lip,(I1y x Gy) and Ve > 0 3b¢, Tz (6 > 0, Q2,(c) € Gy, Te > Tp) such
that in the region Iz, x §,(d.) we can choose Ly = L¢(0.) = ¢};

2) Lip,, o, = {f(t,) : f € Lip, (I, X Qn(ao)) with Ly = Ly(ag) > 0};
3) Lip,(a) = {f(t,x) : f € Lip,(Iz;, x K") and sup L¢(a) = oo for any choice of Ls(a) > 0 in
a>0

Iy X Qn(a)};
4) Lip,, = {f(t,z) : f € Lip,,(It, x K") and Va > 0 there exist L¢(a) > 0 in Iz, x ,(a) such that
Ly =supLf(a) < oo}
a>0
Although the class Lip,, 5_(¢) is absorbed by other three classes, it is convenient to consider this class

separately because, for FDEs with nonsummable singularity at infinity, it permits to formulate more
general and practically needed results.
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2. STATEMENT OF THE PROBLEMS AND PRELIMINARY REMARKS

We consider a system of n nonlinear FDEs on a semi—infinite interval in the form:
¥ =Alt)z + M(t)(FNz)(t) + g(t) a.e.on Ir. (2.1)
Here, in general, the left end of Iy (T > Tp) is mobile and defined in the theorems; = : Iy — K™,
g: Ity — K" A M : I, — L(K"), the entries of A(t), M(t) and ¢(t) are locally summable functions;
N is a local Nemytskii operator (LNO), N : Cy,(I1,) — Cn(I1,),
(H1) (Nz)(t) = (Nypz)(t) = f(t,2(t),  f€Llip,,  f(t,0)=0; (2.2)
F : C,(Ir) — L¥(Ir), (FNx)(t) = (F o f(-,x(:))(t), where a mapping F, generally speaking,
nonlinear, nonlocal and depending on a choice of T, satisfies conditions [1]:

(H2) F0)=0, [F()-F(@)lw<l¢=Elc Ve Cu(Ir). (2.3)
Because I is a semi-infinite interval, we say that Eq.(2.1) is singular and F' is a singular operator.
For Eq.(2.1), the sufficient conditions for the existence of the bounded solutions, belonging to the class
AC’}EOC(IT), depend on a type of singular point at infinity and on the mapping F' properties. First of
all, extending a concept of Volterra operator [5] on singular FDEs under consideration, we introduce

Definition 1. Let T (T > Tp) be fixed and let a mapping F, F : Cn(I7) — Ly°(I5), be given. We
say that F' is a singular Volterra operator (SVO) iff VT' > T and V&, & € Cn(I7) from an equality
&1(t) = & (t) on Iy follows

(F&)(t) = (F&)(t)  ae. on Iy
otherwise F' is a singular non—Volterra operator.

The simplest SVOs are the following: 1) F' is an embedding C,(I1,) into L°(Ig,), ie., F(§) =
§ V€ € Cu(Ir,); 2) F is a generalized LNO, ie., (F&)(t) = (N6)(t) = ¢(t,£(t)), £ € Cn(Iry),
P - CH(ITO) - L%O(ITO)'
Remark 1. It is obvious that: 1) if F' is an embedding C),(I,) into LY°(I,) and entries of A(t),
M (t) and g¢(t) are (piecewise) continuous functions on I7,, then Eq.(2.1) is a system of ODEs; 2) if
F is a generalized LNO, then Eq.(2.1) is a system of generalized ODEs; 3) Eq.(2.1) is a system of
differential-delay equations when (F¢)(t) = £(h(t)), h : I, — Igy4r, T > 0; 4) if F is an integral
operator, then Eq.(2.1) is a system of IDEs, etc.

For a concept of (non—)summable singularity at infinity to Eq.( let us introduce the values

2.1),
14(T) :/|A(t)|dt, In (T) :/|M(t)|dt, 1,(T) = ’/g(t)dt, T>T. (2.4)
T T T

Definition 2. We say that Eq.(2.1) has a summable singularity at infinity iff the inequalities
(H3) IA(T(]) < 00, IM(TO) < 00, Ig(T[)) < 00 (2.5)
are valid; otherwise there is a nonsummable singularity at infinity.

The inequalities (2.5) are analogous to the Caratheodory—type conditions for generalized ODEs (see,
e.g., [6], Chapter II).

Remark 2. When in (2.4) the integration is in the Riemann sense, the improper integral from g(t) may
be convergent conditionally and nonconvergent absolutely (hence the corresponding Lebesgue integral
doesn’t converge). Then the relations (2.5) become similar to the conditions of |7] for ODEs.

Already for ODEs with a nonintegrable singularity, as it has been demonstrated on the example in
[8], the Caratheodory—type conditions, i.e., the restrictions to a growth of given functions with respect
to t, generally speaking, cannot provide an existence of a solution to singular CP with the limit initial
data in such singular point.

For Eq.(2.1) with a nonsummable singularity at infinity, following [2]-[4] we select a general
linear equation
¥ = A(t)r a.e. on I, (2.6)
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and subject its solutions to one from the following hypotheses:

(H4) All nontrivial solutions of Eq.(2.6) are unbounded as ¢ — oc.

(H5) There is no solution of Eq.(2.6) tending to zero as ¢t — oo other than z(t) = 0.

(H6) The hypothesis (H5) is valid and moreover the matrix A(¢) has (a.e. on I7,) a constant
nontrivial k—dimensional kernel (1 < k < n), generating in K" a k—dimensional subspace independent

of ¢.

Then instead of (2.4) the following auxiliary magnitudes are defined:

JMGL—/MM@@MN@M& Jﬂﬂ—L/UAa@m@%, £ T 2.7)
Ju(T) = sup Ju(t),  Jo(T) = sup J,(t), T >Tp. (2.8)

telr telr

Here we denote by Ua(t, s) the Cauchy matrix, Ua(t, s) = ®4(t)®'(s), where ® 4(t) is a fundamental
matrix for Eq.(2.6), and suppose that at least

(HT) Tu(To) < oo, Jy(Tp) < oc. (2.9)
For a statement and study of singular CPs with the limit initial data at infinity, the following additional
conditions (one or both) will be necessary:

(HS8) Jim Jy(t) = 0; (2.10)
(H9) lim Jy(t) = 0. (2.11)

First of all we formulate three singular problems without initial data at infinity.

Problem 1. For Eq.(2.1), find a solution x(t), z € AC°(I7), lying in the ball

sup |z(t)] <w, w >0, (2.12)
telr

where w is a certain finite, in general mobile and depending on 7" magnitude (0 < wpin(7) < w(T') <
wmax(T") < 00), determined in the theorems.

When f: I, x K* — K", it is naturally to consider the case w — oc.

Problem 2. For Eq.(2.1) when f € ﬂﬁn U Lip,,(a), find a solution x(t), x € AC°(Ir), satisfying the
boundedness condition:

sup |z(t)| < oo. (2.13)
telr

Problem 3. For Eq.(2.1), find a solution z(t), x € AC!¢(I7), such that
3 lim z(t) : | lim z(t)] < oo. (2.14)
t—00 t—00

The posed below Problems 4 and 5 are singular CPs with given limit initial data at infinity; in
addition Problem 5 is regarded also as a limit singular problem with free parameters accompanying
to Problem 3.

Problem 4. For Eq.(2.1), find a solution z(t), x € AC°(Ir), satisfying condition
lim z(t) = 0. (2.15)
t—o0



162

Problem 5. Let M%) be a given k—dimensional manifold embedded in K": M (k) Gn, 0 <k <n.Let
Coo be a constant vector, belonging to this manifold. For Eq.(2.1), find a solution x(t), z € ACY¢(Ir),
satisfying condition
lim a(t) = . e € M), (2.16)
—00
Thus either ¢, is a fixed point in G,, (kK = 0), so that Problem 5 is a singular CP, or ¢ is a vector

with k arbitrary components (1 < k < n) and hence Problem 5 defines a k—parameter set of solutions
to Problem 3.

Remark 3. In the previous papers [1]-[4] the practically important Problems 3 and 5 are not discussed.

In order to study the above problems, we would like to adapt the contraction mapping principle
(see, e.g., [9], Chapter 8) to the corresponding operator equation
w(t) = (V@)(t), t>T, (2.17)

where V' : Cy,(I7) — Cn(Ir). It is obvious that a form of V' depends on a problem statement and on
the hypotheses to Eqgs.(2.1),(2.6).

3. FDES WITH A SUMMABLE SINGULARITY AT INFINITY

A class of FDEs (2.1) with a summable singularity at infinity is under consideration in detail for
the first time. This sufficiently simple case is found to be less trivial at least when F' is a non—Volterra
operator. Moreover a comparison of this case with more difficult FDEs with a nonsummable singularity
at infinity is also helpful.

For Eq.(2.1), when (H1)-(H3) are fulfilled, we consider Problem 5 (with k£ = 0 or £ = n) and replace
this problem by equivalent functional-integral Eq.(2.17) with the operator

(V(x))(t) = oo — /[A(s)x(s) + M(s)(FNz)(s) 4+ g(s)lds, t>T. (3.1)
We fix w (w > 0, Qn(w) € Gp) and T =T (T > Tp) such that the inequalities

INT) <q/4,  In(T)<q/(4Lg),  I,(T) < w(l - q)/2 (3.2)
are valid, where 0 < ¢ < 1 and Ly = L¢(w) > 0. For SVO F, due to (H3), we can choose beforehand

the value of T to ensure a realization of inequalities (3.2). For singular non—Volterra operator F', these
inequalities are also assumed to be fulfilled (e.g., by means of a choice of entering FDEs parameters or
due to a posteriori determination of F' on the interval I, etc.).

Further, for fixed ¢y, satisfying restriction

|Coo| < w/2, (3-3)

we consider the operator (3.1) on the closed ball S, (¢s0,w/2) in the Banach space Cy,(I7).

Then for each mapping F' satisfying (H2) and Vz,z € S, (co0,w/2), we get:

V(@) = exclo < Ta(D) (|2 = cocle + lencl ) + Tnt (T) (IFN2 = FNeooloo + |F Nl ) +

+1,(T) < Ia(D) Iz = el + lewel ) + T (T) (IN@ = Newlo + [Newle) + 1,(T) <

< [IA(f) + LfIM(f)] |z — coolc + [IA(T) v LfIM(’T“)} oo + I,(T) <
< (¢/2)w/2+ (a/2)w/2+ (1 = gw/2 = w/2;

V(@) = V(@)le < [Ia@) + Lt (P o = 7lc < (a/2)fa - e (35)

Then operator V' maps the ball S, (coo,w/2) into itself and V is a contraction. As the result, the
contraction mapping theorem gives

Theorem 1. Let the hypotheses (H1) and (H3) be fulfilled and let for a chosen q, 0 < q < 1, the values
W, Coo and T =T be defined as above. Then for any given mapping F satisfying (H2) there exists a
unique fized point T, T € Sp(coo,w/2), of the mapping V defined by (3.1); it can be specified as the
limit

(3.4)

Z = lim V¥(x0) (3.6)

k—o0
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for any starting xo, |xo — coo|lc < w/2, and, for the rate of convergence, we have the estimate

VE(@0) — Zle < [(¢/2)*/(1 = a/2)]IV (20) — wolc (3.7)
A global convergence of successive approzimations to T (i.e., Yxg € Cp(lz)) occurs when: 1)
f € Lip, and Ly > 0 is independent of w constant; 2) f € Lip,(a) and F is SVO but in this

case a choice of T' a posteriori depends on a choice of xo determining in turn a choice of w,
w > 2max [|xg — cso|c, Ig(T)/(1 —q)], and Ly = Ly(w) to satisfy (3.2).

The function Z(t) defined by Theorem 1, is a solution to Problem 1 because

Zlc < |7 — ool + o] < w. (3.8)
Moreover Eqs.(2.17),(3.1) imply the estimates:
7= cwclo < | (1a(T) + LTu(D)) lewcl + 1,(T)] /(1 = a/2), (3.9)
up [7(1) ~ coe] < [IA(T) + LfIM(T)}w +1,(T) VT >T, (3.10)
and, if F'is SVO, thenithe independent of w estimate is valid:
sup [2(1) — excl < | (Ta(T) + LeTaa(T) ) leoo| + 1y(T)| /(1 = a/2) VT >T. (3.11)

Considering Problem 5 with £ = 0 and taking into account these estimates, we obtain

Theorem 2. Let the hypothesis of Theorem 1 be satisfied. Then, for fized coo, the function Z(t, cso
defined by Theorem 1 is a solution to Problem 5 as a singular CP at infinity (with the condition (2.16

)
em. )
as the limit initial data); moreover if f € Lip,, or F' is SVO, then there is no solution to Problem 5

other than Z(t, ¢so).

Examining Problem 5 with & = n as the accompanying to Problem 3 and taking into account the
estimate (3.8), we get

Corollary 1. Let the hypothesis of Theorem 1 be satisfied. Then Problem 3 has the n—parameter set
of solutions T(t, coo) lying in the ball S, (w); moreover when f € Lip,, (or f € Lip,(a) and F is SVO),
there is no set of solutions to Problem 3 and Problem 2 other than Z(t,c~) given by Theorem 1.

4. FDES WITH A NONSUMMABLE SINGULARITY AT INFINITY

For FDEs with a nonsummable singularity at infinity, we introduce the auxiliary values (2.7),
(2.8) satisfying hypothesis (H7) that (in our opinion) replace the Caratheodory—type conditions (2.5)
in more simple and natural form.

4.1. The existence (and uniqueness) theorems. Let (H1) and (H7) be valid and let ¢, w, T
0<g¢g<l,w>0,Q(w)C Gy, T >Tp)l and the values (2.7), (2.8) be such that the relations

Tu(T) = sup Ju(t) < a/Ly, (4.1)
Jo(T) = sup Jy(t) < w(1 = q) (4.2)

hold where Ly = Ly(w) > 0. In addition, let a choice of w, T and Ly be subjected to the following
conditions (with the further requirements to the values (2.7) when it is necessary):

(i) if f € Lip, 5 (), then we put Ly = ¢, w = 6. and T = T. where ¢ : eJy(Ty) < ¢, so that the
relation (4.1) holds; if the inequality (4.2) is not valid, then we suppose that the limit condition (2.10)
is satisfied so that (4.2) holds for a suitable choice of T > T;

(ii) if f € Lip,, 4,, then we fix ¢, w and TO0<q<1,0<w<ag T >Tp) and put Ly=Lf(w) <
L (ap); if for any choice of these values the inequality (4.1) is not valid, then we assume that the limit
condition (2.11) is fulfilled so that (4.1) can be satisfied due to a suitable choice of T in addition, if
(4.2) is not valid, then we assume that (2.10) is fulfilled to choose a new T € Iry;
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(iii) if f € Lip,(a) Ui\iﬁn, then we fix ¢: 0 < ¢ < 1, and w:

w 2wy = Jy(To) /(1 = ), (43)
and put Ly = Ly(w); due to (4.3) the relation (4.2) holds VT > Tp, but if for any admissible values
of Ly and T the inequality (4.1) is not satisfied, then we introduce the requirement (2.11) to choose a
new 1" € Ip,.

Remark 4. If the relations (2.10) and (2.11) are fulfilled and F' is SVO, then the cases (i), (ii) and (iii)
can be indistinguishable (by analogy with the Caratheodory—type Theorems 1 and 2): for any fixed
w >0 (A(w) € Gy), we choose T (T > Ty) such that the relations (4.1) and (4.2) are valid. For the
case of non—Volterra operator F, the inequalities (4.1) and (4.2) are also assumed to be fulfilled (e.g.,
due to a choice of entering FDEs parameters or a posteriori determination of F' on the interval IT)'

Let the indicated requirements be fulfilled. Let us take in C,(I7) a closed ball by the radius w:
Sp(w) ={z(t) : v € Cy,(I5), |7|c < w}. On this ball, we consider the mapping V', V: Cy,(15) — Cy(I5),
defined as follows:

(V(2)(t) = — / Ua(t,s)[M(s)(FNz)(s) + g(s)|ds, t>T. (4.4)

If Z(t) is a fixed point of the mapping (4.4), then = € AC’&LOC(IT) and satisfies Eq.(2.1).
Then for each fixed F satisfying (H2) and Vz,Z € S, (w), we get:
V@)e < Ty PNl + JF) < (DNl + 1) <
< LpJu(T)lxle + Jg(T) < g + (1 = gJw = w,

V(z) = V(#)|c < Ju(T)|FNz — FNE| o <
< Ju(T)|[Nx — Nz|c < LyJy(T)|x — Z|c < gl — Z|c.
Theorem 3. Let (H1) and (H7) be fulfilled and let for a chosen q, 0 < q < 1, the values w and T = T

be defined as above. Then for any given mapping F satisfying (H2) there exists a unique fixed point T,
T € Sp(w), of the mapping V defined by (4.4); it can be specified as the limit

T = lim V¥(x) (4.5)
k—o0
for any starting point xo, |zo|c < w, and, for the rate of convergence, we have the estimate
VF(xo) = Zle < [d°/(1 = @)]|V (o) — wolc (4.6)

A global convergence of successive approvimations to T (i.e., Vro € Cy(I5)) occurs when: 1) f € Lip,,
and Ly > 0 is independent of w constant; 2) f € Lip,(a), F is SVO and (H9) holds but in this
case a choice of T a posteriori depends on a choice of xg determining in turn a choice of w, w >
max{|zo|c,wq}, and Ly = Ly(w) to satisfy (4.1), (4.2).

For function Z(t), defined by Theorem 3, the additional estimates follow from Eqs.(2.17), (4.4):

Zle < Jy(T)/(1 = q), (4.7)
sup|2(t)| < Jo(T) + LiJu(T)w VT =T, (4.8)
t>T
and, if F'is SVO, then independent of w estimate is valid:
sup [B(t)| < J,(T)/(1—q) VT >T. (4.9)
t>T

Using these estimates, we obtain

Corollary 2. Let the hypothesis of Theorem 3 be satisfied. Then: 1) the constructed function Z(t),
T € AC)¥(Iz), is a solution to Problem 1; 2) when either (H8) holds and F is SVO or (H8) and (H9)
hold, then T is a solution to Problem 4 as a singular CP at infinity; 3) if at least F is (generalized)

LNO then: if f € Lip,, then Z(t) exists in the large on [Ty, 00) while if f € Lip,(a) then Z(t) is uniquely
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extendible to the left as long as it remains bounded (at least to Ty > Ty such that Jyr(To) < qo/ L ¢(wqp)
where qo : qo/Lf(wg,) = Osuplq/Lf(wq)); 4)2(t) =0 on Iz iff g(t) = 0 a.e. on I5.
<q<

For Eq.(2.1), we use the method of variation of parameters to obtain the general equation

o0

z(t) = a(t)p — /UA(t, $)[M(s)(FNz)(s) + g(s)lds, t>T,

where p is a vector of arbitrary constants, p € K". Comparing this equation with Eq.(2.17) where V'
is given by (4.4), we obtain

Theorem 4. Let (H4) be valid and let otherwise the hypothesis of Theorem 3 be satisfied. Then: 1)
for any given mapping F satisfying (H2), Problem 1 is equivalent, on the function class AC’,ILOC(IT:), to
the operator Eq.(2.17) where V' is defined by (4.4) so that Problem 1 has a unique solution x(t) defined
by Theorem 3; 2) if F' is SVO and (H8) holds then Z(t) is a unique solution to Problem 4; 3) if (H8)
and (H9) are valid and f € Lip,,, then T(t) is a unique solution to Problem /; /) if f € Lip,, (or
f € Lip,(a), F is SVO and (H9) is true) then T is a unique solution to Problem 2, i.e., it is a unique
bounded solution to Eq.(2.1).

Theorem 5. Let (H5) and (H8) be valid and let otherwise the hypothesis of Theorem 3 be satisfied.
Then for any given F satisfying (H2), if only (H9) holds or F is SVO, Problem / is equivalent to the
functional-integral Eq.(2.17) with V defined by (4.4). Moreover, if F is SVO (or f € Lip,, and (H9) is
valid) then there is no solution to Problem / other than Z(t) defined by Theorem 3; otherwise T is at
least a unique solution to Problem 4 lying in the fized ball Sy, (w).

Corollary 3. If A(t) =0, then Theorem 5 turns into the Caratheodory—type theorem.

Remark 5. Theorem 5 includes the existence and uniqueness theorem of [1] relating to singular CP
for a system of FDEs with a Volterra operator and the limit initial data at a pole-type singular point.

Remark 6. For Eq.(2.1) with a non—Volterra operator F' and a nonsummable singularity at infinity,
only Problems 1 and 2 without initial data were considered in [3], [4]. It became clear, after a study
in detail of Eq.(2.1) with a summable singularity at infinity, that the hypotheses (H8) and (H9) are
important to pose and study singular CPs for above-mentioned case.

4.2. The existence of parametric set of solutions to Problem 3. In what follows we assume
that the hypotheses (H6), (H8) and (H9) are satisfied and we consider Problem 5 (and its association
with Problem 3 ) where by M (%) we keep in mind the k—dimensional subspace in K™ generated by the
constant kernel of A(t).

We fixed gandw (0< ¢ <1, w>0, Q,(w) C Gy) and choose T (T > Tp) to satisfy the inequalities

Tu(T) = sup Ju(t) < q/(2Ly): (4.10)
Jo(T) = sup Jy(t) < w(l—q)/2, (4.11)

where Ly = Ly(w) > 0. Let co be a constant vector belonging to a contraction of the kernel of A(?)
on the domain Q,,(w/2):

Coo: Alt)coo =0 ae. on Iz, |l <w/2. (4.12)
Considering Problem 5 with T' = T and setting
Y= — Coo, Y+ Coo € G, (4.13)
we obtain, for y(t), a singular CP with the parameters which can be written in the form:
v = A(t)y + M(t)[(FN(y + coo))(t) — (FNcoo)(t)] + M(t)(FNcoo)(t) + g(t) a.e. on I, (4.14)
tllglo y(t) = 0. (4.15)
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We take in C,(I5) a closed ball S,,(w/2) and on this ball we consider the mapping V', V: Cy,(I7) —
Cn(I7), defined as follows

(V))(®) == [ Uat.5) M) (N + ex))(0) = (FNew)(5)) +

FM(s)(FNeso)(s) + g(s)]ds, t>T.

(4.16)

We introduce the operator equation

y(t) = (Vy)), =T, (4.17)

and considering (4.14), (4.15) as independent singular CP with the parameters, we obtain (by the
analogy with the previous theorems)

Theorem 6. Let the hypotheses (H5), (H8) and (H9) be fulfilled and let for fived g andw (0 < g <1,
w>0, Qw) C G, ) thevalue T =T (T > Tp) be defined as above so that the inequalities (4.10)
and (4.11) are valid; let coo be a fized constant vector belonging to the domain Qy,(w/2). Then for any
given F' satisfying (H2) singular CP (4.14), (4.15) is equivalent to the operator Eq.(4.17) where V is
defined by (4.16). Eq.(4.17) has a unique solution y(t) belonging to the ball S,,(w/2); it can be specified
as the limit
g = Jim V¥(yo),
for any starting point yo, |yolc < w/2, and, for the rate of convergence, we have usual estimate
VF(yo) — Gl < [(a/2)* /(1 — a/2)]IV (y0) — volc;

if f € ﬂﬁn or F' is SVO then the function y(t), y € AC’}{’C(IT), is a unique solution to singular CP
(4.14), (4.15).

Returning to Eq.(2.1) and taking into account the replacement (4.13), we obtain

Theorem 7. Let the hypothesis (H6) be valid and let co be a fized vector satisfying relations (4.12);
otherwise let the hypothesis of Theorem 6 be satisfied. Then for any given F satisfying (H2) singular
CP (2.1), (2.16) has a solution T(t,cxs) = Y(t, o) + Coo where Y(t,cx0) s a solution of singular CP
(4.14), (4.15) constructed by Theorem 6, and the following estimates are valid:

‘2’0 S w,

% — coole < [Lydaa(T)|eso| + Ty(T)] /(1 — q/2),
sup |Z(t) — coo| < LyJar(T)w + Jo(T) VT > T,
t>T

and if F' is SVO then we h?we also the estimate
sup () - el < (LT (el + Jy(T/ (L= 0/2) VT 2 T
24

if f e ﬁEn or F is SVO, then the function T(t,cx) is a unique solution to Problem 5 as a singular
CP.

Corollary 4. Let the hypothesis of Theorem 7 be satisfied. Then for any given F satisfying (H2), there
exists a k-parameter set of solutions Z(t,cs) to Problem 3 lying in the ball Sy,(w) where the vector
of parameters ¢, (the limit vector for the set of solutions) is subjected to the conditions (4.12). If
fe ﬁEn (or f € Lip,(a) and F is SVO) then there is no set of solutions to Problem 3 and Problem 2
other than constructed by Theorem 7.

Remark 7. Other theorems of the existence of n—parameter set of the bounded solutions to Eq.(2.1) (a
stable case) are obtained in [3]. For the existence of k—parameter set of bounded solutions (1 < k < n),
which values form in a phase space a k—dimensional stable initial manifold (a conditionally stable case),
the corresponding theorems, for Eq.(2.1) with a Volterra operator, are given in [10]. The indicated
theorems of [3], [10] can be extended on more wide class of FDEs by the methods of the present paper.

Concluding remarks. For the particular cases of nonlinear systems of ODEs, some near results for
singular CPs have been obtained earlier (see, e.g., [11]-[13]| and references therein).
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It is possible to specify the numerous applications of above-mentioned results for ODEs to correct
statement, approximation and analytic-numerical study of singular CPs and BVPs, including those
arising in the models of hydromechanics, cosmology, astrophysics, quantum mechanics, etc. (e.g., for
the recent applications of some results of [11], see [14], [15]).

Besides the pure mathematical interest in extending the theory of singular CPs on the wide enough
class of FDEs, the development of this direction is stimulated by the problems of quantum mechanics,
in particular, by the known singular problems for the Schrodinger IDEs describing the bound states
or a scattering of elementary particles in the field of nonlocal potential (see, e.g., [16], [17]). Some
history of the problem and the model examples for FDEs, see, e.g., in [3], [4].

The work was supported by RFBR, project No.05-01-00257.
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WEAKLY COERCIVE NONQUASIELLIPTIC SYSTEMS OF DIFFERENTIAL
OPERATORS IN SOBOLEV SPACES Wlﬁ(R”)

LiMANSKY D.V., MALAMUD M.M.
DONETSK NATIONAL UNIVERSITY,
DONETSK, UKRAINE

1. INTRODUCTION
Let I = (l1,...,l,) € N Tt is well known that a system {P;(x, D)} of differential operators is

o
coercive in the (anisotropic) Sobolev spaces Wé(Q) with p € (1, 00) if and only if it is [ - quasielliptic [3,
4,5, 6. If p = 1; 00, this criterion ceases to be true [14, 16].

De Leeuw and Mirkil [9] characterized elliptic operators by means of estimates in C'(R™). Namely,
they proved that the ellipticity of an operator P(D) of order [ > 2 is equivalent to its weak coercivity
in the isotropic (I = --- = I,,) Sobolev space W' (R") for n > 3 (see Definition 2). In [11], we have
obtained the analogue of this result for the anisotropic case (Theorem 6). More precisely, it has been
shown in [11] that, under some restrictions to the vector [, the l-quasiellipticity of an operator P(D)
is equivalent to its weak coercivity in W, (R™). A question whether the conditions of Theorem 6 are
sharp has not been investigated yet, with the only exception of the case of n = 2 (see [11]). It turned
out that this question is related to the problem of existence of [ - quasielliptic operators with [ fixed.

In this communication we specify wide classes of weakly coercive nonquasielliptic operators for
almost all systems (1,...,[,). Besides, in the case of n = 2 we completely describe operators that are
weakly coercive in the scale of isotropic Sobolev spaces Wé(R"), p € [1,00]. In particular, we claim
that any strictly hyperbolic operator P(Dj, Ds) becomes weakly coercive in W{(R™) after a suitable
perturbation of P(D) by an operator of order [ — 1

Furthermore, we completely describe vectors [ such that [ - quasielliptic systems exist (Theorem 1).
At the same time, the analogous problem for weakly coercive systems in the scale Wé(R”) is solved only
partially (Theorems 7 and 8). It should be noted that proofs of mentioned results rely on topological
arguments (Borsuk theorem [15, 17] and Brouwer theorem |[8]).

Notation. R denotes the field of real numbers, N is the set of positive integers, Z := NU{0}, Z} :=
Zy x - X Zy (n factors). Further, Dy := —id/0xy, D = (D1,Ds,...,D,); for each multiindex
a=(ay,...,an) €LY, weset |a| := a1+ +ay, D* =D D5? ... Dy Ifl = (Iy,...,1l,) € N and
a€Z”, weput |a:l|:=ai/li + -+ ay/l,. Denote SI' := {& € R"™! : ||z|| = r} the n-dimensional
sphere of radius r, S" := S}.

2. ELLIPTIC AND QUASIELLIPTIC OPERATORS

Let Q be an arbitrary domain in R™, p € [1;00]. In LP(2) we consider a system {P;(z, D)} of
differential operators having the form

Pi(z,D)= Y aj(x)D*  je{l,...,N}. (2.1)
|a:l] <1
Further, let PJl-(x,D) = Z|a:l|:1 ajo(x)D* be the principal part of the operator Pj(z, D), and let
P;(x, §) = 2" |auj=1 %a(x)€" be its principal [ - quasihomogeneous symbol.
Definition 1. [6, 7] A system of differential operators {P;(z, D)} of form (2.1) is said to be [ -
quasielliptic if

(Pl@,©), . Ph(@.8) 20, (2,6) € Qx ®R"\{0}).

In particular, if Iy = --- = [,, = [, then the system {P;(x, D)}} is called elliptic system of order I.
The next assertion describes all systems | = (l3,...,l,) € N™ such that [ - quasielliptic systems
exist.

Theorem 1. Assume that n > 2N + 1. For | - quasielliptic systems {P;(x, D)} of form (2.1) to
exist, it is necessary and sufficient that there are at least two even numbers among ly, ..., 1.



169

Outline of the proof. (i) Necessity. Let, at first, all numbers I; be odd, and let n = 2N+1. (If n > 2N+1,
we restrict polynomials {P;(z,£)} to a k - dimensional subspace with k = 2N + 1.) Set z¢ € Q and
consider the mapping T := (T1,...,Ton) : SV — R2V, where

Toj—1(§) =R Pj(x0,€), and  Ty;(&) =S Pj(x0,§), je{l,...,N} (2.2)

Since the mapping T is odd, T(—¢) = —T(€), then by Borsuk theorem [17, p. 344], T(¢°) = 0 at a some
point £° € S*V. This contradicts the assumption of the [ - quasiellipticity of the system {P;(z, D)}.
(ii) If there is exactly one even number among [;, we can reduce this case to the case mentioned
above by means of simple number-theoretic arguments.
(iii) Sufficiency. Let n =2N + 1, [ = (ly,...,1,), with l1,...,l,—2 odd numbers, and with /,,_; and
I, even numbers. Then the system

I, el | P .
P& =& i, ..., Pnoa(€) =& i) s, Pn(€) =& + &0 + &)
is [ - quasielliptic, and also there are exactly two even numbers among [;. O

Corollary 1. Forn > 3, [ - quasielliptic operators exist if and only if there is at most one odd number
among ly, ..., 1.

In the isotropic case, Theorem 1 takes the next form.

Corollary 2. Let lj = -+ = I, = I, and let a system {P;(x, D)} of form (2.1) be elliptic. If
n > 2N + 1, then | is even.

Remark 8. (i) The condition n > 2N + 1 of Theorem 1 is sharp. In fact, we consider (for n = 2N)
the system of the form

Py(D) =D +iD, ..., Py(D):=D2N"!+iDky. (2.3)

We see that system (2.3) is [ - quasielliptic for every | = (I1,...,lan). Thus, Theorem 1 is no longer
true whenever n < 2.

(i) Ya. B. Lopatinskii [13] (see also [1, 12, 18]) proved the following more stronger statement (as in
Theorem 1) at N = 1: if n > 3, then an elliptic operator P(D) is correctly elliptic and, in part, it has
an even order.

o
3. WEAK COERCIVITY IN W]ﬁ(Q). ISOTROPIC CASE

Now we characterize elliptic systems by means of a priori estimates in isotropic Sobolev spaces

o
W(€) with p € [1, 0c].
o
Following [11] we recall the weak coercivity concept for a system of differential operators in W;,(Q)

Put | = (I1,...,1,) € N™.
Definition 2. [11] We say that a system of differential operators {P;(x, D)}Y of form (2.1) is called

o
weakly coercive in the (anisotropic) Sobolev space Wé (Q), p € [1,00] if the estimate

N
> 1D f ey < OV Y I1Pi(, D) fllp + Coll £l (3.1)

lo:l]<1 Jj=1

holds, with C7 and Cy do not depend on f € Wé(Q)

o
Moreover, system (2.1) is said to be (see [5]) coercive in W)(€2) if

N
> D Fllee) < Cv Y 1P, D) fllp + Call fllp, (3:2)
i=1

|o:l] <1

that is the summation in the left-hand side of (3.1) is taken over « satisfying the condition |a: | <1
instead of |a: | < 1.

o
Note that in the case of isotropic Sobolev space W (€2), the inequality |ov: 1| <1 (Ja: 1] < 1)in (3.1)
takes the usual form |a] <1 (|a] <1).
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o
In [4, 5] (see also [3]) we have proved the coercivity criterion for a system {P;(z, D)}’ in WL(Q)
o
(W} (Q)) with p € (1,00). The coercivity criterion in W () has been obtained in [14]. Note that
o
an elliptic system is not coercive in Wll, (Q) if either p = 1 or p = oo, though it is weakly coercive in

WL () (see [14]) and in WY (Q) (see [11]).
The next statement describes a connection between the ellipticity and the weak coercivity in Wé (Q)

with any fixed p € [1, o0].

Proposition 1. Fix any p € [1,00]. A system {P;j(x, D)}V of order [ is elliptic if and only if for any
€ > 0 there exists Cz > 0 such that

N
> D fller) <€D 1P, D) fllp + Cellfllp,  f € CF(R). (33)

|| <I—1 Jj=1

We mention some properties of weakly coercive systems.
o
Proposition 2. Suppose that a system {P;(D)}' is weakly coercive in the isotropic space W} (),
p € [1,00], 1 > 2. Then we have:
(i) The set of joint real zeros {£ € R™ : Pi(§) = -+ = Pn(§) = 0} of polynomials {P;(£)} is a
compact set.
(ii) For every system {Q;(D)}Y, degQ; <1 — 2, the system {P;(D) + Q;(D)}Y is weakly coercive

o
in W]l, () either.
(iii) Let £ € R™\ {0} be a zero of the mapping P' = (P,...,P{),i. e, P{({%) =--- = PL(¢%) =0,
Toj—1(§) =N PJZ(E) uTh(§):=S P]l(ﬁ), je{l,...,N}. If n > 2N + 1, then the rank of the Jacobi
matrix of the mapping T := (T1,...,Toy) : R® — R2Y is less than 2N at the point £°.

(iv) Let N = 1, n > 2, and let & € R\ {0} be a zero of the polynomial P!(¢). Then

! )
rank <%—§11 (50) ,...,% (§0)> = 1. In particular, for n = 2 the polynomial P!(£) has only simple
Zeros.

Remark 9. (i) We use topological arguments in the proof of statement (iii). In part, Brouwer
theorem [8, c. 316] has been used.

(ii) The condition n > 2N + 1 of statement (iii) is exact. So the rank of the Jacobi matrix of the
system {(&1+1)(&2+1), (&3 +14)(§a+17)} equals 1 at the point (1,0,0,0), and it is equal 2 at the point
(1,0,1,0).

4. CHARACTERISTIC OF WEAKLY COERCIVE OPERATORS IN TWO VARIABLES

De Leeuw and Mirkil [9] characterized an elliptic operator as follows.

Theorem 2. (9] If n > 3, the ellipticity of a differential polynomial P(D) of order > 2 is equivalent
to its weak coercivity in W' (R™).

In the same paper [9], Malgrange’s example of weakly coercive in W2 (R?) but nonelliptic operator
P(D) = (Dy +1i)(D2 + 1) is described.

The following assertions yield both the complete characteristic of weakly coercive operators in the
scale od isotropic Sobolev spaces Wé(RQ) with p € [1,00], and also the algebraic weak coercivity
criterion.

Theorem 3. An arbitrary weakly coercive operator of order | > 2 in the isotropic space WIZ)(]RQ),
p € [1,00], can be represented in the form

m

R(D) = P(D) [ [ (AxD1 + pDs + ai) + Q(D). (4.1)
k=1

Here P(D) is an elliptic operator of order | —m, Q(D) is an arbitrary operator of order < [ — 2,
ar € C\ R, and (M, ux) are mutually noncollinear vectors in R%, k€ {1,...,m}, m <I.
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Corollary 3. A product of an elliptic operator of order [ in two variables and a weakly coercive operator
in W) (R?) of order m is a weakly coercive operator in Wé+m(R2), p € [1,00].

As usual we denote by

Pl_l(f) = Z an&®

la]=1—1

the (I — 1) — homogeneous part of the polynomial P(§) =3, <; aa®.

Theorem 4. An operator P(D) of order | is weakly coercive in the scale of isotropic spaces WIIJ(R2),
p € [1,00] if and only if the polynomials P'(€¢) and & P'=1(€) have no common nontrivial real roots.

Remark 10. (i) The condition of Theorem 4 can be rewritten in terms of a resultant R[f,g] of
polynomials f and ¢ as follows: R [PZ,S Plil] (&) # 0, £ € R™ So in order to verify the weak
coercivity of P(D) we do not need to calculate roots of the polynomial P!(€).

(ii) Theorem 3 together with Proposition 2 show that any strictly hyperbolic operator of order [
in two variables becomes weakly coercive in Wé(RQ), p € [1,00], after a suitable perturbation by an
operator of order [ — 1. Note that we cannot achieve this by perturbations of order [ — 2.

o

(iii) Operators (4.1) remain weakly coercive in Wé(Q) in the case of arbitrary (bounded including)

o
domain  C R?. But these operators do not describe all totality of weakly coercive operators in Wzl)(Q)
(iv) Theorem 3 allows to supplement the results from [10]. Namely, due to [10], the d’Alembert
o

operator [ := D? — a2 D3 is not weakly coercive in W2 (2), where  is a bounded domain in R2. But
according to Theorem 4 we can attain the weak coercivity of this operator in W&(RQ) and hence in

o
W2 (), by perturbing the operator [J by terms of order <[ — 1.

5. WEAKLY COERCIVE NONELLIPTIC HOMOGENEOUS SYSTEMS

The next theorem specifies wide classes of weakly coercive in Wll,(R"), p € [1,00], but not elliptic
systems.

Theorem 5. Let {P;(D)}Y be an elliptic system of order 1, let i, € C\R, and let (A, pux) be mutually
noncollinear vectors in R?, k € {1,...,m}. Denote

Rpg(D) := [[ Dy + Dy + i), Dy := —id/ 0. (5.1)
k=1

Then the system of operators
Sipq(D) := P;j(D)Rpy(D), je{l,...,N}, p, g {1,...,n}, p>q,
1s weakly coercive in Wé*m(Rn) with p € [1,00] but not elliptic.
Corollary 4. Suppose that (g, pux), k € {1,...,m} are mutually noncollinear vectors in R?, P(D)

is an elliptic operator of order 1, and R,q(D) are operators (5.1). Then the system {P(D)Rpq(D)}p>q
is weakly coercive in Wé*m(R"), p € [1,00] but not elliptic.

Proposition 3. The formulation of Theorem 5 is exact at N = 1 and p = oo. To be precise, any
system obtained from {P(D)Ry,(D)}p>q, with P(D) an elliptic operator of order I and with Ry,,(D)
operators of form (5.1), by removing at least one operator loses the property of being weakly coercive
in Wm(R").

Remark 11. Proposition 3 shows that Corollary 3 is generally violated in the case of N > 1 and
p = oo. For example, the system

(D? + .-+ D3 (Dy 4 14)(Dy +1i), (D?+---+ D3)(Ds+1)(Dy+1)

is not weakly coercive in W2 (R%).
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6. WEAK COERCIVITY IN W (R"). ANISOTROPIC CASE
First we recall the following result from [11].

Theorem 6. [11] Suppose additionally that Iy > la > ... > l,, and at least one of the two following
conditions holds:

(7/) lp—o =11 =1y;

(1t) 1,, does not divide at least one of the numbers l; for j € {1,...,n—1}.

Then the operator P(D) of the form

P(D)= ) ajD" (6.1)

la:l|<1
1is weakly coercive in the anisotropic Sobolev space WCZ,O(R") if and only if it is | - quasielliptic.

Remark 12. (i) By Theorem 6, the weak coercivity of a differential polynomial in W! (R") is
equivalent to its [ - quasiellipticity for almost all systems | = (I1,...,l,) € N™.

(ii) Theorem 6 is not a complete analogue of the de Leeuw and Mirkil Theorem 2 because of number-
theoretic restrictions to components of a vector [. Such effects appear in |7, Ch.4] for operators with
quasihomogeneous principal parts defined by the Newton polyhedron.

We turn our attention to the sharpness of sufficient conditions from Theorem 6.

Given a vector | = (I1,...,l,) € N*, Iy > 19 > --- > 1,. We are interested in the following problems.
Whether do exist weakly coercive in W (R") but nonquasielliptic operators if

(1) there exist at least two odd numbers among I;, n > 3;

(2) I - quasielliptic operators exist but both conditions (i) and (ii) of Theorem 6 are violated?

Conjecture 1. There are weakly coercive nonquasielliptic operators in the anisotropic Sobolev space
WL (R™) for n > 3 if and only there exist [ - quasielliptic operators, i. e., if there is at most one odd
number among the numbers [; (see Corollary 1).

Proposition 4. Let I} > 1o > -+ > 1, > l—p+1 = -+ = lp, and let an operator P(D) of form (6.1)
be weakly coercive in W (R™). Then its principal I - homogeneous symbol P!(¢) can vanish only at
points from the k - dimensional subspace £, =--- =&, = 0.

The following theorem spreads the "half"of Theorem 1 to the case of weakly coercive systems.

Theorem 7. Suppose that a system { Pj(z, D)}V of form (2.1) is weakly coercive in Wé(R”), p € [1,00],
n > 2N + 1, and the mapping P! := (Pll7 .. .,P]lv) : R® — R2N has a finite number of zeros on the
sphere S*™1. Then at least one number of l1, ..., 1, is even.

Outline of the proof. Let n = 2N + 1. Since the mapping P! has only a finite number of zeros on S*~ 1,
then there exists a sphere S"~2 such that P![S"~2 has no zeros. Without loss of generality, we can
assume that S*2:= {zr € S" ! : x, = 0}.

If all I; are odd, then the mapping

T(€) = (T1(). ., Tan (E)/IP O Sp2 =8¢,
where T;(€), j € {1,...,2N}, are functions determined in (2.2), is continuous and odd. By Borsuk

theorem [15, p. 27|, it has an odd degree, degT" = 2k + 1, and hence it is homotopy-nontrivial.
Alongside the mapping T we consider the mapping

Q" = (Q1,...,Q): SJZ R
where
@2j-1(8) =R Pj(w0,8),  @2(8) == Pj(wo,§),  je{l,...,N}

Since T7(€) # 0 for & € SP~2, it is not difficult to show that the mapping Q" has no zeros (on the sphere)
for large . On the other hand, the mappings 77 : SP~2 — R"~1\ {0} and Q" : S?~2 — R"~1\ {0} are
homotopic in the space of continuous mappings from S?~2 to R"~!\ {0}. Therefore the mapping Q"
is also homotopy-nontrivial and hence every its extension into the (closed) disk D! := {z € R*~!:
||| < r} has a zero. As far as S, ' := {z € S*"!: x, > 0} is homeomorphic to DP~!, the mapping
P Sﬁ;l — R™! has zeros for large r. This contradicts Proposition 2(i). O
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Corollary 5. Let n > 3, and let an operator P(D) of form (6.1) be weakly coercive in W]ﬁ(R"),

p € [1,00]. Let also the symbol P(&) have a finite number of zeros on the sphere S"~t. Then there are
at most two odd numbers among Iy, ..., 1,.

Combining Proposition 4 and Theorem 7 we obtain

Corollary 6. Suppose that n > 3, and there are at least three odd numbers among the system I, ..., 1,.
Then weakly coercive operators in W[l)(R") exist for no p € [1,00].

Theorem 7 yields

Proposition 5. Let [; = -+ = I,, = [, let a system {P;(D)}Y of form (2.1) be weakly coercive in
W(R™), p € [1,00], and let also n > 2N + 1. If the mapping P' := (P},..., P}) : R" — R* has a
finite number of zeros on the unit sphere S*~!, then [ is even.

In the following theorem we show that as distinguished from the homogeneous case I; = ...I,,, there
exist weakly coercive in Wéo (R™) but nonquasielliptic operators for any n > 3. Moreover, wide classes
of weakly coercive in W&(R”) but nonquasielliptic operators are specified. Thereby, this result shows
the sharpness of Theorem 6 for a. e. I = (Iy,...,1,) € N".

Theorem 8. Suppose that n > 2, 1:= (2kmq,...,2kmy_1,k); k,mi,...,mp_1 €N, and
Iy = (Z(k + 1)777,1, ce Q(k + 1)mn_1, k+ 1) .

Suppose also that P(D) = Z‘a:”:l aaD% is an | - quasielliptic operator, and one of the following
conditions holds:

(i) all coefficients of the operator P(D) are real;

(ii) all coefficients of the operator P(D) are real except the coefficient by DE.

Then the operator

n—1
R(D) = P(D)Y_ D™ +bDk
j=1

is weakly coercive in W (R™) at b e C\R in the first case and at b € R in the second.
The proofs of Theorems 5 and 8 are based on a result from [2| on multipliers in L;.

Remark 13. If n = 2, then Theorem 8 coincides with the "half"of Proposition 2 from [11].
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Abstract. We deal with the problem of realization of transfer matrix functions in a scale of time delay
systems. Conditions for the realizability are obtained for several classes of systems with after-effect. Properties
of minimal realizations with relation to the problems of controllability and observability are studied. A lot of
attention is devoted to the simplest retarded type system. For such a case, an effective algorithm for constructing
a realization of the simplest system class is proposed by using the well-known first level 2-D system realizations.
A necessary and sufficient condition for a realization to be minimal is given for the one-input and one-output
several delay realization case. The results obtained are discussed.

1. Introduction. The history of the problem of dynamical system realization began with papers
[1,2], that dealt with ordinary linear stationary systems. Later on, the problem was thoroughly
investigated and generalized to several classes of dynamical systems such as systems over an arbitrary
field, systems over rings [3-6], 2-D systems [6-8] and others. The corresponding results can be found in
the book [6] dedicated to the 60-th anniversary of R.E.Kalman.

Systems with time delay, from the point of view of the realization theory, were considered by Kamen
and Sontag (see also [6]) as a particular case of systems over ring and in [8] as a special case of 2-D
systems. A special attention to the problem of realization of time delay systems was paid in [9-13].

In this paper, an expanded version of [13], we combine above approaches with the ones proposed in
[13] in order to study the problem of realizability of transfer functions in a realization scale consisting of
several classes of systems with after-effect. The main questions under consideration are the following:
1) conditions under which a transfer function can be realizable in a chosen class, 2) constructing a
realization from the chosen class, 3) description of minimal realizations. In the theory of realization
over field one of the basic concepts is a notion of a canonical realization. This notion as well as ones of
minimal realization are open if we consider the scale realization case.

2. Preliminaries. Following [7,8], let us introduce some notation:

R[s,w] denotes the set of polynomials in variables s and w with real coefficients, R[s, 1] = R[s];

R(s,w) denotes the set of rational functions in s and w, R(s, 1) = R(s);

R™*"[s,w| denotes the set of m x r matrices with entries in R[s,w], R™*"[s, 1] = R™*"[s];

R™*"(s,w) denotes the set of m x r matrices with entries in R(s,w), R™*"(s,1) = R™*"(s).

The elements of R[s,w] can also be considered as polynomial in s with coefficients in Rlw], i.e.
R[s,w] = Rw][s]. Similarly, we have R[s,w] = R[s][w], R™*"[w][s] = R™*"[s,w] = R™*"[s][w],
R™*"(w)(s) = R™*"(s,w) = R™*"(s)(w).

Consider a dynamical system that can be modelled by m x r proper transfer matrix function

“+o00 +00

Tsw) =2 Sy L (0.1

i=0 j=0

n k
where T'(s,w) € R™*"(s,w), a(s,w) € R[s,w], N(s,w) € R™"[s,w], a(s,w) = Y Y a;;s'w.
i=0 j=0

Retarded and neutral delay systems are examples of such dynamical systems. ’

The properness of 7' means that 7" is proper in s, i.e. deg,a(s,w) > deg, N(s,w), and proper in
w, i.e. deg, a(s,w) > deg, N(s,w), and the leading coefficient a, is not zero. Transfer function T is
strictly proper if "not less"is replaced by "greater"in the above definition.

Considering T'(s,w) € R™*"(s,w), it is always possible to find [7,8] two kinds of 2-D realizations of
such a transfer function:

{sx = A(w)z + B(w)u (0.2)

y=C(w)z + D(w)u
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e o "

where
e po]=la Bl a Jenare s e
e pio | =@ B (@ et are s 00

One can combine the latter one as a composite (hybrid) system

sx = A1z + Asz + Biu
wz = Asx + Ayz + Bou (0.6)
y=Cix+ Coz+ Du

PROPOSITION 2.1. The following are equivalent:

(i) There exists a realization of T(s,w) in the form (2), with A(w), B(w), C(w), and D(w) polynomial
in w™t, and having degree 1;

(ii) There exists a realization (6) with Ay = 0;

(iii) There exists a realization (3) with A(s) strictly proper.

Also notice that, under these conditions, one has

%(w) E(’U)) _ A+ w_1A2A3 B + w_1A2B2
4 +’UJ_1CQA3 D+'UJ_102B2

and, similarly, we have

PROPOSITION 2.2. The following are equivalent:

(i) there exists a realization of T(s,w) with constant matrices B(w) and C(w), D(w) = 0, and
Aw) = A+ w1 Ag;

(ii) There exists a realization of form (2) with

D=0,C,=0,By=0, and A4 = 0;

(iii) There exists a realization of form (3) with

A(s), B(s), C(s), and D(s) being strictly proper.

Remark 2.1. Observe that statement (iii) in Proposition 2.2 means that T'(s,w) = D(s) +C(s)(wl, —
A(s))"'B(s) for some strictly proper matrices A(s), B(s), C(s), D(s). It follows from here that
sT(s,s 'w) = sD(s)+sC(s)(wl,—sA(s))"tsB(s). Hence the transfer function sT'(s, s~ w) is realizable
in the form (3).

3. Realization scale. For a given transfer function T'(s,es") € R™*"(s,e*"), we are looking for
a realization in some scale of realizations starting with the simplest kind of time delay systems of
retarded type and ending with general neutral type systems with after-effect. The initial data for every
class of systems are assumed to be zero.

The scale under consideration is the following:

the simplest time delay system (SDS)

&(t) = Az(t) + A1z(t — h) + Bu(t), y(t)=Cxz(t), t>0; (0.7)

systems with several delays in state, input and control (SSD)
l l
= (Ajz(t — jh) + Bjul(t — jh)), y(t)=>_ Cja(t - jh); (0.8)
7=0

the simplest neutral type time delay system (SNDS)

d

dt( x(t) + Gz(t — h)) = Az(t) + Ayz(t — h) + Bu(t), y(t)=Cxz(t), t>0; (0.9)



177

neutral type systems with several state-input-output delays (NSSD)

45 Gy (t— jh) = 3 (Agar (t — jh) + Bju(t — jh)), Go= I
= 7=0 (0.10)
y()= X it — jh), > 0;

Jj=0

general neutral type distributed delay system (NDDS)

0 0 0
L [dG(s)z(t+s)= [dA(s)z(t+s)+ [dB(s)z(t+s),
-0 -0 -0 (0.11)
0
y(t):_fedC’(s):UOH-s)

where A, G € R™™; B € R™7"; C' € R™™; A, Gj € RV By € RV, C; € R™M = 0,1, ..., 1;
0 < h is a constant delay; @ = kh for some natural k € N; G(s) € R™*": A(s) € R™™"; B(s) € R™*";
C(s) € R™*" s € [—0,0]; the entries of matrices G(-), A(-), B(-) and C(-) are functions of bounded
variation in [—6,0]; I,, is the n x n identity matrix.
We mark classes (7)-(11) as (7)’-(11)" if the corresponding output is completed with an additional
l

l
control term in the form Du(t), Y Dju(t — jh), Du(t), > D;u(t — jh), and
=0 =0

0
J dD(s)u(t + s) respectively.
0

4. Transformation scale. In the case of systems over fields it is well-known [6] that all the minimal
realizations of the same transfer function are necessarily isomorphic. For the time delay systems the
problem of classification of minimal realizations as well as a notion of minimality of realizations for
the general NDDS class is more complicated.

Depending on control and observation problems under investigation, various kinds of functional
transformations are of interest to classify systems:

RNo : z(t) = Dee(t), =(t) = D~ '2(t), D € R™*" detD # 0;

Ry : () = D(exp(—ph))ee(t), (t) = D~ (exp(—ph))a(t), exp(—ph)=(t) = =(t — h),

D(m) € R™"[m], detD(m) # 0; m € R,

Ry : transformations of class ®; with detD(m) = em*, m € R, where ¢ # 0, k > 0;

R3 : transformations of class R with detD(0) # 0;

R4 : transformations of R; with detD(m) = const # 0 for m € R;

Rs : a(t) = Dl(exp(—ph))ae(t), @(t) = D~ (exp(—ph))a(t); D(m) € R™"(m) with

detD(m) # 0 for m € C\D, mesD =0

Re : z(t) = f dD(r)e(t+ 1), & f dP(1)z(t 4+ 7) with v > 0 and

f eSTdD(T f eSTdP(1) = I, for s € C; etc. (here C is the field of complex number).

5 Scale reallzatlon The first question under our consideration is to investigate the problem of
realization in the simplest scale case.

DEFINITION 5.1. A transfer matrix function 7'(s,e*?) € R™*"(s,e*") is said to be realizable in
the SDS class if there exist matrices C' € R™*" A € R"™" A; € R™", and B € R™*" such that
T(s,e") =C(sl, — A—e*"A;)71B for Res > a where « is a sufficiently large real number.

In this case the quadruple (C, A, Ay, B) or the corresponding system (7) is called a realization of
the transfer matrix function 7'(s, eSh)

Analogously, one defines the realizability of and the realization for transfer function T'(s, e*") in the
classes (7)’, (8)-(11), (8)-(11)’ of delay systems.
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PROPOSITION 5.1. A transfer function T(s,e*") € R™¥"(s,e®") is realizable in the SDS class if and
only if its series repsentation (1) is triangular, i.e.

+oo k

1 .
T(s,e™) =3 ey (0.12)

k=0 j=0

and there erist matrices C € R™*" A e R"™"™ A; € R"™", and B € R™"*" such that
Yy =CXpi1(jh)B  for j=0,1,... and k=0,1,..
where Xi(jh) for j =0,1,...and k = 0,1, ... is a solution of the determining equation
Xp(t) = AXp1(t) + A1 Xg—1(t —h) + Ug—1(t) for t>0, k=0,1,.. (0.13)

with initial conditions

Up(0) =1, ,Up(t)=0 if K24+t>*#0 and Xp(t)=0 if k<0 or t<0. (0.14)

The proof of the proposition is based on the following
LEMMA 5.1 (see [14]). For the solution of the determining equation the following identity is valid:

k
(A+e ™ A)F =Y "e™M X, 11 (jh), s€C, k=0,1,..
j=0
A transfer matrix function T(s,e?) is called rational if its elements are rational functions in s and
esh,
PROPOSITION 5.2. A transfer matriz function T(s,e*") € R™*7(s,e5") is realizable in the SDS class
if and only if it admits a triangular representations and it is rational with respect to s and e*".

DEFINITION 5.2. A transfer series (12) is called recurrent if there exist real numbers r;; where
7=0,1,...,7and ¢ = 0,1, ...,n such that

n (3
Yn+k,u = Z Z Tinn+k—i,u—j (015>
i=1 j=0
for k=0,1,... and v = 0,1, ..., and for some natural number n, where Y}, ; = 0 for j < 0.
PROPOSITION 5.3.4 transfer matriz function (12) is realizable in the SDS class if and only if it is
recurrent.
The proof of the proposition is based on the following
LEMMA 5.2.(see [14]). The solution Xy(t), t > 0,k = 0, 1... of the determining equation (13), (14)
satisfies the following "characteristic "equation:

no 1
Xnyry1(t) = — Z Z'Finn-%-k-l-l—i(t —jh) for t>0 and k=0,1,..
i=1 j=0
where 75 for j =0,1,...,% and i = 1,..,n are the coefficients of the characteristic equation

n (2
0=det(\, — A—e A =A"+Y ) A le Nt yeC.
i=1 j=0
Remark 5.1. Proposition 5.3 gives a condition for the SDS class realizability in terms of power series
representation of a transfer matrix function that is a generalization of the well-known statement of
R.E.Kalman to triangular power series.
As a corollary of Propositions 5.1-5.3 we have
THEOREM 5.1. The following statements are equivalent:
(i) transfer matriz function T(s,e®") is realizable in the SDS class,
(i) transfer matriz function T(s,e®") is rational and admits a triangular representation (12),
(i4) transfer matriz function T(s,e™*") admits a triangular representation and satisfies the
recurrence condition.

sh)
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Summarizing the results presented, we propose the following algorithm for computing a SDS
realization in case it exists.

ALGORITHM:

1. Considering a transfer T (s, eSh) and setting e = s~ lm, check whether or not transfer
sT (5, S_lm) is proper.

2. If, indeed, the transfer sT (silm) is proper [7,8], then it can be regarded as a matrix function in
m with coefficients that are proper in the variable s. Then, analogously to [7,8|, we obtain the following
realization of the first level:

sT (s,57'm) = D (s) + C (s) (ml, — A(s)) " B(s)
where D (s), C (s), A(s), and B (s) are proper in s.

3. Define

D(s) = ;D (s), C(s) = ;C (),

A(s)=1A(s), B(s)=1B(s).

4. Calculate matrices Az, Cy, Aj, Az, and Bj of the second level realization |7,8| realizing the
transfer:

5. Then, the system
& (t) = Aiz (t) + AyAsz (t — h) + Biu (t)
y(t) = Ciz(t)
h

is a SDS realization of the transfer T’ (s, e’ )

Remark 5.2. The realization problem for the transfer matrix function (12) in the SSD class can be
investigated by methods of the theory of realization of systems over rings [3-6].

It would suffice to consider (8) as a system of the form

l l l
B(t) =Y AjePha(t) + > BiePMu(t), y(t)=> Cie Pita(t)
j=0 j=0 §=0

defined over the ring of shift polynomials in e P* where e P"z(t) = z(t — jh), e PI"u(t) = u(t—jh)
for j =0,1,...

Then we can state.

The following properties are equivalent:

(i) The transfer (12) is realizable in the SSD class,

(ii) The entries of (12) are strictly proper rational functions ( with coefficients in R[e=*"]),

(iii) The transfer (12) is recurrent in the realization theory over field sense,

(iv) The Hankel matrix (in the realization theory over field sense) has a finite rank.

In order to obtain a minimal realization of such a class one can use the realization over ring theory
algorithms (see, for example, [3-6]).

6. Controllability, observability, minimality.

DEFINITION 6.1. System (7) is said ([15]) to be:

a) relatively (or R™—) controllable if for any xg € R™ and z7 € R™ and for any picewise continuous
in the interval [—h, 0] n-vector function ¢(-) there exists a time instant ¢; and a picewise continuous 7-
vector function u(-) such that the corresponding solution of the system satisfies the following conditions

z(+0) = xo, (1) = p(7), T € [=h, 0] (0.16)

:c(tl) = I1; (017)

b) pointwisely (multipoint) controllable if for any initial conditions (16), given natural number v+ 1,
real numbers 3y, 51, ..., 3, where 0 = 3y < ... < 3,, and n-vectors ¢y, c1, ..., ¢y there exist a time instant

t1 > 3,, and piecewise continuous control function u(-) such that the corresponding solution of the
system satisfies the following conditions
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z(ti — Bj) =c¢; for j=0,1,...,7;
c) modally controllable (coefficient assignable) if for any real numbers r;;, 7 = 0,1,...,% and i =
0,1,...,n with 799 = 1 there exist a linear feedback of the form

u(t) = )  Qju(t —jh)

M=

J=0

i=0j=0
Dual notions of R"™-observability and pointwise observability can be found in [15].
PROPOSITION 6.1 [15]. System (7) is relatively controllable if and only if the following rank condition
holds:

[4 ) n o1 . .
such that  det [)\In —A—eMA - BY Qe =3 3 puAnTiem
j=0

rank[Xg(jh)B, j=0,1,...k—1;k=1,2,...n] =n
where X (jh),7 =0,1,...;k = 0,1, ... is the solution of the determining equation(13), (14). System

x(t) = A%x(t) + Ajz(t — h), y(t) = C*x(t) (0.18)
is R™-observable if and only if the dual system (7) with matrices
A= (AT, Ay =ADT, B=(C")T (0.19)

(with ()T denoting the transpose) is relatively controllable.
PROPOSITION 6.2 [15]. System (7) is pointwisely controllable if and only if the following one-parameter
system with no delay

2(t) = (A 4+ mAy)z(t) + Bu(t)
1s controllable in Kalman sense for some real number m, i.e.
rank[B, (A +mA1)B, (A +mA;)?B, ....(A+mA)" !Bl =n, ImcR. (0.20)

System (18) is pointwisely observable if and only if the dual system (7), (19) is pointwisely
controllable.

Remark 6.1. Proposition 6.2 answers the question of Kamen [4, p.34] about "one of the various
notions of functions reachability... that is equivalent to the condition (20)".

PROPOSITION 6.3 [15]. System (7) with B = b € R™ is modally controllable if and only if the condition
1s valid:

det[b, (A 4+mA1)b, (A+mAp)?b, ..., (A+mA) " 1b] = const 0, m € R.

Remark 6.2. It is clear that "modal controllability"=- "pointwise controllability"=- "relative
controllability". The reverse implications are not valid in general as examples show.

DEFINITION 6.2. A simple realization is said to be minimal if its dimension n is minimal among all
possible realizations of a given scale class.

PROPOSITION 6.4. If the simplest realization (7) is minimal in the SDS case then it is relatively
controllable and R™-observable.

Remark 6.3. Proposition 6.4 can be generalized to concentrated delay classes by using the results of
paper [15].

PROPOSITION 6.5. If a realization (7)(or (8)) is pointwisely controllable and pointwisely observable
then it is minimal in the SSD case.

Proof. It directly follows from results over fields.

Now we need the following

LEMMA 6.1. Let g(m) and A(m) be n-vector and a matriz respectively with polynomial in m entries,
g(m) #0, g(m) € R [m], A(m) € R"™"[m], and, additionally,

(i) rankG(m) = rank[gi(m), ..., gr(m)] = k for some m € R where g;(m) = (A(m))
forj=1,...,k;

(1)  gr41(m) =
and j =1, ..., k.

71 g(m)

AF(m)g(m) = a1(m)gi(m) + ... + ax(m)ge(m) where aj(m) € R for all m € R
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Then the coefficients a1 (m), ..., ax(m) can be taken as polynomials.

PROPOSITION 6.6. A single-input and single-output realization (8) is minimal in SSD class if and
only if it is pointwisely controllable and pointwisely observable.

Remark 6.4. A minimal single-input and single-output SSD realization can be chosen in such a way
that the corresponding system of control (i.e. pair (A (m), b(m) )) is modally controllable and the
corresponding system of observation (i.e. pair(C(m),A(m))) is pointwisely observable and vice versa
(see also [4,5]). Note that the property of modal controllability (and the corresponding one for the
observability) is still not necessary for SSD realization to be minimal.

DEFINITION 6.3. A realization is said to be strongly minimal if it is of the simplest SDS class and
if it is minimal in the SSD realization class.

It follows from the propositions 6.4,6.5 that

PROPOSITION 6.7. An one-input and one-output realization is strongly minimal if and only if it is a
SDS realization which is pointwisely controllable and pointwisely observable.

PROPOSITION 6.8. A SDS realization of dimension 2 is minimal in the SDS class if and only if it is
minimal in the SSD class.

7. Examples. In this section, we consider several examples to illustrate our ideas and methods. We
start with an example of transfer function which has no canonical realization in sense of Pandolfi [11].

FEzample 1. Consider the transfer function 7' (s,e™®) = 175£

There is no the simplest realization (7) for such a transfer function that follows from Proposition
5.2. Nevertheless, we have two realizations in scale:

(1) () =u(t)—u(t—=1),y{)=2z(t)

and
0

(i) x(t)= [u(t+7)dr, y(t)=z(t).
-1
Ezample 2. A transfer function under consideration is the following one T (s,e™%) = 68_; .
The condition of Proposition 5.2 holds and there exists a realization of the simplest form, for example,

the following one

010 000 0
(@) ¢(t)=10 0 0 |z(@®)+]|0 0 1 |z@t-1D+|0|u®),yt)=[0 1 0]z().
0 0 0 000 1

This realization is pointwisely controllable but it is not R™-observable and therefore it is not
poinwisely observable. Then by Proposition 6.6, the dimension of (i) in the SSD class can be reduced.

By applying a Ro-transformation with
-1

01 0
Dm)y=10 0 m we obtain
1 0 0
@) =] o o |w@+] ] Jut-100 =000,

Realization (ii) is pointwisely controllable and pointwisely observable. Hence it is minimal in the
SSD class. The question arises if there exists a realization of dimension 2 in the simplest time delay
case. The answer is positive as the following example shows

(i) j;(t):{g Hx(t—1)+{ﬂu(t),y(t):[1 0]z (1)

and what is more, all the minimal SDS realizations with b = { (1) ] are the following ones:

Qg1 —Q

(i) ga(t):[“il oty }x(t—l)—k[?}u(t), gy =[ec 0]z

2
where cialy = 1 and alyad; + (ah) =0.
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It follows from (iv) that there is a ®p— transformation (we say the R™— isomorphism or the Ro-
isomorphism among SDS realizations) that connects any pair of minimal SDS realizations for our
transfer function.

Other examples can be given to illustrate the above results and algorithm.

8. Discussion.

Examples show that the question of the minimal dimension of realizations, of canonical realizations
in the scale, especially for distributed delay scale classes, is extremely complicated to be solved in the
framework of the space R™ (it seems in the framework of fields and rings theory) without using an
infinite dimension structure of systems with after-effect.

The question is if the properties of relative controllability and R™-observability are sufficient for the
minimality of the SDS class realizations.

The next observation is that when we are looking for an isomorphism among minimal realizations
we should take into account what system properties under investigation ought to be preserved. Then
we can choose an appropriate transformation ®; for i = 1,2, 3,4, 5,6 from the transformation scale.

Examples show that not every realization which is minimal in the SDS class is strongly minimal.
There is no difference, as we see from Proposition 6.7, 6.8 for realizations of dimension 2. But for
realizations of dimension n > 3 these notions are not equivalent in general as the following example

S
82 —1—e¢s _6—25

T (s,€e’) =

shows and there exists a minimal in the SSD class realization of dimension 2 as follows from results over
ring but it is not difficult to directly check that there is no a 2-dimensional SDS realization for such a
transfer if coefficients of the realization are chosen from the field R of real numbers. If coefficients are
taken from the field C of complex numbers then a SDS realization of dimension 2 exists. The result
is based on the property that polynomial 1 + d + d? is irreducible over R but such an irredicibility
property is not essential in general.

Concluding note that all the minimal SDS realizations of transfer 7' (s,e’) = z—"-= under
1
assumptions that b is taken as | 0 | (and with coefficients in R) are determined as follows
0
0 1+e ¢ (1 - CL13) aig +e* 1
C=[100], A(e®)=] 1 0 0 , b=10
e ? 0 0 0

with invariant factors (over R) 1, 1, s2 — 1 —d — d? (were d = e~*).

Then it follows that there is no an isomorphism even in the 1 transformation class. That is why the
problem of classification of the minimal realization for each scale class seems actual even considering
finite (of infinite) set of classes of minimal realizations such as the minimal realizations of each class
are unique within to some isomorphism depending on the class.

Problem 8.1. Find algorithms for computing minimal realizations for each class of the realization
scale.

Let us turn to Theorem 5.1. In the theory of realization over field, along with the equivalences
(i)-(iii), a theorem stating that the Hankel matrix has a finite rank is well-known.

Problem 8.2. For the scale realization case, the question is wether there exists a Hankel matrix
generalization playing in such a case the same role as in the theory of realization over fields.
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SOLVING ABSTRACT STOCHASTIC EQUATIONS
BASED ON SEMIGROUP TECHNIQUES

MELNIKOVA I.V.! AND AzaNOvA O.YU.!
URAL STATE UNIVERSITY,
EKATERINBURG, RUSSIA

The first order abstract Cauchy problem with an additive write noise and the generator of
an R-semigroup is investigated in a Hilbert space H. A generalized solution in spaces of H-
valued stochastic distributions and a weak solution to an integrated version of the problem with
a Q-Wiener process are constructed. Main characteristics of solutions are obtained. Important
properties of conjugate R-semigroups necessary for the investigation are proved.

1. INTRODUCTION
We study the abstract stochastic Cauchy problem

dX(t)
dt
where A and B are linear operators in a Hilbert space H, {W(t)} is an H-valued white noise process,
and £ an H-valued random variable. White noise analysis has been developed during the last decades
by many authors (see e.g. [6], [5] and references therein).

Let us discuss what type of issues arises while solving abstract stochastic equations. The basic
problems here are the white noise process nonsmothness that takes place even though finite dimensional
spaces and definition of stochastic processes in infinite dimensional spaces. The Ito approach involves
reducing the stochastic equations with a white noise in R” to integrated ones with the Brownian motion
process {(3(t)} which is continuous. Extension of {3(t)} to the infinite dimensional case allowed to
consider stochastic equations in Hilbert spaces with Q-Wiener process {W (t) = >">°, Xiffi(t)e; }:

dX(t) = AX(t)dt + BAW(t) , t€[0,T], X(0)=¢. (1.2)

— AX(t)+ BW(t), tel0,T], X(0)=¢, (1.1)

[2, 9]. Here {e;} is an orthonormal basis in H, {f;(t)} are independent Brownian motions, and \; are
eigenvalues of operator @), linear self-adjoint and trace—class. Da Prato and Zabczyk (2| constructed a
weak solution to (1.2) with A being the generator of a class Cy semigroup.

Nevertheless, a lot of important for applications operators A, especially differential operators A =
A(i%), do not generate semigroups of class Cj, but generate certain more general families of bounded
operators associated to the homogeneous Cauchy problem. One of the most general among such families
are R-semigroups. Besides, a lot of applied problems reduce to setting the Cauchy problem with a white
noise process in the differential form (1.1), not in an integrated one.

In the present paper we prove some important properties of R-semigroups in Hilbert spaces. On
the basis of these results we construct a weak solution to (1.2) with @Q-Wiener process and A being
the generator of an R-semigroup. Moreover, extending the approach of [5], where the theory of R"-
valued stochastic distributions is presented, we construct a generalized solution to (1.1) with white
noise process in spaces of H-valued stochastic distributions.

The paper is organized as follows. In the next second section we prove that under certain conditions
the family conjugate to an R-semigroup is an R*-semigroup. In the third section some necessary
results from the theory of infinite dimensional stochastic processes are introduced and a solution
to the integrated stochastic Cauchy problem (1.2) is obtained. The forth section is devoted to an
introduction to the theory of abstract stochastic distributions [4, 9]. Distributions of singular white
noise and Wiener processes, important for the Cauchy problem studying, are defined. In conclusion
the setting of the stochastic Cauchy problem (1.1) in spaces of H-valued stochastic distributions and
the existence theorem in the spaces are given.

1The work is partially supported by grant RFBR Ne 03-01-00310.
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2. SOME PROPERIES OF R-SEMIGROUPS IN HILBERT SPACES

As it was mentioned above for solving the stochastic Cauchy problem solutions of the associated
homogeneous problem are applied. In the present paper for the investigation of the Cauchy problem
with operator A not being the generator of a class Cj semigroup we use more general families of
bounded operators — R-semigroups. In contrast to Cp class semigroups, an R-semigroup is not a
family of solution operators for a homogeneous Cauchy problem, moreover an R-semigroup can be
defined locally (i.e. not necessarily for all ¢ € [0, 00)) and its generator may have no the resolvent.

Definitions of R-semigroups as generalization of class Cy semigroups are given through a 'semigroup
relation’ [3| and through equations that the family satifies [7].

Definition 1. Let R be a linear invertible and with dense range operator in H. A family of linear
bounded operators {S(t),t € [0,7)}, 7 < oo, on H strongly continuous with respect to ¢ and satisfying
the conditions

(R1) S(t+s)R=S(t)S(s), s,t,s+te€[0,7), S(0)=R;
is called an R-semigroup. The semigroup is local if 7 < co. G defined as

SHRt -1
t

SHR™ -1

6f = :

f, domG:={f€ranR: }/in(l) f exists}

is called the infinitesimal operator of an R-semigroup and A := G its generator.

In the case R = I the characteristic property of an R-semigroup (R1) coincides with the semigroup
property of solution operators U(t) : U(t + s) = U(t)U(s) which can be extended to each t,s > 0.
Thus I-semigroup is a semigroup of class Cj.

Definition 2. Let R be a linear invertible with dense range operator and A be closed densely defined
in H, then a family of linear bounded operators {S(t),t € [0,7)} strongly continuous with respect to
t is called an R-semigroup with generator A if they satisfy the conditions

S(t)xr — Rx = /S(S)Ax ds, AS(t)x=S(t)Az, te]0,7), x€domA. (2.1)
0

These two definitions are not equivalent generally (definition 2 follows from definition 1) and the
choice of one of them depends on the setting and aims of a problem studied. In the present paper we
will use the definition 2. Due to the choice, we have managed to prove the result about the behaviour
of conjugate semigroups necessary for the investigation of the stochastic problem.

Theorem 1. Let A be the generator of an R-semigroup {S(t),t € [0,7)} in H. Then the family
{S*(t),t € [0,7)} is an R*-semigroup with generator A*.

oxaszameavcmeso. Since an operator conjugate to a bounded one is bounded, then R* and operators
S*(t) for each ¢ are bounded. Now in order to prove that the family of bounded operators {S*(¢), t €
[0,7)} forms R*-semigroup with generator A*, we prove that 1) A* is closed and densely defined, 2)
R* is invertible with densely range and 3) the family {S*(¢), ¢t € [0,7)} is strongly continuous in t.

A* is closed as any conjugate one. For a closed densely defined operator the domain of its conjugate
one is also densely defined [1], that is dom A* = H. The invertibility of R* follows from the invertibility
of R. Besides, for any bounded operator R the equality (ker R)* = ran R* holds, and since R is
invertible, that is ker R = {0}, we have ran R* = H. The commutativity of operators S*(t), ¢t € [0, 7),
with A* on dom A* follows from the commutativity of S(t) with A.

To prove that the family {S*(¢), t € [0,7)} is strongly continuous and the equality

t
S(t)'y — R'y = /S*(S)A*y ds, ye&domA*, (2.2)
0
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takes place, we multiply (2.1) with y € dom A* and due to continuity of the scalar product, we have

¢ ¢ ¢
(St~ Ry) = (0.5~ 1) = ([ S(9)Azds.y) = [(AS(s)0)ds = [(S(s)e A"y (23)
0 0 0
These equalities may be continued to x € X = dom A and differentiated:
d N ) S*(t+ At) - S*(t) . N
7 (@57 (t)y) = lim (z, Ay y) = (z,5%(s)A%y), weX. (2.4)

Now we prove the strong continuity of S*(¢) in ¢t € [0,7) by contradiction: let for a point ¢y € [0, 7)
and yo € H

Ja>0:V5>0, JAt <d: ||S*(to + At)yo — S*(to)yol| > a. (2.5)
Due to the density of dom A*, there exists y; € dom A* such that the inequality (2.5) also holds for an
ay. Then F(At) := || %Wyl || is unbounded as At — 0, that contradicts to weak convergence

(2.4).
To complete the proof we need to show (2.2). From (2.3) extended to x € X and the strong continuity
of S*(s),s € [0,7), we have

¢ ¢
(x,S(t)*y — R™y) /:U A*S*(s)y) = <x,/S*(s)A*y>, reX, yedomA®. (2.6)
0 0

It follows the equality (2.2). O

Some typical examples of R-semigroups, especially R-semigroups generated by differential operators
are given in [10].

3. CONSTRUCTING SOLUTIONS TO THE INTEGRATED STOCHASTIC CAUCHY PROBLEM

At the beginning, following to |2, 8|, we introduce some necessary definitions and results from the
theory of infinite dimensional stochastic processes.

Definition 3. Let uw € Li(Q2, F, P; H), then E[u] := fQ P(dw) is the mathematical expectation.
Let u € Lyo(Q, F, P; H), then

Covlulh := E[(u — E[u]) ® (u — E[u])h], where (h1 ® ha)h := hi(ha,h), h € H,
is the covariation operator.

For any u € Lo(Q2, F, P; H) the operator Cov[u] is symmetric, nonnegative and of trace—class. Since
Cov[u] is a trace—class operator, it can not be equal to the unit one, hence an extension of the Brownian
motion to the infinite dimensional case can not have the distribution law A/(0,¢), and instead of the
Brownian motion a Q-Wiener process is introduced.

Definition 4. Let @) be a linear symmetric nonnegative trace—class operator in H, then H-valued
stochastic process W = {W(t),t > 0} is a Q-Wiener process, if

(W1) W(0) =0 a.e;

(W2) W has independent increments;

(W3) distribution law Ly )—w(s) is equal to N(0, (t — 5)Q), 0 <s <t;

(W4) W has continuous ways a.e.

Since existence of a strong solution needs A to be bounded (moreover, a Hilbert-Schmidt operator)
even in the case of a class Cy semigroup [2], we will construct a weak solution to the Cauchy problem
considered.

Definition 5. An H-valued process X (t),t € [0,T1], is a weak solution to (1.2), if
a) [T X (0] dt < oo ae;
(b) for each y € dom(A*), t € [0,T], the equation holds a.e.:
t
(X000 = (€0) + [ (X(6), A)ds + (BW(2).0). (3.1)

0
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Now we show that a weak solution to (3.1) is given by sum of S(¢t)R™1¢,t € [0,T], the solution of
the homogeneous Cauchy problem with the generator of an R—semigroup and an integral of the special
form called the stochastic convolution: W4(t fo (t —s)R™1BdW (s), t € [0,T).

Theorem 2. Let A be the generator of an R-semigroup {S(t),t € [0,7)}, = > T, such that
domA = H, ranR = H, R7'B € L(H), {St)R™'B,t € [0,7)} be a Hilbert-Schmidt process, and
JIS()R™IB||%¢dt < co. Then for each & € ranR the process {X (t) = S(t)R™'& + Wa(t)} is a weak
0
solution to (1.2) on [0,T7.
Jlokazameavcmeso. To prove the equality (3.1), we take any t € [0,7), y € dom A* and consider the
integral
¢ t t s
/(X(s),A*y)ds = /(S(S)R_lf,A*wds + /(/ S(s —r)R™IBdW (r), A*y)ds. (3.2)
0 0 0 0

Taking into account properties of S*(¢) proven and continuity of the scalar product, we have

[is@r e agas = i, [ s 9ads) = (116 [ (S 6 ds),
0 0 0

(RT1E,(S™(t) = S*(0)y) = (S()R™'&,y) — (RR™'€,y) = (S(OR™'E, ) — (&, y)-
Thus S(t)R~¢ is a solution of the homogeneous equation corresponding to (3.1) (a.e. since ¢ € ranR
a.e.)
Now we transform the second term in (3.2) and show that the stochastic convolution satisfies (3.1).
Due to the stochastic Fubini theorem |2] and by definition of a stochastic integral as the limit of integral
sums we obtain

t

0/<0/ S(s —r)R™IBdW (r), A*y)ds = <//S(s — YR 'Bds dW (r), A*y)

0o r
n—

1
—lim Y / S(s — )R Bds | (W(rmi1) — W(rm)), A'y) = (Wa(t), 5) — (BW(2),3).

n~>oo

Substituting both transformed integrals into (3.2) we have (3.1) a.e. O

Taking into consideration definition 3, we can obtain the following characteristics of the solution
obtained

E[X(t)] = S()E[R™'¢], tel0,T],
Cov[X(t)] = S(t)Cov[R™LE]S* (1) +/ (t —s)R™'B]Q[S(t — s)R™' B]*ds.
0

4. CAUCHY PROBLEM IN SPACES OF ABSTRACT STOCHASTIC DISTRIBUTIONS
Consider the probability space (S'(R%), B(S'(R%)), ), where S'(R?) is the space of tempered
distributions, p is the (unique) probability measure on (S’(R%), B(S'(RY)) satisfying the condition
fS/(Rd) ") dp(w) = 2”¢HL2<M) here (w, ¢) denotes the action of w € S'(R%) on ¢ € S(RY). The

measure 1 is called a normalized Gaussian measure or white noise measure on S’(R?) since for any
orthogonal system of functions &1, &, ..., &, from S (]Rd) the equality

E(f((w, 1), (w,82), -, (w,&n))) =

i=1 2“51\\2 dxl dxn

Eha 1ua|| / fl
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holds for any function f(x),z € R™, such that the integral in the right hand side exists. We will denote
the space of square integrable by u functions defined on S’(R?) and with values in R by Ly(S’; R) and
H-valued functions on S’(RY) with square integrable norm by Lo (S’; H).

Construction of H-valued test function spaces S(H), and spaces of H-valued stochastic distributions
S(H)_, (p € [0, 1))

S(H)y € S(H), C S(H)o C Ly(S'; H) € S(H)_o € S(H)_, C S(H)_, (4.1)

is the first essential step in the theory of abstract stochastic distributions.
To construct a basis for Ly(S’; H), we use the classical Wiener-Ito expansion of elements f €
Ly(S";R) in terms of stochastic Hermite polynomials Hy (w) := [[;2; ha, ((w, &), a € T [5]:

=Y faHa(w) = Tim Y faHa(w), we S (RY,

aceJ ael’y,

where Iy ;= {a € J : o < mfori < nand oy =0, for i > n}, fo = () Hf(w), Ha(w)) 1,(5:R)
are Fourier coefficients, h,(z) are orthogonal Hermite polynomials with weight e_%“CQ, and &, (z) are
Hermite functions forming the basis in La(R).

Due to the properties of measure u, the system of stochastic Hermite polynomials is orthogonal in
Ly(S";R): E(HoHg) = 0if a # 3 and ||Ho|| = a! :== aqlan!. ... Furthermore, {H,}aes forms the
orthogonal basis in La(S";R) [5].

Definition 6. Let p € [0,1]. Define S(H), as the space of functions f from Lo(S'; H): f(w) =
Yacs 2iet fiaHa(w)ei, fio € R, such that for every k € N, Hszk, = aes S22 (a)ITPf2 (2N)ke <

00. Define S(H)_, as the the space of all formal expansions

o0 o0
= Z ZciaHa(w)ei = anHa(w) , Ca €R ,cq € H, (4.2)
i=1

acJ i=1
such that there exists ¢ € N: [|[F[|2, _ =>" ;>% (a!)' "¢, (2N) 9% < oo.

This definition implies the inclusions (4.1).

An H-valued Wiener process {W (t)} is defined by the expansion W (t) := >, Bi(t)e;, t € [0, 00),
which converges in S(H)_,. This is generalization of the H-valued @-Wiener process with the
expansion W (t) = >"2°, X;Bi(t)e; convergent in Lo(S’; H) for any trace—class self-adjoint operator @
with eigenvalues \;.

Due to the properties of the white noise measure p, function f(w) = w may be considered as a white
noise in spaces S(H)_,, therefore a Brownian motion {3(¢)} in (S'(R),B(S(R)), ) is defined as a
‘primitive’ of w: for t > 0, w € S'(R)

Bt) = B(t.w) = (W, X(0,9) = lim (W, xw),

where (o is the indicator function of [0,t] and {x}72, is a sequence of functions from ' convergent
to Xjo;) in L2(S";R). The limit exists in the space La(S';R) and does not depend on a choice of the
sequence. It is not difficult to verify that {3(¢)} defined satisfies all properties of the Brownian motion.
The process {(t)} admits the following expansion

5(0) = (o xon) = .Y [ G(6ds ) =3 [&is)stongy) =Y [ )it (0
0

j=1 J=1y Jj=1y

where ¢; = (0,...,0,1,0...) € J is a sequence with 1 in the j-th place.
In [4] a sequence of independent Brownian motions is constructed in a similar way:

o ¢
(t) = Z/gj )ds He,, - (w Zezk Ok (t) { fo it , otherwise
0

j=1
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with a special choice of n(i, j). Expressions for 3;(t)’s imply the following representation of the Wiener
process:

LIS WICEES 9) SN Hgkez_z(zem )
i=1 =1 k=1 k=1

- Z‘Sn(w
k=1

For all t € [0, 00) this sum does not converge in Lo(S’, H), but it does belong to S(H)_o. An H-valued
singular white noise process is defined then as a formal derivative of {W (t)}:

o\

t
s)ds e; ZOk H., , 0k(t)= n(m),k/fj(s)ds e .
0

Zén(zvﬂ)k fj 62 ZWk H S S( ) (4.3)

Now we give the important definitions of Wick product and Hermite transform. Let F,G € S(H)_1
be of the form (4.2) with coefficients ¢;q, dig, then Wick product

FoG(w ZF oGi(w)e; =Y Z D ciadip | Hy(w)ei = Y gyHy(w) € S(H)_1,

veJ i=1 \a+B=v veJ

where g, = > 2, >, =y Ciadigei =t Y ooy givei . The Wick product possesses the properties of
commutativity, associativity, and distributivity. Space S(H)_; is invariant with respect to Wick
product, that is if ;G € S(H)_1, then F o G € S(H)_;. Furthermore, if F' € S(H)_o, then
FOW(t) S S(H)_O

The Hermite transform of F' = Y coHo(w) € S(H)_1, co € H, is defined by H[F]|(z) =

acJ

Y oacy Ca?®, for 2 € CY such that the limit exists in H (we assume H to be a complex Hilbert
space, otherwise we can consider the complexification of a real Hilbert space).

For any F =Y 7 caHo(w) € S(H)_1, there exists such ¢ > 1 that for every z € K, the series
H[F](z) converges absolutely. Here

Kq ={zeCV: |z < (20)79 ieN}L

Conversely, if G(2) = > c 7 caz® : Ky — H, ¢ > 1, is bounded, then the formal sum G := }_ . 7 caHa
belongs to S(H)_1, and H[G]( ) G(z)

Finally, we note that if I, G € S(H)_1, then for all z such that HF(z) and HG(z) exist, we have
H[F ¢ G](z) = HF(z) HG(z) .

Now we consider the Cauchy problem (1.1) with A being the generator of an R-semigroup in H. Let
B be a bounded linear operator in H and {W (¢)} be an H-valued white noise process.

First we define the action of linear operators on elements of S(H)+,,p € [0,1]. For B € L(H) and
for F'= 3" c7caHq from S(H)x, or Lo(S', H) we define BF(w) := Y ¢ 7(Bca)Ha(w). Here, since
|Beollar < |B]| |lcallz, then BF is an element of the same space as F'. For an unbounded operator A
define AF(w) := ) c7(Acq)Hq(w) for

F e (DomA)_, ={F(-)e S(H Z | Aca |3 (2N) 7% < 0o, for certain ¢ € N}.
acA
Thus we consider the following Cauchy problem in S(H)_;
<dX( )

& € (Dom A)_;. To introduce the notion of stochastic convolution we recall the definitions of Pettis

and Hitsuda-Skorohod integrals. The process F(t) : R — S(H)_g is said to be Pettis integrable if

<F(t),¢> € Ll(R dt) for each ¢ € S(H)p. In this case (an unique element) ® € S(H)_( defined as
= [R(F(t),¢)dt, ¢ € S(H)g is called the Pettis integral of F(t).

,0) = (AX(t) + BW(1),¢), t € [0,T], (X(0),9) = (£, ¢), &€ S(H), (4.4)
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Let Y (t — s)W(s) be Pettis integrable, then

t o t
/Yt—s ) o W(s)ds = /Yt—ku()ds o = Z/Yt—selcsﬂl()
0 k=1 7§ =17

is called the stochastic convolution. The stochastic convolution belongs to S(H)_g. Since t € o, T] T <
00, then condition fOT Y (#)||?dt < oo is sufficient for its existence [4]. Thus Wa(t fo
s)R~1BW (s)ds is the stochastic convolution for (4.4) with A being the generator of an R—semlgroup
{S()}-

Now we return to the Cauchy problem (4.4).
Theorem 3. Let A be the generator of an R-semigroup {S(t),t € [0,7)},7 > T, in H. Suppose
operator R is invertible and with dense range, R™'B € L(H), and R™'¢ € (Dom A)_1. Then the

stochastic Cauchy problem (4.4) has a continuously differentiable solution in the space S(H)—-1 X (t) =
SH)YRIE+Wa(t), £ € (DomA)_q

Sketch of proof. We apply the Hermite transform to (4.4).

Due to the connection between differentiability of a process and differentiability of its Hermite
transform [4, 9], {X(¢)} is continuously differentiable on [0,7]] if there exist such F' € S(H)_; and
q > 1 that

1) H[X](t,z) and H [d);t(t)} (t, z) exist for each z € K, for a certain g ;

2) H [dX( )] (t,2) is continuous on [0, 7] and is bounded as (¢,2) € [0,T] x K ;

3) H[X](t,z) is differentiable on [0, 7] and % = H[F](t, z) for each (t,z) € [0,T] x K,.
Further, due to the additivity of the Hermite transform and the property H[AF](z) = AHF(z), z €
K, that takes place for any closed operator A and we arrive to the equation
dH[X](t, 2)
dt
To show that H[X](t,2) = St)R™1HE(2) + fo (t — s)R"1BH[W](s,2)ds is a solution of (4.5) for
z € K, and for a certain ¢, we use the Hermlte transform of W (t) and W'(¢):

=) Wi(t)z, H[W|(t,2) =Y Wi (t)2,
k=1 k=1

H[W](t, z) and H[W'](t, z) exist for z € K, ¢ > 2. This is due to the property of Hermite functions
supsefo,7) 1€ (1)]] < Cj < Ck which implies

— AH[X](t, z) + BH[W](t, 2). (4.5)

oo e.9] o0
D IWE®)z " [l < D IWi(B)lla |27 < O k(2k) ™7 < oo, for ¢ > 2.
= k=1 k=1
Now using the assertion that if a function F(¢,2) : [0,T] x K, — H, ¢ > 1, is bounded and coefficients
ca(t) in the expansion F(t,z) = ) 7 ca(t)z® are continuous in ¢t € [0, 7], then F(t, z) is continuous
J— o0
on [0,7] and z € Ky, [4], we obtain that for ¢ > 4 the series Y W/ (¢)z%* is continuous on [0, T].

k=1
Due to the relation between differentiability a process and differentiability of its Hermite transform

mentioned above, we obtain that the process {W ()} has a continuous derivative on [0, T]. Due to its

property,
t t—s

HX(t) = S(t)R™IHE + / / S(r)R™'BHW/'(s)drds.
0

Using the equality for the generator of an R-semigroup {S(¢)} and properties of the Hermite transform,
we obtain that

X(t) =S(t)R e+ /S(t — 5)R"'BW(s)ds = S(t)R™'¢ + /S(t — 5)R~'BsW ()
0 0
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satisfies (4.4) in S(H)_;. O
Using the definition of generalized mathematical expectation E[F] = HF(0) € H, for F' =
> caHy € S(H)_1 we arrive to the generalized mathematical expectation of the solution obtained:

acJ

E[X(t)] = S(t)E[R™¢].

1]
2]
3]
[4]

[5]
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VARIOUS ASPECTS OF FUGLEDE’S THEOREM

V.S. SHULMAN

To Heydar Radjavi with warm sympathy -
on the occasion of his 70-th birthday

1. INTRODUCTION

The famous Fuglede’s Theorem states that a bounded operator on a Hilbert space, commuting
with a normal operator N, commutes with its adjoint N*. It was proved in the paper [14] as the
answer to the question of von Neumann [26]. This result has appeared to be related to various areas of
operator theory and Banach algebras. We will discuss several directions in which Fuglede Theorem was
developed. A few results and arguments in the paper seem to be new, but the main aim is to present
a kind of review of the topic. The review does not pretend to be complete, but we hope that in the
bibliography a reader can find all results we missed. We tried to indicate the ideas of the proofs for
most results. This is unusual for reviews so we were forced to do this in a very compressed form; in
fact our term "proof'"usually means "a sketch of the proof".

Our notation is standard. The term operator means bounded linear operator on a Banach space. By
o(X) we denote the spectrum of an operator X . For brevity the commutator AB— BA of two operators
is sometimes denoted by [A, B]. By B(X) we denote the algebra of all operators on a Banach space X.

2. GROWTH OF THE EXPONENT

The original proof of Fuglede’s Theorem in [14] (see also [15, Problem 153]) was reduced to the proof
that all spectral subspaces of a normal operator N are invariant for all operators commuting with N.
In this form the result was extended to various kinds of "spectral"operators, see [9] and the references
therein.

M. Rosenblum [29] was the first who noticed that the result is related to complex analysis. His proof
of Fuglede Theorem used only the fact that for an Hermitian operator 7" the function z — exp(zT) is
bounded on the real axis:

|lexp(itT)|| = 1 for all t € R. (2.1)

If a normal operator N = T'+4S commutes with X then one has the equality [T, X] = [—iS, X], which
can be "exponented":

exp(z1) X exp(—2T) = exp(—izS)X exp(iz9). (2.2)

Using (2.1) one can easily see that the left (= right) part of (2.2) is bounded on C. By Liouville’s
Theorem, it is constant, whence [T, X| = 0.

E.A.Gorin proved that if instead of Liouville theorem one uses the Phragmen-Lindelef Theorem, the
condition on the growth of exponent can be cosiderably weakened. It is convenient to consider a more
general situation.

Theorem 1. [6] Let an operator A, acting on a Banach space X, be decomposed into a sum A = T+iS,
where [S,T] = 0, S has real spectrum and T satisfies the condition

|lexp(itT)| = o(|t]) for t — oo. (2.3)
Then ker(A) = ker(T) N ker(S).

Proof. Let Y = ker(A). Since A commutes with 7" and S, Y is invariant for 7" and S. Let Ty and
So be the restrictions of 7" and S to )). Then Ty is Hermitian, Sy has real spectrum and Ty = —.5y. It
follows that the norm of the function f(z) = exp(2Tp) is o(]z|) on the imaginary axis and o(exp(e|z|),
for each € > 0, on the real axis. Using the Phragmen-Lindelef Theorem (in a very non-standard form!)
one can show that f(z) = const. This means that Ty = Sy = 0, Y C ker(7") N ker(S). The converse
inclusion is evident.

Note that instead of direct complex analysis, one can use in the previous proof the Gelfand-Hille
Theorem [16, Theorem 4.10.1|. Indeed the main point was to prove that if an operator T satisfies (2.3)
and o(iT) C R then T' = 0. Since (2.3) clearly implies that o(T") C R, we see that o(T) = {0}. Set
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U = exp(iT), then o(U) = {1} and ||[U™|| = o(|n|) whence U = 1 by Gelfand-Hille theorem. It follows
that 7' = 0 (if one takes into account that o(7") = {0}).

Corollary 1. Let an operator N on a Banach space X can be written as a sum N = U + iV where
[U,V] =0,V has real spectrum and U satisfies condition

lexp(itU)]| = of[¢]'/?). (2.4)
If an operator X commutes with N then it commutes with U and V.

Proof. We denote by Ly, Ry the left and right multiplication operators on the Banach space
2 = B(X) of all operators on X. Let 5y = Ly — Ry. Then the commutant of N is the kernel of dy.
It is easy to check that oy = 0y + idy, oy has real spectrum and || exp(itdy)|| = 0(]¢]). So it remains
to apply Theorem 1.

An operator T' on a Banach space (more generally, an element of a Banach algebra) is called
Hermitian (or H-Hermitian, when it is necessary to underline that the space is not Hilbert) if
|lexp(itT)|| = 1 for all t € R. It is well known ([32],[20]) that the spectrum o(T") of an Hermitian
operator T' is real and that its spectral radius p(T") = sup{|A| : A € o(T")} coincides with ||T||.

It can be checked via the formula exp(A + B) = lim,, .o (exp(A/n)exp(B/n))" (see [10]) that the
sum of Hermitian operators is Hermitian. Note that a square of an Hermitian operator need not be
Hermitian.

An operator A is representable if A =T +iS where T and S are Hermitian. The operators T', S (the
real and imaginary parts of A) are uniquely defined. Indeed if T4+1S = M +iN then T—M = i(N —S).
But operators T'— M and N — S are Hermitian, so their spectra are real. Hence the above equality is
possible only if their spectra consist of 0. Thus T'— M and N — S are quasinilpotent, hence zero. The
operator A* =T — 1S is called H-adjoint to A.

A representable operator A = T + iS is called H-normal (or simply normal) if T,S commute
(equivalently A, T commute or A, A* commute).

For operators on a Hilbert space these definitions coincide with usual definitions of Hermitian
(selfadjoint), normal and adjoint operators.

The following result is an immediate consequence of Corollary 1.

Corollary 2. If A is a normal operator on a Banach space then ker(A) = ker(A*).

Problem 1. Let A be an H-normal operator. Suppose that A is invertible and that A~! is also
normal. [s it true that (A=1)* = (A*)~1?
The following result is one of Banach-algebraic versions of Fuglede’s Theorem.

Theorem 2. [39]. If elements a,b of a Banach algebra A commute and satisfy estimate
lexp(Aa — Ab)[| = o(|A]) (2.5)
when |\ — oo, X\ € C, then the closed left (right) ideals generated by them coincide.

This theorem implies that if A is a normal operator on a Banach space X then A and A* generate
the same closed left ideals of B(X). Since for each £ € X the set of all operators D, satisfying D& = 0,
is a closed left ideal, we conclude that ker(A) = ker(A*).

Conversely one can deduce Theorem 2 from Theorem 2 if considers the representation 7 of A on
its dual space A*: (w(a)F)(b) = F(ab). Indeed the kernel of 7(a) is the annihilator of the left ideal
generated by a.

Using another constructions of left ideals in B(X) one can obtain various consequences of Theorem
2.

Corollary 3. Let A be a normal operator on a Banach space X .
(i) If x,, is a bounded sequence in X and Ax, — 0 (strongly or weakly) then A*x, — 0.
(ii) If a subset M C X is bounded and AM is precompact then A*M is precompact.
(iii) AX = A*X.

On this way one can obtain various "asymthotic Fuglede Theorems", see for example [7].
The listed in Corollaries 3 and 2 properties of H-normal operators are the analogues of the
corresponding properties of normal operators on Hilbert spaces. In this series let us also mention
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useful results ( [13], see also [34]) about the decomposition of a space into "orthogonal"sum of the
kernel and the closure of the image of a normal operator.

Theorem 3. If A =T +1iS is a normal operator on a Banach space X then ker A does not intersect
AX. Moreover if X is reflexive then X = ker A+ AX and the projection of X onto ker A is of norm 1.

The idea of the proof is the following. Let p be an invariant mean on the group R?. Define the
operator P by (Px, f) = p(¢g s) for each x € X, f € X*, where ¢, (s,t) = ((exp(i(tT + s95))x, f).
Then (in the case that X is reflexive) P is the projection onto ker A along AX.

There is a lot of publications about operators satisfying more weak than (2.3) conditions on the
growth of the exponent. Kantorovich [19], Barnes [3] developed the theory of operators satisfying the
condition

| exp(itT)|| = O(|t|*) for t — oo (2.6)
(operators of class Si). We will formulate only a result from the paper of Aupetit and Drissi [2] which
contains many other important results of spectral theory of such operators. Their approach, as well as
Gorin’s one, heavily uses the theory of entire functions.

For an operator A € B(X¥) and a vector x € X, set 7,(A) = limsup ||A"z||/" (the local spectral
radius).

Theorem 4. Let N =T +iS where T, S are operators of the class S, and [T, S] = 0. Then for each
vector x, 1, (T) < ry(N).

K.Boyadzhiev has found another interesting extension of Fuglede Theorem, formulated in terms of
the growth of the exponent (in the sense that it deals with Hermitian operators on Banach spaces).

Theorem 5. [4] Let P(t1,...,t,) be a polynomial in n variables without zeros in R™\ {0}. If Ty, ..., T,
are commuting H-Hermitian operators then ker P(1y,...,T,,) C N}_, ker Tj,.

To obtain Fuglede Theorem (in the form of Corollary 2) from Theorem 5, one should take P(t1,t2) =
t1 + ito.

We will deduce Boyadzhiev’s Theorem in the next section using the technique of spectral synthesis
in Banach algebras.

3. SPECTRAL SYNTHESIS

Let A be a regular commutative Banach algebra; we consider A as a subalgebra of C'(K) where K
is the space of maximal ideals of A (but the norm ||.|| in A can be different from the supremum-norm).

For a closed subset Q C K we denote by I(Q) the ideal of all functions in A equal to zero on @,
and by Jo(Q) the ideal of all f € A which are equal to zero on a neighborhood of @. The closure of
Jo(@) in A is denoted by J(Q). If I(Q) = J(Q) then @ is called a set of spectral synthesis in A.

Let E C A and null(E) be its zero-set: null(E) = {t € K : f(t) =0 for all f € E}.

Clearly null(1(Q)) = null(J(Q)) = Q. It can be proved that all closed ideals with zero-set @ lie
between J(Q) and I(Q). The set @ is called the set of synthesis if I(Q) = J(Q).

A subset E C A is called synthesisable if £ C J(null(E)).

Theorem 6. [35] Let E, F be subsets of A with null(F) C null(E). If E is synthesisable then for any
representation m of A,
ker m(F) C ker(E). (3.1)

Proof. Let Z be the closed ideal of A, generated by F. Then Z O J(null(F) because J(null(F) is
the smallest closed ideal with zero-set null(F'). Hence Z D J(null(E)) D E.

It follows that 7(E) C W where W is the closed left ideal in B(&X'), generated by mw(F'). Hence
ker(m(F')) = ker W C ker(n(F))

The advantage of Theorem 6 is that it gives possibility to use non-trivial results on spectral synthesis.
For example, Theorem 5 follows from Theorem 6 and the fact that one-element sets are sets of synthesis
for group algebras (Ditkin’s Theorem).

Indeed let II be an n-dimensional cube in R™ containing o(T}) x ... x o(T},). Denote by F, the
algebra of Fourier transforms of finite measures on R™ and by A its restriction to II. Let F' consist of
one function P|II (the restriction of the polynomial P to II) and E be the family of coordinate functions
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&1y .oy &y (defined by &g (t, ..., tn) = tx). Since null(E) = {(0,...,0)} is the set of spectral synthesis, F
is synthesisable. The inclusion null(F) C null(E) follows from the assumptions of Theorem 5.
Let p be the representation of F,, defined by the formula

n
) = [ expli Y GOT ().
R k=1
If a function in F,, equals zero on II then p(f) = 0. Hence p defines a representation 7w of 4. Applying
to m Theorem 6, we get:

ker(P(T1,...,Ty,)) = ker(n(F')) C ker(w(E)) = Nj_; ker(T}).

Clearly this approach allows to extend Boyadzhiev’s Theorem from the case that P is a polynomial
to the case that P is arbitrary smooth function.
The following version of Fuglede theorem is often of use (and follows easily from Theorem 2).

Theorem 7. If A= C(K) then for any Banach A-bimodule 9 and each a € A the equations a& = &a
and a*§ = £a™ are equivalent in IN.

The question is: can C'(K) be changed by other regular commutative Banach *-algebras?

Roughly speaking the answer is negative: if the analog of Theorem 7 holds for A then all closed
ideals of A must be symmetric, which is not true for group algebras and other important examples.
But if we consider only those elements a that separate maximal ideals, the class becomes quite wide.

Let V4 = A®A, the projective tensor product. Then V4 can be realized as a function algebra
on K x K, where as above K is the character space of A. Denote by A the diagonal in K x K:
A ={(t,t): t € K}. If A is a set of synthesis for V4 then we say that A belongs to the class (SD).

The class (SD) is stable with respect to the closure of the image of a homomorphism. This implies that
it contains all algebras C'(K), group algebras, regular quotients of measure algebras, tensor algebras
and so on.

Theorem 8. [35] If A belongs to (SD) then for any Banach A-bimodule MM and each element a € A,
that separates mazximal ideals of A, the equations a§ = &a and a*€ = £a* are equivalent in 9.

Proof. It suffices to apply Theorem 6 to the natural representation 7 of V4 on M 7(a®b)§ = ab.
Indeed the one element sets £ = {a®1 — 1®a} and F = {a*®1 — 1®a*} have the same zero-set A
which is a set of synthesis.

It should be noted that the question "in which Banach *-algebras the Fuglede Theorem holds?"can
be put in another forms. The most direct one is: for which *-algebras the conditions [a,a*] = 0,
[a,z] = 0 imply [a*,z] = 07 We note only that this is evidently true if an algebra has an injective
*_representation in a Hilbert space. For example this is true for all C*-algebras.

We will find other applications of Theorem 6 in the next section.

4. LINEAR OPERATOR EQUATIONS

Putnam [28] extended Fuglede Theorem in the following way: if Nj, N2 are normal operators on a
Hilbert space H then any operator X satisfying condition N1 X = X N, satisfies N X = X N3. This
result follows from Theorem 2 in the same way as Fuglede Theorem. But it indicates a natural further
step in study of the topic: to consider linear operator equations

D ARXBp =0 (4.1)
k=1

and .
> A;XBp=0 (42)
k=1

on B(H), where A = (Ay,...,Ay,) and B = (B4, ..., B,,) are commutative n-tuples of normal operators.
Underline that it is not assumed that A; commute with Bj - only that [4;, A;] = 0 and [B;, B;] = 0.
Are the equations (4.1) and (4.2) equivalent? This question was considered in numerous early
publications but mostly for special n-tuples. In the precise form it was formulated by G.Weiss [43]. The
answer was obtained in [38]: no. The construction of the counterexample was based on a modification
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of the famous L.Schwartz’s example of the set of spectral non-synthesis for the Fourier algebra of the
group R3.
On the other hand, in [36] the following "positive'"result was obtained.

Theorem 9. If Hausdorff dimension d(A) of the joint spectrum o(A) of the family A does not exceed
2, then the equations (4.1) and (4.2) are equivalent.

Underline that we impose restrictions only on one of coefficient n-tuples.

The proof uses a technique of "approximate inverse intertwinings"which we will briefly describe later
(see also [40] for transparent exposition and many related results), but for the case that both d(A) and
d(B) are strictly less than 2, the result can be obtained as a consequence of Theorem 6.

Indeed in this case there are Hermitian operators N and M such that Ay = ¢r(N), By = ¥(N)
for some functions ¢, ¥y on [0; 1] that belong to the space Lip,, for some o > 1/2. The latter means
that

o(t) — @(s)| < Clt = 5[, |1b(t) — ¢(s)] < Clt = s|* (4.3)
for all s,¢ € [0;1].

Let V = C([0;1])®C([0;1]) and define the representation of V on the space B(H) by the formula
m(f ® g)(X) = f(N)Xg(M). Then the space of all solutions of (4.1) (resp. (4.2)) is ker(w(s)) (resp.
ker(m(3))) where s = >, ¢ ® ¢y or, in functional presentation, s(t,s) = > ;_; ¢r(t)i(s). It is
evident that null(s) = null(5). By [41, Theorem 7.2.2], the condition (4.3) implies that s and 5 are
synthesisable. So Theorem 6 implies the coincidence of the kernels.

Somewhat unexpectedly the result has applications to partial differential equations.

Corollary 4. |38, 40| The space of bounded solutions of the equation
-2 i %),
p 8.%'1’ 8:6‘2

on R? is completely determined by the variety of zeros of the polynomial p in R2.

=0 (4.4)

It would be interesting to know in what extent the results on linear operator equations in B(H)
with commuting normal coefficients can be repeated in the case of normal operators on Banach spaces.
The following testing problem was posed by A.Trnovsek.

Problem 2. Let A, B be normal operators on a Banach space X. Are the equations AXB = X
and A*X B* = X equivalent?

We claim that Problems 1 and 2 are equivalent. Indeed, suppose that Problem 1 has positive answer.
Denote by Ly and Rp the operators on B(X) of left multiplication by A and of right multiplication
by B respectively. They are normal operators on B(X). Let £ = {X € B(X) : AXB = X}; it is the
1-eigenspace of L 4 Rp. Since the operators L4 and Rp commute with L Rp, £ is invariant for them;
moreover it is invariant under their real and imaginary parts which implies that the restrictions of
them to € are normal operators. But by definition Ls|E = (Rg|E)~!. By our assumption, La«|E =
(Rp+|E)~!, that is A*XB* = X for each X € &.

Conversely suppose that Problem 2 has positive answer. Let A be a normal operator on a Banach
space and B its inverse which also is normal. Then 1 is a solution of the equation AXB = X, so by
the assumption it is a solution of A*X B* = X, which means that (4*)~! = B*.

5. QUALITATIVE VERSIONS

For normal operators in Hilbert space the equality ker A = ker A* admits more strong variant:
||[Az|| = ||A*z|| for each vector x. It is natural to wonder if an analog of this equality holds for the
operator X — NX — X N.

In general the answer is negative and a counterexample can be easily found in 2 x 2 matrices. We
consider a more modest hypothesis - that for a normal operator N on a Hilbert space H there is a
constant C' > 0 such that

IN*X — XN*|| < C|INX — XN|| (5.1)
for each operator X.

It has appeared that this inequality holds for some normal operators but not for all. Namely the

validity of (5.1) depends on the "degree of smoothness"of the spectrum of N.
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Let us say that a compact o C C is smooth at a non-isolated point w € « if it has a "tangent at
w this means that there is a straight line L > w such that dist(z, L) = o(|z — w|) when z — w, z € a.

Let us also say that a simple Jordan line on C is 2-smooth if it has a parametrization z = k(t) where
the function k is twice differentiable and its derivative k¥’ does not vanish.

Theorem 10. [21]
(i) If a normal operator N satisfies condition (5.1) then o(N) is smooth;
(ii) Conversely if o(N) is contained in a 2-smooth Jordan line then (5.1) holds.

The proof is based on some properties of Schur multipliers (see below).

Theorem 10 shows that the property (5.1) of normal operators is quite rare: it can not hold, for
example, if o(/N) has inner point, or angular-point, or cross-point. But the situation becomes absolutely
different if instead of the operator norm one considers another unitary-symmetric norms, such as the
norms of Shatten ideals &,, 1 < p < oo. Recall that &, consists of those compact operators T for
which (T*T)?/? is nuclear; the norm ||T||, of T is defined as trace((T*T)P/?)'/P. We denote sometimes
by G the ideal K(H) of all compact operators, with usual operator norm.

Set ||T||, = 00 if T' ¢ &,,.

Theorem 11. For each p € (1,00) there is a constant c(p) such that
IN*X = XNl < e(p)[[ NX — XN, (5.2)
for all normal operators N and bounded operators X .

This result was firstly proved by Weiss [42] for p = 2. In this case ¢(p) = 1, so the inequality becomes
an equality:
IN*X — XN*|2 = [|[NX — XN]|2. (5.3)

Weiss used in the proof a special and very complicated technique of generating functions. We will
consider below the approach based on approximate inner intertwinings.

For p € (2;00), the result was proved by Abdessemend and Davies [1] who based their proof on the
reduction to the transformation of triangular truncation and Gohberg-Krein-Macaev theorem about
the boundedness of this transformation on &,, (see [5]). No more easy proofs are known till now.

For p € (1;2) the result was obtained in [34] by means of the theory of normal operators on Banach
space: the listed above properties of such operators and duality theory allowed to make a reduction to
the Davies Theorem.

A consequence of Theorem 11 is that if N is a compact operator, X € B(H) and AX — XA € G,
1 < p < oo then A*X — XA* € &,. For p = oo this is also true (easily follows from Fuglede’s
Theorem). For p = 1 this statement fails. In [23| there were constructed a compact normal operator N
and a compact operator X with [N, X| € &; and [N*, X] ¢ &;. This answers a question of Weiss [42].
Moreover in |24] there was constructed a normal operator S such that for each p > 1 there is X € &,
with [N, X] € &; and [N*, X] ¢ &;.

Now we consider the extensions of the above results to "long"multiplication operators (the left parts
of linear operator equations considered in the previous section).

Theorem 12. [43] Let A = (Ay,..., 4,) and B = (By, ..., By,) be commutative n-tuples of normal
operators. Then

n n
1D ARX Billa = || Y Ai X Bl (5-4)
k=1 k=1

for each operator X such that both parts of the equality are finite.

The result is nice but the last condition is quite restrictive. Indeed one can not even say that Theorem
12 extends Fuglede Theorem: to deduce from AX — XA = 0 that A*X — X A* = 0 one needs to know
that A*X — X A* € &3 (of course one needn’t it if uses Theorem 11).

The following result from [40] is free of this restriction. Most of the previous results can be obtained
as its consequence.

Theorem 13. If Hausdorff dimension d(A) of the joint spectrum o(A) of the family A does not exceed
2, then the equality (5.4) holds for each operator X .
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For the proof we will briefly present a part of the theory of approximate inner intertwinings; a
transparent exposition can be found in [40].

Let X, 9) be topological vector spaces and ® : X — ) a continuous imbedding with dense range. Let
S and T be operators that act in X and ) respectively and are intertwined by ®: T® = ®5. A net of
linear mappings F,, : 3) — X is called an approximate inner intertwining (AII, for short), if F,® — 1y,
®F, — 1y and F,T — SF, — 0Ox in the topology of simple convergence.

Surprisingly, in this general situation it is possible to establish some non-trivial facts. We will need
here only two of them:

Theorem 14. Let X be a Hilbert space H with the weak topology, S - a normal operator on 'H, S* -
its adjoint. Let ® : H — ) intertwine S and S* with operators T1 and Ts respectively. If there is a
common AlI for both (S,T1) and (S*,T») then
(i) T (@(H)) = Ty (@(H))
and
(ii) for each y € Ty H(P(H)),
|2~ Thyl| = |2~ Tay].- (5.5)

In the situation of Theorem 13, H is the space &2 of Hilbert-Schmidt operators, 9 = B(H), ® is
the identity imbedding of G2 to B(H), Ty =T, T, = f, S is the restriction of I' to &5. The assumption
d(A) < 2 allows to construct an AIL It has the form F,(X) = [X, P,], where P, is a net of finite rank
projections constructed via appropriate partitions of o(A). Now to prove Theorem 13 it remains only
to notice that (5.5) in this case coincides with (5.4).

Let us temporarily denote, for any linear topological space X, by X* the space of all antilinear
functionals on X, so that H* can be identified with . Similar notation is used for adjoints of linear
operators between spaces. Thus for ® : H — ) one has ®* : 9)* — H and one can define the operator
OP* . P* — . If ¢ intertwines an operator S € B(H) with T} € B(Q)) and S* with Ty € B(2)) then
$d* intertwines 77 with Th. By definition, a net Fy, : 9 — H is a *-All for (S,T1,T>) if FiF, is an
AlI for the pair 17, T5.

Theorem 15. If a triple (S,T1,T>) admits *-AIl then the range of Ti has trivial intersection with the
kernel of Th

This result will be used in Section 7.

6. OPERATOR LIPSCHITZ FUNCTIONS

One can say that N* = h(N) where h is the function on C defined by h(z) = Z. So a natural question
is: which functions share with h all (or some) properties established in the previous sections.

Let us formulate the problem in a more precise form.

For which continuous functions f, defined on a subset o« C C, the following statements are true for
each normal operator N with o(N) C a:

(i) if N commutes with an operator X then f(N) commutes with X;

(ii) if NX — XN € &, then f(N)X — X f(N) € &, (where p € [1; 0] is fixed);

(iii) moreover, the inequality

[F(N)X = XF(N)llp < CINX = XN, (6.1)
holds?

The answer to the question (i) is easy: for any f.

Indeed, the set of all f satisfying (i) is a closed algebra of functions on «; it evidently contains
f(t) =t and, by Fuglede Theorem, contains h(t). Hence it coincides with C(«) by Stone-Weiershtrass
Theorem.

The classes of functions satisfying (ii) and (iii) coincide for p € [1;00) [23]. For p = oo all continuous
functions satisfy (ii) (it suffices to apply (i) to the Calkin algebra B(H)/K(H)) but (iii) holds only for
Operator Lipschitz functions (see below).

The functions satisfying (iii) are called &,-Lipschitz because they are equivalently characterized [23|
by the following property:

LFM) = FV)]lp < CIIM = N, (6.2
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for all normal operators M, N with spectra in «. Here the constant C depends on f and a. We know
from Theorem 11 that the function h belongs to this class (for p € (1;00)). A complete description of
this class is unknown even in the (intensively studied) case that « is a subinterval of R.

Problem 3. Is any Lipschitz function on an interval [a,b] C R &,-Lipschitz for p € (1;00))?

The answer is known only for p = 2. It is positive, and in this case we needn’t restrict « - it again
can be arbitrary compact subset of C). The proof is similar to the proof of the Weiss’s formula (5.3).
First of all it follows easily from Spectral Theorem that if A, B are commuting normal operators on a
Hilbert space H then for any Lipschitz function f and any vector = € H, one has |[(f(A) — f(B))z| <
C||A— B)z||. Applying this to the operators of left multiplication by M and right multiplication by N
on the space of Hilbert-Schmidt operators, we obtain the inequality

[f(M)X = Xf(N)[2 < C|MX = XN

for all Hilbert-Schmidt operators X . Then deduce this for all X € B(H) using the approximate inverse
intertwining. At last set X = 1.

The problem on the smoothness conditions that provide the validity of (6.2) is of big importance
for applications in spectral theory (scattering theory, phase shift, spectral distributions). The first step
was done in the paper of Daleckii and Krein [8] who proved that (6.2) holds if f € C?[a, ]. Birman and
Solomyak in their famous cycle of publications (see [33| and references therein) developed the powerful
technique of double operator integrals and considerably weakened the restrictions. The best result on
this way belongs to Peller [27] who proved that it suffices that f belongs to the Besov’s space Bioo
Moreover he proved that for p = 1 (or equivalently for p = 00) it is necessary that f € Bll,l'

To see the idea of the proof and the relation of the topic with Schur multipliers, note that if f is
sufficiently smooth then its divided difference f(t,s) = ! (t) (s) can be decomposed into a sum (in [27]

= up(t)vr(s) (6.3)

-integral) of products:

with
> lullflorll = € < o0
k
where ||.|| denotes the norm in Cfa,b]. Hence for any hermitian operators M, N with spectra in [a, D]
and any operator X, one can naturally define the operator FI(X) = 3", _; ux(M)Xv,(N) and

IEX] < CllX]- (6.4)

It follows easily from the equality f(t) — f(s) = f (s,t)(t — s), applied to the multiplication operators
Ly, Ry, that f(M)X — Xf(N) = F(MX — XN). Therefore

[F(M)X = Xf(N)| < Cl[MX - XNJ|. (6.5)

Here ||.|| can be the operator norm or &,-norm as well. The inequality (6.5) implies (6.1) (take M = N)
and (6.2) (take X =1).

The condition (6.4) shows that function f(t,s) is a Schur multiplier. Indeed if M, N are diagonal
operators with eigenvalues \; and p;, then the matrix (y; ;) of the operator F(X) is equal to the
Hadamard-Schur product of the matrix (f(\;, ) and the matrix (z;;) of X:

= f(Nis pj)wi
for all 4, j.

Similarly if M, N are realized as multiplication operators in Lo-spaces then for each Hilbert Schmidt
operator X, the integral kernel y(t,s) of F(X) is equal to f(t,s)z(t,s), where z(t, s) is the integral
kernel of X.

Using the interpolation theory for Hadamard multipliers one can show that the validity of (6.2)
for some p = p; implies its validity for all p in the interval (p1,p1/(p1 — 1)). In particular the most
narrow one is the class of functions satisfying (6.2) for p = 1 (or for p = oo, that is for the operator
norm); they are called Operator Lipschitz functions. This class is also most important for applications.
Among various results on Operator Lipschitz functions (see for example |21, 22, 23]) we mention only
the following:
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Theorem 16. A function is Operator Lipschitz on a compact o C C if and only if for any normal
operator N with o(N) C «, the range of the map X — f(N)X — X f(N) is contained in the range of
the map X - NX — XN

This result was (in equivalent form) obtained in [18].

An important property of "operator smoothness"is the existence of Gatouex (or Frechet - this is
equivalent!) derivative of the map X — f(X). Such functions are called Operator Differentiable. It was
proved in [22] that this class is very close to the class of Operator Lipschitz functions: the space (OD)
of Operator Differentiable functions on an open interval coincides with the closure of polynomials in
the space of Operator Lipschitzian functions (both spaces have natural locally convex topologies; the
result guarantees the coincidence of the topologies on (OD)).

7. NON-COMMUTATIVE VERSION

Let A = (44,...,An), B = (By, ..., By) be arbitrary n-tuples of operators. We denote by I' and r
respectively the multiplication operators X — ") | Ay X By, and X — > | A; XB{. Up to now we
considered only the case when A and B consisted of commuting normal operators, and proved that
under some conditions I' and I' shared some properties with a normal operator N on a Hilbert space
and its adjoint N* (kerT' = ker I, or ||[T(X)|| = [|T(X)]|). Note that the equality ker(N) = ker(N*)
is a consequence of the equality ker(N*NN) = ker(NN) which holds for an arbitrary operator on Hilbert
space. So it is natural to look for the conditions under which the equality

ker(IT) = ker(T) (7.1)

holds. Clearly (7.1) implies kerI" = ker ' for normal families, so it could be considered as a natural
non-commutative version of generalized Fuglede theorem.

Let us say that an n-tuple A is p-semidiagonal if there is an increasing to 1 sequence P, of finite-
dimensional projections satisfying the condition ||[P,, Ag]||, < C for some C' > 0.

Examples:

1. Any family of operators with matrices (in some basis) supported by a finite number of diagonals
(this means that a;; = 0 if |i — j| > m for some m € N) is 1-semidiagonal. More concrete class of
examples: arbitrary families of weighted shifts.

2. Any family of operators which belongs to the algebra of operators on Lo(T), generated by
shifts f(t) — f(t — 6) and multiplication operators by smooth (twice differentiable) functions, is
1-semidiagonal.

3. A commutative family A of normal operators with d(A) < p is p-semidiagonal.

4. A family A consisting of one hyponormal operator of finite multiplicity is 2-semidiagonal.

If one takes into account that a perturbation of a 1-semidiagonal family by a family of nuclear
operators is also 1-semidiagonal, then it is clear that the class of such families is quite wide.

Theorem 17. [40] If one of the coefficient n-tuples A, B is 1-semidiagonal then (7.1) is true.

The main idea in the proof is that setting F,(X) = [P,, X] one obtains a *-All for the triple
(S,T1,T) where Ty =T, Ty = I and S is the restriction of I to H = Ss. Applying Theorem 15 we
get that I'(B(H)) NkerT = 0 which is the same as (7.1).

Unfortunately this result doesn’t allow to deduce Fuglede Theorem as a direct corollary: in the
classical situation A = {N, 1}, and d(A) = dim(c(N)) can be more than 1, so A needn’t be 1-diagonal.

Problem 4. Is this possible to prove (7.1) in assumption that both coefficient families are 2-
semidiagonal?

But of course Theorem 17 implies the statement of Theorem 13 for the case that d(A) < 1. Moreover
it has other important consequences.

Corollary 5. If A is 1-semidiagonal and fF(X) € 6, then T'(X) € &,. If, in addition, X is compact
then

ID(X)||3 = trace(X*TT(X)). (7.2)

Note that (7.2) converts into (5.4) in the case of normal families.
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Corollary 6. Let A be a hyponormal operator and B be a cohyponormal one (||Bzx|| < ||B*z|| for all
x). Then

|AX — XB|j3 > [|A*X — XB*|| (7.3)

for each operator X .

The inequality (7.3) was proved earlier (see [11] and numerous references in it) for subnormal
operators and also for hyponormal ones but under the condition that X € G&,.

The following interesting question is still open:

Problem 5. Let A, X be arbitrary operators. Suppose that AX — X A commutes with A*. Does it
follow that AX = X A?

Clearly it is equivalent to the validity of (7.1) for I'(X) = AX — X A. The positive answer was known
for the case that A is a weighted shift [17] or a subnormal operator [44]. Theorem 17 shows that the
answer is positive for all 1-semidiagonal A.

Another "non-commutative"version of Fuglede Theorem was obtained by E.A.Gorin [6]. In a simplest
form it can be formulated as follows.

Let Fy be the free algebra with generators a,b. Consider the formal power series f(z) =
exp(za) exp(zb) with coefficient in F5. Then there is a formal power series g(z) with coefficients in
Fo such that f(z) = exp(g(z)). Let us denote by ci(a,b) the coefficients of this power series:

9(2z) = co(a,b) + c1(a,b)z + ...

It is easy to obtain explicit formulas for ¢ (a, b) for small k. For example ¢g(a,b) = 1, ¢1(a,b) = a+b,
C2(a7 b) = [CL, b]/2

Since ¢ (a, b) are elements of F» ("non-commutative polynomials"), one can calculate c;(A, B) for
each pair A, B of elements of any algebra.

Theorem 18. Let T, S - operators on a Banach space X such that T satisfies (2.4), S has real
spectrum, and let X € B(X). If [cx(T,iS),X] =0 for all k € N then [T, X] =[S, X] = 0.

This theorem extends Corollary 1. Indeed if [a,b] = 0 then ci(a,b) = 0 for all k£ > 2. Hence in this

case the assumption becomes just [c;(a,ib), z] = 0, that is a + ib commutes with x.

8. FUGLEDE THEOREM FOR DERIVATIONS

Let A be a subalgebra of an algebra B. Recall that a derivation of an algebra A with values in B is
a linear map ¢ : A — B, satisfying the Leibnitz rule:

5(a1a2) = a15(a2) + (5(&1)@2.

An important example is an inner derivation d., where ¢ € B; it acts by the rule d.(a) = ca — ac.
We will consider derivations on the algebra B(H) or its subalgebras with values in B(H). The
Fuglede Theorem can be rewritten in the form

ker((SN) = ker(dN*) (81)
for each normal operator V. Another version is:
(5)((N):0:>(5)((N*):O (8.2)

if N is normal. Surprisingly these results admit extension to general derivations. Moreover some
qualitative versions also can be extended in this way.
In the following result no topological restrictions on a derivation are imposed.

Theorem 19. [34] Let § be a derivation of a *-algebra A C B(H) with values in B(H). Let N € A be
a normal operator without eigenvalues. If 6(N) € &, and 6(N*) is compact then §(N*) € &, and

16Ny < e@)I5(N) ]l (8.3)
where ¢(p) is the constant defined in Theorem 11.

For bounded derivations most restictions can be removed:

Theorem 20. [24] If § is a bounded derivation of a *-algebra A C B(H) with values in B(H) then
(8.3) holds for each normal operator N € A without eigenvalues.
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These results extend (8.2). To catch (8.1) we introduce the following definition: a derivation § of a
*_algebra is called normal if it commutes with ¢*, where §* is defined by the rule 6*(a) = 6(a*)*.

Theorem 21. If § is a bounded normal derivation of a C*-algebra then ker(d) = ker(5*).

For the proof it is convenient to pass to second conjugate operators - they are bounded derivations
on a W*-algebra. Then one can use the Kadison-Sakai Theorem, which states that such derivations
are inner, and apply the Fuglede Theorem.

The next theorem is a partial analog of Theorem 16:

Theorem 22. [24] Suppose that A is a C*-algebra, § and 6y are its derivations and § is normal. If
01(A) C 6(A) then
(i) 01 is normal and commutes with 6;

(i) |01 (a)|| < Cl|é(a)]| for all a € A.
One can also extend the results of Section 6 to general bounded derivations:

Theorem 23. [24] Let N be a normal operator without eigenvalues and § : A — B(H) a bounded
deriwation of a C*-algebra A, containing N. If f is a S,-Lipschitz function on o(N) then

[6Cf(N)lp < DN, (8.4)
for each p € [1; 0], where the constant D depends on f only.

The most natural topological condition on a derivation is not a boundedness, but closeness (see [30]
for numerous important examples of closed derivations of operator algebras).

Theorem 24. [34] Let 6 : A — B(H) be a closed deriation. If, for some normal operator N without
eigenvalues, §(N) € &y and 6(N*) € Sy then f(N) € A for each Lipschitz function f on o(N).
Moreover

16(f(N))ll2 < ClI6(NV)]l2 (8.5)
where C' is the Lipschitz constant of f.
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1. INTRODUCTION

In this paper we consider the so called (U, b)—periodic symmetric operators with finite and equal
defect numbers and their (U, b)—periodic self-adjoint extensions. We establish that (U, b)—periodic
symmetric operator H with defect indices (1,1) admits (U, b)—periodic self-adjoint extension H if and
only if the corresponding Weyl-Titchmarsh function of the pair (H, H) is periodic with the period
b. From this result we derive the classical Stone-von Neumann theorem for two unitary groups of
operators satisfying the commutative relation of Quantum Mechanics in Weyl’s form.

2. THE WEYL-TITCHMARSH FUNCTION.

Let $ be a Hilbert space, and let H be a densely defined prime symmetric operator in £, that is,
$ does not contain a proper subspace that reduces H, and in which H induces a self-adjoint operator.
Let ®(H) , (D(H) = $), be the domain of H. We assume that the defect index of H is (m, m), m < oo,
that for any non-real z dimM, = [(H — 2I)D(H)]* = m. Let H be a self-adjoint extension of H in
$ (an orthogonal extension) with domain ®(H). The Weyl-Titchmarsh function of the pair (H, H),
My (%), is an operator-valued function whose values are operators on the m—dimensional space N;.
My (%) is defined on the resolvent set p(H) of the operator H by

M1 (2) = Py (zH + D)(H - 2I) |y (2.1)

where P is the orthogonal projection from $ onto ;. From the spectral representation of H, it follows
that My g (2) can be written as

Myn(z) = / A;_*; do(\). (2.2)
R

Values of a nondecreasing function o(\) are operators on 9;, and are defined by o(\) = Py E(\)|m,,
where E(A) is the resolution of identity associated with H. We normalize F(\) by the condition
E(\) = 1/2(E(A+0) + E(A — 0)). It is evident that My g(z) is analytic on p(H), particularly, for
Sz # 0, and from (2.2) it follows that SMyy m(2) > 0 for z € C. Therefore, My (z) belongs to the
Heglotz-Nevalinna class.

The function ¢ has the following properties:

/da()\) = Iy;; (2.3)

R

/(1 A (do(Wh,h) =00 Vh e, (2.4)
R
where o(\) = 1/2(c(A +0) 4+ o(XA — 0)). Condition (2.3) is obvious, while condition (2.4) follows from
the fact, that according to the von Neumann’s formulas, for vector h € M;, h € ©®(H). Condition (2.3)
provides a normalization condition for the Weyl-Titchmarsh function: My g (i) = ils,. From condition
(2.4) it follows that points of growth of o form a noncompact set.
Upon selecting an orthonormal basis in 9; we can identify the space ; with C™, and regard

My m(z) and o()) as operators on C™. Matrices of these operators, with respect to the selected basis,
are also denoted by My i (2) and o(X).

1Research of this author was partially supported by Missouri Research Board, Grant No1275
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For proofs of the following two theorems we refer readers to our article [2].

Theorem 1. Let H and H be prime symmetric operators with equal defect numbers in Hilbert spaces
9 and $ respectively, and H and H be their self-adjoint extensions. Suppose that there is the unitary
operator W . § — ﬁ such that WH = HW and WH = HW. Then there is a unitary operator
W() ‘ﬁ —>‘)ft such that W()MHJ{( ) M HH ( )W()

The next Theorem is a statement about realization. It provides the functional model of a pair with
prescribed Weyl-Titchmarsh function.

Theorem 2. Let F(z) be a function whose values are linear operators on the m—dimensional space
M, and which admits integral representation

Flz) = / A;_*; do(\)

—0o0
where o(\) is a nondecreasing function with values on the set of linear operators on N, and which
satisfies (2.3) and (2.4). Then, there exist a Hilbert space § which contains N as a subspace, prime
symmetric operator H with defect index (m,m), and self-adjoint extension H in $, such that F( ) =
Mﬂ,H( z). If (.‘7) H H) is another realization of F', then there is a unitary operator ¥ : H — 9 such

that WH = H\If, and VH = HY.

Remark. Conditions (2.3) and (2.4) are understood now with 91 instead of 9;.
The space 9 is L2(R, M, do). Elements of §) are measurable functions f(\), A € R, with values in 0N
such that

[ o101 < o
R
The space M is identified with the subspace of L?(R, N, do) which consists of constant functions. The
orthogonal resolution of identity E is defined as E(A)f(A) = xa(A)f()\), where xa is the indicator
function of the set A.
The self-adjoint operator H is defined as follows:

D) = {f € 5] [ (14 X)(doO)F), FN)on < ), (25)
R
(HNHN) =Af(N),  feD(H). (2.6)
From (2.4) it follows that H is an unbounded operator.
Let

D) = {f € D()| [ (\+)ds)F() = 0}, (27)

and 3 : B
(RAON) =Af(A),  fFeDH). (2.8)

@(7:() is a linear manifold, dense in $ (this fact follows from (2.4)), and (Hf,g) = (f, Hg) for f,g €

D (H). Thus, H is a symmetric operator. Moreover, condition (2.7) implies, that M = [(H+il)D(H)]* =

MN;. Indeed, for f € L2(R MN,do) put fo = fda )f. Then we have f = (A4 i)g + h, where g =

(f = fo)/(A+i) € D(H), h = fo L (A+1)g. Therefore, one of the defect numbers of H is m. It is easily

seen that M_; = {(A —i)(A +4)1£|¢€ € M}, which means that dimM_; = m, and the defect index of

H is (m,m). In general, for arbitrary nonreal z the defect subspace is M. = {(A —4)(A — 2z)~1&|¢ € N}.
The Weyl-Titchmarsh function for the pair (H, H) is

_ zZA+1
My, g = Py(zH + I)(H — zI) 1m:/ —do(V)

and coincides with the given function F'.
Slightly different version of the functional model for symmetric operators with finite and equal defect
numbers that was described in this section was published for the first time in [4].
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3. PERIODIC OPERATORS

. Definition. Let H be a densely defined prime symmetric operator. We say that operator H is
periodic (more precisely, (U, b)—periodic) if there exists a unitary operator U such that:

(1) The domain ©(H) of operator H is transformed by operator U onto itself, that is

UD(H) = D(H). (3.1)
(2) For any vector f € ©(H) the following equality is fulfilled
UHf=MH-b)Uf (3.2)

where b is some (fixed) real number.

Suppose that operator ‘H has equal defect numbers and H is a self-adjoint extension of H in $. We
say that operators H and H form a (U, b)—periodic pair, if they are both (U, b)—periodic.

Directly from Definition it follows that if H is a (U,b)—symmetric operator then UM, = M, 4y.
Suppose that H has equal defect numbers and let H be a self-adjoint extension of H. It is well known
(see, for example [5]) that for any nonreal z and ¢ the operator (H — 2I)(H — ¢I)~! maps M, onto
N¢. Therefore operator

B=(H—(i+bI)(H—i)'UN, (3.3)
maps the defect subspace 91; onto itself.

A unitary operator U is called shift-type operator if the operator B in (3.3) is of the form B = pI,
where |p| = 1. In terms of the functional model described above it means that if f(\) € 9N;, that is
f(A) =¢, € €C, then

UHO) = pyo st ol =1 (3.4)
Theory of (U,b)—periodic pairs with unitary operators U of shift-type was developed in [2]. In
particular, in [2] was proved the following theorem
Let ‘H be a densely defined prime symmetric operator with finite and equal defect numbers and let H
be a self-adjoint extension of H. Then (H,H) is a (U,b)—periodic pair with a shift-type operator U if
and only if the Weyl-Titchmarsh function My g(z) of the pair satisfies condition

MHJ{(Z) = MH’H(Z + b)

for any nonreal z.
If we omit the requirement that U is the shift-type operator then it is possible to prove

Theorem 3. 2. Let H be a densely defined prime symmetric operator with finite and equal defect
numbers and and let H be a self-adjoint extension of H. Then the pair (H,H) is (U,b)—periodic if
and only if there exist an invertible operator B and a self-adjoint operator v on the defect subscpace ;
such that for any nonreal z

MH,H(Z +b) = B*MH’H(Z)B + . (3.5)
If (3.5) is fulfilled then operator B is defined by (3.3).

Previous theorem can be reformulated in the following equivalent way
Let H be a densely defined prime symmetric operator with finite and equal defect numbers and and
let H be a self-adjoint extension of H. Let () be a non-decreasing matriz-valued function defined by
equation o(\) = Py E(X)|O;, where E(X) is the resolution of identity of H. Then the pair (H,H) is
(U, b)—periodic if and only if for any Borel set A

2
o(A) = B* / ()\i\b%da(A)B. (3.6)
A+b

In many cases it is convenient to use matrix-valued measure 7()\) defined as d7r(\) = (1 + A?)do()).
Then condition (3.6) can be written as

T(A) = B*1(A 4+ b)B. (3.7)
Theorem 4. Operator B possesses the following properties:

2In more general settings this theorem is established in joint work of authors with K.Makarov 3]
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(1) All eigenvalues of B are on the unit cirlce.
(2) Algebraic multiplicity of each eigenvalue is equal to its geometric multiplicity. In other words a
matriz of B is diagonalizable.

Proof. Let f be an eigenvector of B which corresponds to an eigenvalue p. Denote by 77 the scalar
measure defined as 7¢(A) = (7(A) f, ). The measure 74 satisfies condition

[ drp()
| TEs =1

—00

Denote by A, the interval [nb,(n + 1)b), n = 0,41,%2,.... Then, according to (3.7) 77(A,) =
|p| 72" 7¢(Ag). Now we have

> Tr(Ay)
§:1+Or+l%2f E:mwl F1)262)

Therefore the last series converges which implies that |p| > 1. Similar arguments being applied to the
negative semiaxis give that |p| < 1. Therefore |p| = 1 which proves the first statement of the theorem.

Suppose that the algebraic multiplicity of p is greater than its geometric multiplicity. Then there
is vector g € M; such that Bf = pf and Bg = f + pg. Then B"g = npf + p"g and, because |p| = 1,
arguments similar to those above show that the integral fooo 74(A)/(1 4+ A?) diverges. Thus, algebraic
multiplicity of eigenvector f is equal to its geometric multiplicity. It completes the proof.

If f is an eigenvector of B then formula (3.7) gives 7¢(A) = 7¢(A+b). But this condition is necessary
abd sufficient for the scalar-valued function My (2) = (My,u(2)f, f) to be perioedic with period b (see
[2], Lemma 1). It means that operator v in (3.5) satisfies condition (v f, f) = 0. Therefore we proved
the following statement:

Theorem 5. Let H be a symmetric operator with index of defect (1,1) and H be a self-adjoint extension
of H. Pair (H, H) is a (U, b)—periodic if and only if the Weyl-Titchmarsh function of the pair is periodic
with period b, that is

MH7H(Z +b) = MH7H(Z), Sz # 0. (3.8)

In other words, if H is a symmetric operator with index of defect (1,1), and the pair (H, H) is
(U, b)—periodic, then unitary operator U is shift-type operator. This statement was pointed out in [2]
without proof.

Remark. Using the von Neumann formulas [1] one can prove that for (U,b)—
periodic pair (H, H) their Weyl-Titchmarsh function My g (2) satisfies (3.8), then any other orthogonal
self-adjoint extension of H is also (U, b)—periodic.

4. THE STONE-VON NEUMANN THEOREM.

Let H be a (U, b)—periodic symmetric operator and H be its periodic self-adjoint extension. Denote
by V(s) the unitary group generated by H, that is V(s) = exp (isH). Then condition of periodicity of
H can be written in the form

UV(s) = e ™V (s)U.
Suppose now that the operator H has index of defect (1,1) and for any real ¢ there exists a unitary

operator U(t) such that the pair (H, H) is (U(t),t)—periodic. It means that for all real s and ¢ the
following equality is fulfilled:

ULV (s) = eV (s)U(t). (4.1)

From Theorem 5 it follows that (4.1) is equivalent to the fllowing condition: the Weyl-Titchmarsh
function My g of the pair (H, H) satisfies condition W F(z +t) = My y(2) for all real t. Thus, being
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analytic for nonreal z this function is constant in the each half-plane. From the normalization condition
we obtain that
1 zZ e C+,
M z) =
o1 (2) {—i zeC_.
Now from Theorem 2 it follows that the operator H unitarily equivalent to the operator of multiplication
by independent variable in the space L?(R,1/7d)\) with domain

D(H) = {f € L*(R,1/nd\)|Af(\) € L*(R,1/md\)}, (4.2)
(H)A) = Af(A). (4.3)

while the symmetric operator H is unitarily equivalent to the operator of multiplication by
independent variable in the same space L?(R,1/md)) and has domain

D(H) =< f € L*(R,1/mdN\) M f(N\) € LZ(R,I/wdA),/f(/\)dA =0y, (4.4)
R

(HF)A) = Af(A). (4.5)
According to Theorem 5 operators U(t), t € R are of the shift-type. It can be proved (|2], Proposition
1) that we can put p = 1 in (3.4). Then in the space L?(R,1/7d)) operators U(t) act according to the
formula

U@ f) = f(A=1). (4.6)

Thus, they also form a unitary group. Therefore we proved the following theorem.

Theorem 6. Let H be symmetric operator with index of defect (1,1), H be a self-adjoint extension of
H, and let V(s) = exp (isH), s € R be the unitary group generated by H. Then the following statements
are equivalent:

(1) There exists a unitary group U(t), t € R such that the canonical commutative relations in the
Weyl’s form ‘
UtV (s) =e 'V (s)U(t)
are fulfilled.
(2) The Weyl-Titchmarsh function My m(z) of the pair (H, H) is constant in the each half-plane.

From (4.2) it follows that unitary operators V(s) are unitarily equivalent to the operators of
multiplication by €***, and in such representation operators U(t) are given by (4.6). Thus we obtained
the Stone-von Neumann theorem for degree of freedom 1 [6].

Since for any other self-adjoint extension of the symmetric operator (4.4) corresponding Weyl-
Titchmarsh function is also constant, it is possible to consider some modification of the group V(s).
Corresponding results are given in [2].

We would like to thank S.Belyi for some help.
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